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Certain Image Formulae and Fractional 
Kinetic Equations Involving Extended 
Hypergeometric Functions 


Krunal B. Kachhia, Praveen Agarwal and Jyotindra C. Prajapati 


Abstract In this chapter, our aim is to establish certain new image formulae of 
generalized hypergeometric functions by using the operators of fractional calculus. 
Some new image formulae are obtained by applying specific integral transforms 
on resulting image formulae. We also acquired generalization of fractional kinetic 
equations involving extended hypergeometric functions. 


Keywords Generalized Gauss hypergeometric function - Fractional derivative 
operators - Integral transforms « Fractional kinetic equation - Mittag—Leffler function 


2010 AMS Math. Subject Classification 26A33 - 33B15 - 33C15 - 33C20 - 
33C99 - 44A10 - 33E20 


1 Introduction 


Fractional calculus is one of the generalizations of classical calculus, and it has been 
used successfully in various fields of science and technology. Many applications of 
fractional calculus can be found in other diverse fields, etc. (See [15, 17, 19-22, 
35)). 

Integral transforms and fractional integral formulae involving well-known special 
functions are interesting in themselves and play significant roles in their diverse 
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applications. Certain new integral transforms and fractional integral formulae for the 
generalized hypergeometric type function which has recently been introduced by 
various authors [29-31]. 

Fractional kinetic equations gained remarkable significance due to their applica- 
tions in astrophysics and mathematical physics. The extension and generalization of 
fractional kinetic equations involving many fractional operators were found [5, 18, 
20, 52, 36, 38, 41; 42). 


1.1 Extended Hypergeometric Function 


Luo et al. [24] introduced the following extended generalized hypergeometric func- 
tion eo ” and obtained its various properties: The extended generalized hyper- 
geometric function Spe is defined by 


[o.e) n 
en ie | Ci xaciee z 
ea aly b, 2) | i= > 9 (n/p,g) — (1) 
ysinng lly 


a n! 
(min{R(d), RE), RWw)} > O, min (M(K), R(w)} = O), 


whose coefficient © (n/p, q) is determined by 


q an 
BOS (aj 4)+Nn,bj—aj41) 
(41)n I] B(aj41,bj-aj41) 


ja! 
(p= +1; R;) > RGja1) > 0; [zl < 1, 
fe) (n/p, q) = j=l B(aj,bj—a;) 
(p =q; N(b;) = R(a;) >O;zeE C), 
r Pp 5 tie 
I BOE (a;+n,by4 jj) 
ul (bin ut Ba,.b,+)—4)) 
(r= q—p.p <4: ROr-+;) > Raj) > 052 € C). 


qd 


Here, the generalized beta function BOS KM) (x, y) is defined by Luo et al. [24] 


1 


BEER (x, y) = eng = ty FB (« &; -=qa) dt (2) 


1—1f)4 
0 


(min{M(w), R(K)} > O, min{M~r), RCy), I), RE), RK), R(u)} > O) 


and the beta function B(d, €) may be recalled as follows (Srivastava and Choi [9]): 
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1 
| ta — 1)? dt (6) > 0; R(E) > 0) 
0 


BO, 4) = (3) 
ror) 
TO + €) 


(6, € €C\ Zo). 


The special case of the function (1), when w = 0 is seen to reduce to the general- 
ized hypergeometric function , F, with p numerator and g denominator parameters, 
is defined by Rainville [6] and Srivastava and Choi [9] 


ay as: = (a1) (dp)n 2" 
Fa porte us —— > S lJ/n-+- _—, 
by, Sheets bg; n=O (bi)n--- (bg )n n! 


where in terms of the gamma function I'(z) (Srivastava and Choi [9]) whose Euler’s 


integral is given by 
e.e) 


r(2) = i el dt (9(2) > 0), 


0 


the widely used Pochhammer symbol (A), (A, v € C) is defined, in general, by 
Srivastava and Manocha [8], Srivastava and Choi [9] 


_ TAty) 
Oy = FO) 
_fi (Vv =0; X€C \ {0}) 
~ )AAF)...Atn-) VaneN; A4€O. 


(A€C\ Zp) 


The special case of the function (2) when y = 0 would reduce immediately to the 
familiar classical beta function B(x, y) (Srivastava and Choi [9]). 

It is also noted that for p = 2 and gq = 1 the definitions in (1) would reduce 
immediately to the extended hypergeometric type function defined as follows (Luo 
et al. [24]): 


ied b Sl BOSKY (b+ n,c — b) 2" 
FOSKy a, z: _ i w , 4 
and os Lo B(b,c — b) n! 4) 


(Rw) > 0, R(k) = 0, w= 0; min{R(5), R(O} > 0; R(c) > R(b) > 0, |z| < 1. 


The various properties of extended hypergeometric functions are studied by some 
authors in [11, 23, 28]. 

The present investigation requires the concept of Hadamard product which can 
be used to decompose a newly emerged function into two known functions. 
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Let 
CO [o.@) 
f[@:i= az and g (z) := ya 
n=0 n=0 


be two power series whose radii of convergence are given by Rr and Ry, respectively. 
Then, their Hadamard product (Pohlen [40]) is the power series defined by 


(f * 9) (2) 2= Do anbnz". 


n=0 


The radius of convergence R of the Hadamard product series (f * g) (z) satisfies 
R, - Ry < R. If, in particular, one of the power series defines an entire function, then 
the Hadamard product series defines an entire function, too. 

Consider the function , F, ae sa [z; w] one of whose Hadamard products can, for 
example, be given as follows: 


(E:%.M) Xp 
pf, ZW 
r+p Feces 
1; ad 
=1F,| :|, geen XI, »Xp zie] (\z| < 00), 
Vis-++s Yrs Yr+ls+++5 Vrt+p 


where | Ff, is a special case of the generalized hypergeometric functions , F, 
(Srivastava and Choi [9]). 


1.2 Fractional Calculus 


Appell hypergeometric function F3 in two variables (see Appell and Kampé de Feériet 
[33] and Srivastava and Karlsson [12]) is defined by 


(2) n(o?n(B) Bn 3" 9" 
> 


F(a, 08,8 3 xy) = 
(W)m-+tn 


yp (max{|*|,[yl} < 1). 

m,n=0 

(5) 

Let a, a’, 2, 8’, y € C, C being the set of complex numbers and x > 0. Then for 

R(y) > 0, the generalized fractional integral operators involving the Appell hyper- 
geometric function F3 as a kernel are defined as follows (Saigo and Maeda [27]): 


(ge 7 Ne) = 5 = R, (« a’, 8, Bs. 1-2,1- *) f(t) dt 


(6) 
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and 


EEO py) = 7 =a (x) ( a’, B, 6’; ee 1-+) f() dt 
(7) 


Then, the generalized fractional derivative operators of a function f(x) are defined 
as follows (Saigo and Maeda [27]); 


0.0'.8,8' a ee en ee ee d —a’,—a, 
(De 8,8 aaa = ie ,-a,—f',—B, 7 F(x) = (2) a. —6' +k,—B, ~14K Fy) (8) 


and 


a,a’ 3,3" —a’,—a,—(',-3,- d “ a’ ,—a,—8'+k,—B,—74 
(Dp PF F(x) = eee PO “p= (-Z) es ieee aes 8c) 


(9) 

(R(y) > OF k = [RO] + VD. 
The Appell function (5) in (8) and (9) satisfies a system of two partial differential 
equations of the second order and reduces to the Gauss hypergeometric function 2 F; 
as follows (see Appell and Kampé de Fériet [33] and Srivastava and Karlsson [12]): 


F3(a,y— a, 8,y— 83 9:45 y) = 2Fila, By; x + y — xy) 
Further, it is easy to see that 
F3(a, 0, 8, 85 3x5 y) = 2Fi(a, B; 7; x) (10) 


and 
F3(0, a’, B, 83 -¥3 x5 y) = 2Fi(a’, B37; y) 


In view of the reduction formula (10), the general operators (6) and (7) reduce to 
Saigo operators 


xo Bp 


i piy= r GHP oF; (a+9, —73 a5 I = “) f(t) dt 
Ta) dd x 


and 


lf | 
1289 ta) = f 9 a (a+ Bro 1-2) FO dr, 


6 K.B. Kachhia et al. 


Then, the left-sided Saigo fractional derivative operator can be defined as Saigo [26] 
and Srivastava and Saigo [10] 


—B,a d ‘ -—a —B-7,a+y—n 
DP nOo=G. p= (+) CG aaa a aaa 2) ae UD) 


and 
(Di No) = Ue" = (-4 7) eee "F(x, (12) 


(R(a) > 0;n = [R(a)] + 1). If we take a = 0, then (8) and (9) reduce to Saigo 
fractional derivative operators defined by (11) and (12), respectively. 

If we set G = —a, then operators (11) and (12) reduce to Riemann—Liouville 
fractional derivative operator and Weyl fractional derivative operator as follows 
(Kilbas et al. [1]) 


a = d / f(t) 
(D&-*7 f)(x) = (FEDS, f(x) = (=) a eee 
(13) 
and 
— ee Sa. 1 of Ff) 
D&~* F(x) = ( Ds fi = ( +) Gos mean 
: (14) 


(x > 0;n = [R(a)] + 1; R(a) = 0). Again, if G = 0, (11) and (12) reduce to left- 
sided Erdélyi—Kober fractional differential operator and right-sided Erdélyi-Kober 
fractional differential operator and are defined below (Kilbas et al. [1]) 


1 of ttf) 
T'(n—a) (x — re! 
0 


ne d\" 
De PE =C* Di Ne) =x (+) 


(15) 
and 


(De ye) = EX DO fy(x) = x 7( ‘) | ; am a, (16) 


T(n—a) (t— xjomntl 


(x > 0;n = [R(a)] + 1; R(a) = 0). 
The generalized integration for a power function is given by Saigo and Maeda 
[27], Saxena and Saigo [37]: 
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Tiplip+y-a a! BT (p t p a’) yeaa +71 (17) 


pee BB p-l = 
Cox VO= 54 +7 —a—a +7 —a —B) 


where R(y) > 0, R(p) > max{0, R(a + a’ + B— 4), Ra’ — f')} and 


rd == Vote Qe a)Pd _ p+ a +B = yrd 7p 9) p-a-a'+7-I 


a,a’,3,8',7,p—1 
I; t? = 
Ur,00 ie) rd-pld-ptata+p—-—y7rd-p+a-) 


(18) 
where (7) > 0, R(p) < 1 + min{R(—B), R(a + a’ — 7), Ra + 8’ y}. 
1.3 Certain Basic Tools 
The beta transforms of f(z) are defined as Sneddon [16] 
1 
B{ f(z): a, b} Sa —z)P! f(z) dz (19) 


0 


The pathway type transforms (P,-transforms) of a function f(z) of a real variable z 
denoted by P,[ f(z); s] are a function F'(s) of complex variable s, valid under certain 
conditions on f(z) along with the condition vy > 1, and are defined by Kumar [4] 


[oe] 


P,[ f(z); s] = F(s) = fu + (uv — Ds] f(z) dz. (20) 


0 


For p € C, R(p) > 0 and v > 1, the P,-transform of power function is given by 
Kumar [4] 
pis 


= 1 ji 
Pilz’; s] = [pS i co =| I(p) (21) 


Furthermore, upon letting v + 1 in (20), the P,-transform is reduced to classical 
Laplace transform of a function f(z) (Sneddon [16]) is given by 


(oe) 


L{f(:s}= [etto dz. (22) 


0 


Agarwal et al. [34] obtained solution of fractional volterra integral equation and 
nonhomogeneous time fractional heat equation using integral transform of pathway 


type. 
The Whittaker function (Mathai et al. [2, p. 55]) is defined by 
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= T(—2m) 
Wo Deas ay my rm 


m,—m 


where the summation symbol indicates that the expression following it, a similar 
expression with m replaced by —m, is to be added and 


: 1 
M)m(z) = ute 3 Fy (5 —rA+m;2m +1; z) : 


We shall use the following formula (Mathai et al. [2]) 


CO 
Tiptmt+sr(p—m+s 
/ le-4W, a(t) dz= gf eee) (23) 
‘4 Ityp=A+ 5) 
Two-parameter Mittag—Leffler function (Wiman [3]) is defined as 
Eq.g(z) = ———., 24 
a(2) 2D Fert D (24) 


(a, 3B € C; R(a) > 0, RGB) > 0). 


1.4 Fractional Kinetic Equations 


If an arbitrary reaction is characterized by a time dependent N = N(t), then it is 
possible to calculate the rate of change of aN by mathematical equation 


dN 


=——d , 
dt ae 2 


where d is the destruction rate and p is the production rate of N. 
Haubold and Mathai [7] established a functional differential equation between the 
rate of change of reaction, the destruction rate and the production rate as follows: 


dN 


dp AND) + PWN); (25) 


where N = N (ft) is the rate of reaction, d(N (t)) is the rate of destruction, p(N,) is the 
rate of production, and N, denotes the function defined by N,(t*) = N(t) — t*, t* > 
0. 

A special case of (25), when spatial fluctuations or homogeneities in the quantity 
N(t) are neglected, is given by the following differential equation (Haubold and 
Mathai [7] and Kourganoff [43]): 
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dN; 
dt 


—! —c; N;,(t), (26) 


where initial condition N;(t = 0) = Np is the number of density of species i at time 
t = 0,c; > 0. Solution of standard kinetic equation (26) is given by Kourganoff [43] 
as 

N;(t) = Noe“. 


If we decline the index i and integrate standard kinetic equation (26), we have 
N(t) — No = —co 0D: 'N(), 
where 9 D,~! is standard integral operator. 
Haubold and Mathai [7] obtained the fractional generalization of the standard 
kinetic equation (26) as 
N(t) — No = —co oD, “N(t), (27) 
where 9D;~” is Riemann—Liouville fractional integral operator defined as Samko 
et al. [39] 


1 t 
oD," f(t) = w/t —u)”|f(u) du, t > 0, Rv) > 0. 
0 


The Laplace transform (22) of the Riemann—Liouville fractional integral operator is 
given by [14] 
L{oD, ? fF); s} = 5 PL{F(O); 5}. (28) 


Solution of Eq. (27) is given by Haubold and Mathai [7] 
oe) 
(—1)* k 
N(t) = N ———— (cot). 
(t) 0D, Pokey oo 


2 Image Formulae Associated with Fractional Derivative 
Operators 


In this section, we establish certain fractional derivative formulae for the extended 
generalized hypergeometric function (4). 
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2.1 Saigo—Maeda Fractional Derivative Operators 


Theorem 2.1 Let x > 0, the parameters a, a’, 3, 3’, y, p,6,€,07 €C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

Ria) > max(0, Wy —a— a’ — 6’), RY — aj}. 


Then, the following formula holds: 


a,a’, 3,3" — SE5K, fb ,b 
(oii BBY ep oe yD) ° . zt: e)) (x) = 
Pl(p-B+ar(o-—y+tata' +f’) 
Po Bl@-7+at PT b=yrare) 


(EK) | a,b. pp-Bta,p-ytatat+f |. 
a Fe Re ae 
(29) 


etota’— y—-1 


Proof Applying (4) and using (8), we obtain 


—a’,-—a,—',-8,-7,p—1 (6,€;K,6) | as b. . 
(1: re 2F; ° ' Cc Zt, WwW (x) = 


00 - 
Bee OARS Da hd ge phn 
Ww ’ —a,—a,—P ,—9,—-Y ,p+k—1 


Now using (17), we get 


13.3 = a a,b 
(ose tae tsen | aru] eo = 


> BOSH) (b+k,c—b) zkyptktatal— 1 
(a), + - 
am B (b,c —b) k! 
Tiptbir(pt+k—-B+al(pt+k—-ytata't+ 
Teptk—-Aleptk-ytat+O6yTptk-ytata) 


Hence, 
(ngs PF oe aneeine ke . zt; »)) (x) = 
petata’—7-1_ PP (p— Bt al(p—7ytata’ +8) 
Tep-Ar(p-ytat B)(p—-ytata’) 
x 3 ti) BSS" (b+ k,c—b) (Dep—B+Uep—ytata +B (ex) 
Bbc—b) @—Bo— 7H AFP Rp-THate} KH 


k=0 


which, in view of Hadamard product series and (4), gives the right-hand side of (29). 
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Theorem 2.2 Let x > 0, the parameters a, a’, 3, 3’, y, p,6,€,07 €C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(p) < 1+ min{0, R(G'), Ry — a — a’), Ry — a’ — B)}. 


Then, the following formula holds: 


12 2 x ie 
(62 3,28 ppl a I" e E -)) (x) 


Cc t 


— yptata’—7+1 PU =p y= @ a’) p a’ — 64 yprd —p B') (30) 
rd-prd-p-a B+yrd—-p-a’+ fp’) 


al 
(Emu) a, BZ, 1-p+y-a-d',1-p-o/-8+y47,1-p+f",z 
aay *2u) sam 1 1—p-a-—o/—84+4,1-p-—o’'4 


yo 


p, 


Proof Using (4) and using (9), we obtain 


, ar 0 ce. a, b ve 
(gate EERO 2) Vi) = 


Cc 


BOE (b+ k,c — b) zt 
> Ox ( 


[7 a,—',—B, 74 k ') 
B(b,c—b) ki (x) 


x,00 


Using (18), we get 


a,a,8,8'y p—1_ p(6.EsK,n) Ja, B, 
(v8: 2 Fy e 


mA 


7)) (x) = yPtata’—y—1 
rd-p+y-a-a’)rd—-p-a—-6+yFd-pt+) 
Pd —p)Fd-p-a-a—-6+y7)P—-p-a't+ Pp’) 


<0 BOSE b+ kc b) I—pt+ty-a-a)(l—-p—a’ — B+ yr — pt Bz (2) 
= Oil B(b,c—b) (=~ =p=e=0 +o nl=p=0 en 


x 


which, in view of Hadamard product series and (4), gives the right-hand side of (30). 


The following theorems are due to Srivastava et al. in [13] for p = 2 andg = 1. 


2.2 Saigo Fractional Derivative Operators 


Theorem 2.3 Let x > 0, the parameters a, 3, y, p, 6,€,w € C, RW) > 0, KK) = 
0, uw = 0, min{#R(6), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such that 


R(a) = 0 and K(p) > — min{0O,a+ 6+ 4}. 


Then, the following Saigo fractional derivative formula holds: 
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De ge-t, PES | a Db. iow | Vaya a Por@+at+ i+) 
a ; eo” Tet+Pre+y 


Exp) | a, Db sptat B+ 
x Pg, I" Race | * Fo k Ae ae! 7, x2| 


(31) 


Theorem 2.4 Letx > 0, the parameters a, 3, y, p, 6,€,w € C, RW) > 0, K(k) = 
0, uw = 0, min{#R(d), RH(O)} > 0, R(c) > R(b) > 0, and K(p) > O be such that 


Ra) > Oand R(p) < 1+ min{R(—B — y), R(at+ y)}. 


Then, the following Saigo fractional derivative formula holds: 


DEP p0-1, pOsew) a, b. z. “a (x) yh! rd — p— Ard pratt Y) 
a> : cf’ Pd=prl=g= 24+) 


5EKw) | 4, OZ l-p-§,l-pt+at+y, z 
x a(hene| fie] oF fees ress 


Further, replacing 3 by —a in Theorems 2.3 and 2.4 and making use of relations 
(13) and (14) gives Riemann—Liouville fractional derivative formula of generalized 


Gauss hypergeometric function given in (4) given by the following corollaries (Sri- 
vastava et al. [13]). 


2.3 Riemaan-Liouville Fractional Derivative Operator 


Corollary 2.5 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, w = 0, min{R(d), R(E)} > 0, R(c) > R(b) > 0, R(a) = 0, and K(p) > 0. Then, 


the following Riemann-Liouville fractional derivative formula holds: 


me I 
< Doar ae ie am zt: -)) (x) = yeaa (p) 


T =—_ 
: (p — a) (32) 
x sR I" eh “| * Fy |, 4 A | 


2.4 Weyl Fractional Derivative Operator 


Corollary 2.6 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, uw = 0, min{#R(d), HR(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such that 


R(a) > 0 and R(p) < 1+ min{R(a)}. 
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Then, the following Weyl fractional derivative formula holds: 


O,€5K, pl Trd-p+ 


rd — p) 
O,E5K, | a,b z l-pt+a_z 
x aFihene| Sse] eiri| 1 3] 


(33) 


Upon setting G = 0 in Theorems 2.3 and 2.4, we can deduce the following corol- 
laries (Srivastava et al. [13]). 


2.5 Erdélyi-Kober Fractional Derivative Operators 


Corollary 2.7 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, pw = 0, min{"W(d), KR(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such that 


KR(a) > 0 and R(p) > — min{0, KR(y)}- 


Then, the following Erdélyi-Kober fractional derivative formula holds: 
5 on r 
ce Doe ree ij é zt; |) (x) = x?! ries Oe) 


T(p+7) (34) 
x yaaa ie 7 2X3 | * Fy ?* oa cx] 


pry * 


Corollary 2.8 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, wp = 0, min{"(d), KR(O)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(a) > 0 and R(p) < 1+ min{R(—7), R(a + 7)}. 


Then, the following Erdélyi-Kober fractional derivative formula holds: 
eC Doge}, REND I” a |) en cela 
ct Pl=py) 


(5,€;K,p) | 4, Db. £, l-—p+aty, & 
x 2F; sw] sini | l-pt+y rae 


(35) 
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3 Image Formulae Associated with Integral Transforms 


In this section, we prove certain theorems, which exhibit the connection between 
beta transforms, pathway transforms, Laplace transforms, and Whittaker transforms 
with the results obtained in previous section. 


3.1 Beta Transforms 


Theorem 3.1 Let x > 0, the parameters a, a’, 3, 3’, y, p,6,€,w €C, Rw) > 0, 


RK) = 0, w = 0, min{MR(d), R()} > 0, R(c) > R(b) > 0, and KR(p) > 0 be such 
that 


R(p) > max{0, Ry — a — a’ — f'), R(B — a)}. 


Then, the following beta transform (19) formula holds: 


B| (Doe ie ae Py aa 2, 312; ») () stam} = 


ptata’—y-1 BL, mE (p)E'(p — Bra (p— eter en Ap) 
Do Pile -y-+oa+ 2) p=7+are) 
x 9 FER be deny rey es ae a) a oa +B £4 
c po Ep 7rate.p- yee 
(36) 


Proof Let £ be the left-hand side of (36) and applying (19) to (36). We get 


Ce fe lq gyn (ogi pe B87 p-1 ala, (ae Digs 2) 9 stom] ae 


Use of (29) gives 


— Ly — gym eh ote IPP(p- B+ aM(p-y+atal +f) 
Tep-Ar~-y+tat+B)lp-ytata) 


0 


/ 


Boe") b4+k,c—b) (pl(p—-B+ak(p—y+a4 
x a + M)x = BP 
a B (b,c —b) (p— Pye —ytat Bp — 7 


+ Bk (xz) 
ata’), k! 


a 
rt 
T 


dz 


By changing the order of integration and summation which may be verified under 
the conditions, and using the classical beta function (3), we obtain 
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xetata’—I-Ip(pyT(p— B+a)l(p—ytata' +P’) 
T(p-AV(p-ytat+ PIF (p-ytata’) 
s 3 Ox BOEM 4 kc—b) (Delp—BHOdK(p—Y+AFM +B x 
rae B(b,c—b) (p—Pk(p-ytat B)(p-—ytata’), k! 


L£L= Bil,m) 


k 


which, in view of (4), is seen to lead to the right-hand side of (36). 


Theorem 3.2 Let x > 0, the parameters a, a’, 3, 3’, y, p,6,€,7 €C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and KR(p) > 0 be such 
that 

R(p) < 1+ min{0, R(G’), Ry — a — a’), R(y — a! — B)}. 


Then, the following beta transform (19) formula holds: 


7) (x): i.m| — 


, Bd,m Pd -—p+y—-—a-—a/)ld — p-al ty Pd — p+ 6’) 


oe 2 1 b 
B { (25: 3,8", Fame laa +m, a 


™iLAN 


yPtatal—y+ 
rd—prd-p-a-a—8+7PrUd—-p—a'+P’) 
6.x) [lb 1, l-p+y-a-al,l—p—a’-$+y7,1-p+9' 1 
AF, ex” ears l-—p,l-p-a-a+6+y7,1l-p-av+f' ’x 


Theorem 3.3 Let x > 0, the parameters a, 3, y, p, 6,€,w € C, Rw) > 0, KCK) = 
0, pu = 0, min{fR(d), KR(E)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(a) > 0 and K(p) > —min{O,a+ 6+ 4}. 


Then, the following beta transform formula holds: 


" { (nsf aan ' areal °. tz: -)) co] 
Tip '(pt+at+B+y) 
T(pt+/Al(o+y) 


OEnn) el, bo. . pptatBt+y,. 
x 2F; % xt: +f oo Beh xz 


= xt?! BUI m) 


Theorem 3.4 Letx > 0, the parameters a, 3, y, p, 6,€,w € C, Rw) > 0, KCK) = 
0, pw = 0, min{#i(d), KR(O)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(a) = 0 and R(p) < 1+ min{R(—G — 7), R(a + y)} 


Then, the following beta transform formula holds: 
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He ar t 
B | oeeaie ae ' as . = -) | 
z 


= Bil m)xP to! Pd-p-A#rd-pt+a+t+y) 
rd-prd-p-fB+y 


6,€5K, l,b —~ P—~Pst— 
| Sse] sar] p-8,1 | 


Corollary 3.5 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, pu = 0, min{#R(d), R()} > 0, R(c) > Rb) > 0, R(a) = 0, andK(p) > 0. Then, 


the following beta transform fractional derivative formula holds: 


5K we! nl P 
Balog ren? oe Z ztsw} ) (xp = x? SC = 
c P(p— a) 


ee ee 
x pF aks | «iF Ke a cs | 


Corollary 3.6 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, uw = 0, min{fR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(a) > 0 and R(p) < 1+ min{R(a)}. 


Then, the following beta transform formula holds: 
3K, p) aie eg 
BI(™ pg s-,resne Et m™ 2. 0)) Gayl axeotpg, m—c P FO 
Cc ft rd — p) 
sp) Jl, DZ l-—pt+a Zz 
FOE , ae F p ; A 
x 2fy ox WY) * 1h] Pag e 


Corollary 3.7 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, pu = 0, min{H(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such that 


Ra) => Oand R(p) > — min{0, R(7)}. 
Then, the following beta transform formula holds: 
Fy: KW ; 3 T 
B (Ge peer es a7) ' +m b. a |) ) _ Pl, mL etety 
= T(p+7) 


sei fb 
xaneen | ee | wk eee | 


Corollary 3.8 Let x > 0, the parameters a, 7, p, 6,€,w € C, Rw) > 0, R(K) = 
0, up = 0, min{#(d), R(O)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such that 
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R(a) > 0 and RK(p) < 1+ min{R(—7), R(a + 7)}. 


Then, the following beta transform formula holds: 


2 {(e ogo arpcne [FM 2..)) 


Pd—-pt+at+y) 
Pps) 


6,€:n,p) |l, Bb, Z l-ptat+y.Z 
x Fi faa oS] eA | | 


= x?! BUI, m) 


3.2. Pathway Transforms 


Theorem 3.9 Let x > 0, the parameters a, 7, p,6,€,w €C, Rw) > 0, KK) = 
0, uw = 0, min{#R(d), R(O)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(p) > max{0, R(y — a — a’ — G'), R(B— a)}. 


Then, the following pathway transform (20) formula holds: 


- a, B.8. p— 5,€;K,p) | @ b 
Py E (Dg ale TP LF ca ole )) wis] = 


1 xeteta’—y—IPMr(pr(p- B+ arp—-ytata +P’) 
[é(; s)}! Po p)lG-y+a+ PG 7+a+ a) 


ae ~~ _ ! / 
| = sw] cara [ oP ies ‘aioe a 
© €(v; s) p-B,p-—ytath,p—ytata”’ &y;s) 
37 


) 


where E(v; 5) = alt (Ds) 


Proof Let L be the left-hand side of (37). Using definition of the P,-transform (20) 
and (17), we obtain 


_ xPtote “ID (py P(p — B+ aM (p—ytatal +f’) 


Tp-Prp-yrat+B)p-yrata’) 
' @ BOY b+ k,c—b) (plp— B+ Akp—ytata’ 
0 : B(b,c—b) (P—Pkp-—Y+at B)e- 4 


Be xk 


ata’), k! 


foe) 
Ju +(v—Dsj tt! ¢z 
0 


Here, making use of the result (21), we obtain 
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| v-1 ! yetata’—y-I PD P(p Tl (p — B+al(p—ytata' +’) 
~ [inl + @ = Ds] P(e— AV(p—y+at BT —y+at a) 


dz 


k 
Waar . x(v-1) 

: +a Bor) G+k,c—b) Ox@e(p— B+ O(p—ytata' +f’ (atten) 
SS Bb c= b) (Pp Blp—ytOFBR-THAta), 


which, upon using Hadamard product series and (4), leads to the right-hand side of 
(37). 


Theorem 3.10 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, KK) = 
0, up = 0, min{"R(d), K(E)} > 0, R(c) > R(b) > 0, and R(p) > O be such that 


R(p) < 1+ min{0, R(—S), R(a t+ a’ — 7), R(at f' — 7}. 


Then, the following pathway transform (20) formula holds: 


of aah ie Zz 


c 


1 xeteto’—ot para — p4+y—a—a))TU —p—al —B +P (1 — ptf’) 
(ew; s)}! Td —pld-p-a-a—-8+yPd-p-a’ +’) 
J 


POSH a, b. 1 seal gee l,l—p+y-—a-a’,l—p-a’—B+y7,1-pt 8", 1 
1 c x &(u;s)’ l-p,l1-p-a-a’—8+y7,1-p-al+p! 7? x &;s) 


Theorem 3.11 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > O, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and K(p) > — min{0O,a+ 6+ 4}. 


Then, the following pathway transform formula holds: 


P, fe (pehimanee I" °. £2: -)) (x); | = 


1 xP ITD (pT(p+ta+B+y) 
[é(v; s)]’ T(p+Ar(p+y) 


xy) }Q,bd, x lLpptatBP+y x 
x FOS ele : iw]. | : 
i: c €(v;s) a pre. ery E(V; 8) 


Theorem 3.12 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > O, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > O and R(p) < 14+ min{R(—GB — 7), R(a+y)} 


Then, the following pathway transform formula holds: 
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6,7 6,€; UL ? t 
P, & (03 ame ai k — -) (x); | = 
z 


mee zere1l Ord — p— Hrd —ptaty) 
[f; s)]! Td—prd—-p—-B+y 


< 1 See eee 1 
ee ie B ia] 4F5 ie Pp By 1 PE 
c’ x Ev; s) l1-—p,l—-p-P+y x E(v; Ss) 


Corollary 3.13 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MW(d), R(S)} > 0, R(c) > R(b)>0, R(a)=0, and R(p) > 0. 
Then, the following pathway transform formula holds: 


P, E e Dike eh E : tZ; 2)) (x); = 


1 x’ DDT (p) (EK) 4, b. x r 1, p F x 
[€v; 5)!’ T(ip-a) Aves ce’ &(y; 8)’ a Be a’ €(v; 5 


€ 


Corollary 3.14 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) => 0 and R(p) < 1+ min{R(a)}. 


Then, the following pathway transform formula holds: 


ox t 
P, fe « DE Ree ki ’: = -)) (x); | 
Z 


— 2! po POPU=p +a) 
[€(v; s)]! Pd. —=p) 
- b 1 l,l-—pt+a 1 
POSE | 9, , re ee a 
x2 1 ex és)” * OL) l-p x E(u; s) 


Corollary 3.15 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and R(p) > — min{0, R(q)}. 


Then, the following pathway transform formula holds: 


P, le G Deo pk een i °; tz; )) (x); | 
— 1 xP IPOP+at+y) 
[E(v; s)]/ Pip) 


eae ie = os eae x 
c &(; 5) Pra “EUs 8) 
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Corollary 3.16 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R()} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and R(p) < 1+ min{R(—7), R(a + 7)}. 


Then, the following pathway transform formula holds: 


P,, ie Pee ki é tZ; -)) (x); | 


1, P@ra-p+e+y 


~ [eu sy rd—p+7 


- 1 = 1 
> pF ose) a, PB, sph egie Ll—-ptact+ 7, 
c x Ey; 5) l-p+y “*«€;s) 


It is interesting to observe that for taking v — 1 in the P,-transform defined by 
(20) reduces to the well-known Laplace transform (22). In fact, we have an interesting 
Laplace transform asserted by the following corollaries. 


3.3 Laplace Transforms 


Corollary 3.17 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(p) > max{0, R(y — a — a’ — f'), R(B — a)}. 


Then, the following Laplace transform formula holds: 


of BBlY ma ab 
z [27 (veer tyrone [22 rzie] ) is] = 


xetetel7t TOP (o- B+ al(p-ytata tf) 
= To= pl e=7ret Pl p=7rara) 
rat sia i os eal lpp-Bta,p-ytat+a + 3] 


p= f, 0-7 rar 1. p—y hast as 


Corollary 3.18 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(p) < 1+ min{0, R(—B), R(a + a’ — 7), R(a + B' — y)}. 


Then, the following Laplace transform formula holds: 
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12a) ae 
L [2 (n5:" Pi? ple) i ?. 2 )) (x); ] = 


getete’—7tl POT = p+ yea Td pa =6+4)Td = p+ 7) 
sl rd —prd—p—a—o —B+>)ld—p—a' +f) 


én) fa, bo 1 l,l—p+y-—a-—oa’,l—p-a'-£64 
F wae 
x 2hy ease aks 1—p,l1—p—a—a’—684+7,1-p 


Corollary 3.19 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R()} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and R(p) > — min{0,a+ B+}. 


Then, the following Laplace transform formula holds: 


6 O,E5K, ; b 
L B (Deere taRten I" ate ») wis] 


zs xP POP (pT(ip+at B+) 
s! Pep+Ar(pt+y 


5,€:n,p) | a, D, X lLpptat@+y x 
xariene| iA iw] ear] pe ais "4 


Corollary 3.20 Let x > 0, the parameters a, y, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > Oand R(p) < 1+ min{R(—G -— 7), R(at+y)} 


Then, the following Laplace transform formula holds: 


a (.3,Y,p— 3K a, bt 
L E (ner ot a ie e)) (x); | = 
z 


xP TOrd=—p=O)lrd—p+a+) 
sl rd-prd—-p-8+7) 


op b 1 l.l—p—6,l-pta+ty, l 
x Rese (%o 1 lip |bl-e—8, oe 
a exs’ |? ?| 1-p,1-p-B+y ‘xs 


Corollary 3.21 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) => 0, w = 0, min{M(), R(Q)} > 0, R(c) > Rib) > 0, R(a) = 0, and R(p) > 
0. Then, the following Laplace transform formula holds: 


O,€3K, ’ b 
L le" (5. aReene if oi tS ») (x); | = 


agesasien a2) 8 < 
x (OT (p) x 9 FOE a, b, aren as l, p am 
s' T(p—a) cs p-a’s 
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Corollary 3.22 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and R(p) < 1+ min{R(a)}. 


Then, the following Laplace transform formula holds: 


- t 
é Ee ("ger Renn k : -; -) (x); | = 
Zz 


e-o-1 DY (L — Sf 1 = 1 
x rd —ptay) . 9» FOSm a, B Baten tee 1,1 pte, a 
s! rd — p) c’ xs l—p xS 


Corollary 3.23 Let x > 0, the parameters a, 7, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R(O)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and R(p) > — min{0, R(y)}. 


Then, the following Laplace transform formula holds: 


iy su) |, b 
E ie (= Dee Eee) ot e)) (x); | = 


=I 
xP rOret+at+y) ay os a, Ze Pct oF pa Oe x 
s! Tr(ip+7) cs p+y7 s 


Corollary 3.24 Let x > 0, the parameters a, y, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > 0 and RK(p) < 1+ min{R(—7), R(a + 7)}. 


Then, the following Laplace transform formula holds: 
L [2 (Prag GEehe ik i be I) (x); 5] = 
CZ 


el rard— aig 1 = 1 
xP-l DOT ( PEeED grow [5 Liu] eah [| ee 
sl Trd—-p+y) Ss 


C xs l1-—p+y¥ xs 


3.4 Whittekar Transforms 


Theorem 3.25 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{R(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(p) > max{0, Ry — a — a! — fi’), R(B— a)}. 
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Then, the following formula holds: 


co 
pots Wy. m (112) { (esther taRene i : Ae }) 00| ae 


xetata— 7-1 D(g+m+5)(o-mt+ 5) Tp)F(p-B+ayrp—ytata' +f’ 
7? T(e-A+4) Tp- Al(p-ytat P\-y+tata’ 
- 1 1 €. 
corey ° . =] * 5 Fy ieee Ghia SLaeae ne asaiaar =) 
c o-A+5,p-B,p-—y+tath',p-ytata n 
(38) 


Proof For convenience, let the left-hand side of (38) be denoted by £. Applying 
(29)-(38) and changing the order of integration and summation, we get 


L= yPtata’—y—-1 T(p)P(p a B a5 a)T(p _ yore a+ a! in BY 
Tp-Al(p-ytatP)(p-ytata’) 


Supe eee (pep — B+a)(p—ytatal +B (ex) 
21k Bb,c—b) (@-Bal—7 +04 M—7tatay # 
foe) 
ae a Wy m (172) | 
0 
substituting 7z = v, we get 
C= xPtata’—7-1 T(pl(p—- B+al(p—y+tata't+ f’) 
Tep-Pr(p-y+rat+B)F(p-yrata’) 
Foy en Othe B) _ Ole Btak(p—ytata +p (ex) 
a: B(b,c—b) (P— Bye(o—y+at B)(o—ytata')e nrtkk! 
foe) 
[tte time) of 
0 
use of (23) gives 
xPtota’—y-I Dig+m+4)o-—m+4) Tiplp-B+al(p—-ytata +P) 
7 n° r@=Aath Tp-AP~-—ytat+ P\Tp-y+ata’) 


B (b,c —b) (p— B(P-—yHat B)(P—ytata’)g kk! 


ee BEE b+ kc—b) (plo—-B+axiop—ytatal +h’ (ext 
x1 > Ok 
k=0 


(o+m+ s)e(o —m + 4k 
(c-A+ 4)x 


In view of (4), we arrive at the desired result (38). 


Theorem 3.26 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > O, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and KR(p) > 0 be such 
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that 
R(p) < 1+ min{0, R(—S), R(a + a’ — 7), R(a t+ B — 7}. 
Then, the following formula holds: 


foe) 

Us ! BB! sy Lk be 
pote? Wy.m (nz) | (os PB gly POE RH) & e = »)) 0| dz 
0 


xetatal—y+1 Vio+tmt+ so m4 5) rd 


pty-a-—a/)FU—-p-a—6+y7Td—-pt+8') 
7? T(o-A+ 5) Td —pPld-p-a-a’+8+y7Td—-p-a’t+ B) 
canteen ee 7 | 
c xn 
ski [O tM + 30° m+5,l-p+y—-a-a,1—-p-a’-6+4,1 pt pe 
o-A+4,1-p,1l-p—a-a'+B+y7,1-p-a' +p : 


Theorem 3.27 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 


R(a) => 0 and K(p) > — min{0O,a+ 6+ 4}. 


Then, the following formula holds: 


CO 
uk 6 ios SKU b 
joe Wy.m (12) { (252? ee eu k 0) ets ») | dz 
0 


_ xt I TN(o+mt HT —m+5) Pep lptatBt+y) 


n° T(o—A+ 3) (e+ Al (p+7) 
dae 1 
red eee ad yo aia 
con T= 2 ooh Faery 7 


Theorem 3.28 Let x > 0, the parameters a, y, p,6,€,w € C, Rw) > 0, 


RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 


R(a) = 0 and R(p) < 1+ min{R(—B — 7), R(a+ 7)}. 


Then, the following formula holds: 


lo.@) 
_] _® Biv 6,636 b € 
fe le—F Wy m(nz) { (ogee lA re ° ie =.]) 09} a 


0 


xPt 0-1 Dg t+m+5)(o—-m+4)Pd—-p—-BArd—p+a+y) 


n? T(o-A+5) rd-prd-p-6+y 


ve b t+m+ >, + 4,1 sig ta 
a i i Siu] un]? = ie - ‘ee Nae =| 


- 
wie S 
A 

> 

i 

> 

zB 

2 

& 

3 
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Corollary 3.29 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) > 0, w > 0, min{MH(d), R(E)} > 0, R(c) > Rb) > 0, R(a) = 0, and R(p) > 
0. Then, the following formula holds: 


CO 

urs O,E5K, | b 
poet Wa.m (nz) { (toes tanen k ents z)) «| dz 
0 


ve Tgo+m+hr(o—mtt) Tp) 
7? Presa 2) Dp — a) 


a ee I" _ =| *3F4 ge cranes 2° P, =| 
Cc ul A+ 5, pa a n 


Corollary 3.30 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

R(a) > Oand R(p) < 1+ min{R(a)}. 


Then, the following formula holds: 


[o.e) 

nz ; a b. eZ. 
[ete FWamin { (Wop tanor [82 2]) eo] ae 
0 


x1 P(g +m+5)(o—-m+5)Td—pta) 


n° Tio —A+ 4) Pd — p) 
a € lor i 1s € 
x 9 FESR ae Fei eae ot+m+3,o aes Pa 
Cc xn a-A\+4 —p xn 


Corollary 3.31 Let x > 0, the parameters a, y, p, 6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and R(p) > 0 be such 
that 

Ra) > 0 and R(p) > — min{0, R(q)}. 


Then, the following formula holds: 


(oe) 

ae E, seg) fa D 
ies le * Wamone) | (2 Die eee? a cctiw|) oo} de 
0 


_ x ITot+mtslo—mt )re+aty 
n° T'(o— A+ 3) TNip+7) 


x ROSEN) ab, eas ea ot+m+t+3,o —m+z.ptaty, Ex 
1 con’ o—-Athp+y n 
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Corollary 3.32 Let x > 0, the parameters a, y, p,6,€,w € C, Rw) > 0, 
RK) = 0, w = 0, min{MR(d), R(E)} > 0, R(c) > R(b) > 0, and KR(p) > 0 be such 
that 

R(a) > 0 and R(p) < 1+ min{R(—7), R(a + 7)}. 


Then, the following formula holds: 


e.e) 
urs yy 0 © i654: &, 
foe? Wy.m (nz) ie De lyE eae ° z ae -)) 0o| dz 


c ft 
0 


— xP I To+m+5)Po-—m+5)Pd-ptaty) 


n° Reais 5) ripe) 
: Lie a 
x pF OER BOF aks o+m+5,0 mar ea ee 
Cc xn a—-A+5,l—-pt+y¥ x1 


4 Fractional Kinetic Equations Involving Extended 
Hypergeometric Function 


In this section, generalized fractional kinetic equation involving extended hyperge- 
ometric function is established as Theorems. 


Theorem 4.1 [fd > 0, p > 0, Rw) > 0, R(k) = 0, w= 0; ~min{R(d), R(P)} > 
0; R(c) > Kb) > 0, a | < 1, then the solution of equation 


SP 
N(t) — No oF Ge I" - t: | = —d’oD,~? N(t) (39) 


is given by 


(oe) 


N(t)=No (a 


k=0 


BOS (bh +k, — b) 


k D 
t* Ey ¢41(—d? t? 
BO.c—b) pk+1( ) 


where Ey g(x) is the generalized Mittag—Leffler function given by (24). 


Proof Applying Laplace transform (22) on (39), we have 
L{N(t); 8} = No L [Aten I" . t | | — a? L{oN,? f(0); 8} 


use of (28) gives 
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(oe) 


a BEEMM (b+ kc —b) tt ae 
L{N(t); s} = No (/- "2h Bb.c=5) att d?s-PL{N(t); s} 
0 


therefore, 


(oe) 


(1+d?s~?)L{N(@); 5} = No >) 
k=0 


oe) 

(0,€5 4, [2) =. 

BS M(b+k,c—b) 1 joe Hi 
B(b,c — b) k! 

0 


this gives, 


[oe] 


BOSH (b+k,c—b) 1 d 
L{N(t); 5} = No DS @k 
k=0 


B(b,c — b) sk+l 1] 4 dPs-P 


After simplification of above equation, we get 


BOSD (b+k,c—b) |< ; 
L thiss= - 2 YW) Lena 4 
{N(1); 5} No Dr a ah 2 ya's (40) 


Taking inverse Laplace transform of (40) and using L~!{s~?; t} = we obtain 


1p! 
Tp)’ 
CO 


N(t) = No > (ak 


k=0 


BOSH (b +k, c —b) es 


[oe 
—1)"d"" —(pr+k+1) 
Bib, c—b) [> ue 


[o) © pe [o.e) 
BOSE (b +k, c — b) pprtk 
=N 2 L'a” 
pao. Bib, c—b) 2 1 Tortk+) 
[o-e) © pe [ee 
BOSKM(b+k,c—b) , (—dt)?" 
— N uw , t a 
pee. Bib, c—b) 2, P(pr+k +1) 
hence, 
[o.e) an 
BOSKM (b +k, c — bd) 
N(t)=No @s PE gatas?) 


= B(b,c —b) 


Theorem 4.2 [fd > 0, p > 0, Rw) > 0, Rk) = 0, w= 0; ~min{R(d), R(N)} > 
0; KR(c) > Rb) > 0, a | < 1, then the solution of equation 


sP 
N(t) — No oko" I" ’; ae: | = —d’)D,-" N(t) (41) 


is given by 
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0° oe 

BOSH (b+ k.c— b) (dP rr yk 
Nt)=N v 2 (pk + 1IE —d?t? 
() 0D (a ee aE (Pk + Ep pki (—d?t?) 


(42) 


Proof Applying Laplace transform (22) on (41), we have 


L{N(1); 5} = No L [Aten ° da? | : | — d?L{oN,? fO): 5} 


using (28), we get 
(ore) ioe) BOSEM 4 k c—b) (d?tP)k 
z _ —st w i PsP 4 
L{N(t); 3} = No (/. Dior eee a at} —a?s PLING); 8} 
therefore, 
fone) BOHM (b+ k c—b) qPk lone) - 
1 ds”) L{N(t); —N (7) ’ She dt 
(1 +.d?s~?)L{N(t); s} 0D (ar BG.co5) 7 ic 
hence, 


[ee] > “Ee 
BOS (b+ k,c —b) d* T(pk +1) 1 
No Vo: e 


L{N(t); s} = B(b,c —b) kl gPkt+l 1 4 dPs-P 


finally, 


EKO hk, — b) dPk Ls 
L{N(t); s} = Noo ah _ > ) . T(pk +1) pa 1)'d?"s —(pr+pk+1) 
, r=0 
(43) 


Taking inverse Laplace transform of (43) and using L~!{s~?; t} = —_ a 7 we obtain 


(oe) (6,€5K, (4) k Be. 
B b+k,c—b)d? . . 
NO => Ge rte pit Sec nyane crite] 


= BO,c—b) a ad 
(5,€5 4, 10) pk pr+pk 
BES" (4 kc —b) dF pPr+r 
= Ni T(pk +1 1)'a?" 
Deon Bo.e—5) we 1x ye or nk 5 


BOE b+ kc — b) (td? YE 5 ann 
= Yor B(b, c —b) "i lls 2D Trt pet 


In view of definition of Mittag—Leffler function (24), we obtain desired 
result (42). 
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Theorem 4.3 If d>0,7>0,d 47, p >0,Rw) > 0, RK) > 0, >0; min 
{R(d), R(E)} > O; Rc) > Rb) > O, EA < 1, then the solution of equation 


N@Q= Nya i - d?t?: 2] = —1? oD, N(t) (44) 
is given by 
oe) ie ore 
BOSEM (bh + kc — b) (d?t?)* 
NH=N v ; T(pk + DE <n? t? 
(t) = No DL @k aGicb TE Pk + Ep. pevi(—1"t”) 


k=0 
(45) 


Proof Applying Laplace transform (22) on (44), we have 


L{N(t); 8} = No L [arin I" ae “| is} — mPL{oN.? f(t): 8} 


using (28), we obtain 


(O,€5 6, 0) k 
se Be (b-+k,c —b) (d?t?) ea - 
L{N(t); s ym (f Sion BO.cob a dt n?s PL{N(t); s} 
0 
therefore, 
ee 2 BEM +kc—b)d™ To 

1 “P\L{IN(1)s s} = N ca : STEPS dt 

(ts MLINO:8) = MoD Oe Se Je 
This leads to 


(oe) 


BOEMM(b+k,c—b)d* (pk +1) 1 
L{N(): 3} = No D(a P 


k=0 Bib,c — b) ki gPkK+1 1 4 Ps-P 
finally, 
— Se oe 
= r pr .—(pr+pk+1) 
LIN(O); s = No D(a a -P(pk +1) > Lyn?" 
(46) 
Taking inverse Laplace transform of (46) and using L~!{s~?; t} = eee 


ro > 
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oo OSM iD 1 Ee — p) Pk S 
NO) = No See ( ,c—b) DP (pk + VL" SOA 1) Pl srt PED 


In 


B(b, c —b) k! 


k=0 r=0 


oo (5,854, 1) pk oo pr+pk 
By b+k,c—b) d! . tPrvP 
= No @x f P (pk »{> rT a 
k=0 


B(b,c —b) k! i r+ pk+) 
0° (0,656, 1) p\k oo pr 
BS (b+k,c—b) (t?d?) (—nt)! 
—N : T(pk+1 > 
: Dor Bib, c —b) PEED) 2a rr pet) 


view of definition of Mittag—Leffler function (24), we obtain desired 


result (45). 


Remark 4.1 Itis interesting to observe that for & = 44 = 1 in Theorems 2.1, 2.2, 3.1, 
3.2, 3.25, 3.26 and Corollaries 3.17, 3.18, we obtain results given by Agarwal et al. 
[31]. 
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The Compact Approximation Property 
for Weighted Spaces of Holomorphic 
Mappings 


Manjul Gupta and Deepika Baweja 


Abstract In this paper, we examine the compact approximation property for the 
weighted spaces of holomorphic functions. We show that a Banach space E has 
the compact approximation property if and only if the predual G,(U) of the space 
H,(U) consisting of all holomorphic mappings f : U — C (complex plane) with 
sup v(x)|| f (x)|| < oo has the compact approximation property, where v is a radial 


yarbht defined on a balanced open subset U of E such that H,(U) contains all 
the polynomials. We have also studied the compact approximation property for the 
weighted (LB)-space V H(E) of holomorphic mappings and its predual VG(E) for 
a countable decreasing family V of radial rapidly decreasing weights on E. 


Keywords Weighted spaces of holomorphic mappings - Approximation property - 
Compact approximation property 


2010 AMS Math. Subject Classification Primary 46G20 - 46ES0O - Secondary 
46B28 


1 Introduction 


The approximation property plays a vital role in the structural study of Banach 
spaces and appeared for the first time in the book by Banach [4]. A systematic study 
of this concept was taken up by Grothendieck [26] in the year 1955 who consid- 
ered the approximation property, bounded approximation property, and the basis 
property. At present, we have several variants of this property such as metric approx- 
imation property, compact approximation property, strong approximation property, 
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p-approximation property, and ideal approximation property, cf. [8, 20-22, 34-36, 
45, 50], etc. As the identity operator on the space is approximated by linear opera- 
tors having simpler representation in the study of the approximation property, there 
are three standard tools for studying approximation property for spaces of holo- 
morphic mappings: e-products, linearization, and S-absolute decompositions. The 
notion of €-products for locally convex spaces X and Y written as XeY introduced 
by L. Schwartz is defined as the space £,(Y/; X) of all continuous linear operators 
from Y! to X, endowed with the topology of uniform convergence on equicontinu- 
ous subsets of Y, where Y’ is the topological dual of Y equipped with the topology 
of uniform convergence on compact subsets of Y. Using the method of e€-products, 
the study of the approximation property for spaces of holomorphic mappings was 
initiated by Aron and Schottenloher in their pioneer work [2] and was further car- 
ried out in [14-19, 27, 29, 41, 49]. Through linearization results, one identifies a 
given class of holomorphic functions defined on an open subset U of a Banach space 
E with values in a Banach space F’,, with the space of continuous linear mappings 
from a certain Banach space G to F, i.e., a holomorphic mapping is being identi- 
fied with a linear operator and so one can pursue the study of the approximation 
property for spaces of holomorphic mappings by this method. The first linearization 
theorem for such spaces was obtained by Mazet [38] in the year 1984. Almost six 
years later, J. Mujica obtained a linearization theorem for 1° (U; F), the space of 
bounded holomorphic mappings defined on an open subset U of a Banach space E 
with values in F’; indeed, the space H™(U; F) is being identified with L(G (U); F) 
where G°(U) is the predual of 7#°(U). Using this linearization theorem, Mujica 
proved several results characterizing the approximation property for E in terms of the 
approximation property for 71° (U) and G*(U). This study has further been contin- 
ued by E. Caliskan in [15—19]. The study of the approximation property for a locally 
convex X having Schauder decomposition is characterized through the approxima- 
tion property for the subspaces forming its Schauder decomposition; indeed, if a 
sequence {X,,},>1 forms an S-absolute decomposition for a locally convex space X, 
then X has the approximation property if and only if each X, has the approxima- 
tion property. As the sequence of spaces of m-homogenous polynomials forms an 
S-absolute decomposition for their parent space, this method has been proved to be 
useful in such a study. 

Weighted spaces of holomorphic functions defined on an open subset of a finite 
or infinite dimensional Banach space have been studied widely in the literature by 
several mathematicians. Whereas for the results in the finite dimensional case, we 
attribute to the contributions of K.D. Bierstedt, J. Bonet, A. Galbis, W.H. Summers, 
R.G. Meise, Rubel, and Shields [9-13, 46] etc., the infinite dimensional case was 
introduced by Garcia, Maestre, and Rueda in [25] and further investigated by Beltran 
[6, 7] Jorda [32], Rueda [47], etc. Though Mujica and Caliskan considered the 
approximation property for spaces of bounded holomorphic mappings, we initiated 
this study for weighted spaces in our work [27-29]. In the present article, we consider 
the compact approximation property for such spaces. 

In Sect. 3, we show that a Banach space E has the compact approximation property 
if and only if the predual G,(U) has the compact approximation property for a radial 
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weight v defined on a balanced open subset U of E such that H,(U) contains all the 
polynomials. Also, it has been shown that EF has the compact approximation property 
if and only if each weighted holomorphic mapping can be approximated by such a 
map with relatively compact range. 

In Sect. 4, we introduce a locally convex topology 7‘, and prove a characterization 
for the T,,-denseness of weighted spaces of holomorphic mappings with relatively 
compact range in 71,(U; F). 

Finally, in the last section, we study the approximation properties for the weighted 
(LB)-spaces V H(E£) defined corresponding to a countable decreasing family V of 
radial rapidly decreasing weights and its predual V G(E); indeed, it is proved that E 
has the approximation property if and only if VG(£) has the approximation property. 
Also, this result holds for the compact approximation property for suitably restricted 
family V of weights. 


2 Preliminaries 


Throughout this paper, E and F denote complex Banach spaces with closed unit 
balls Bg and Br, respectively. The symbols X’ and X;, respectively, stand for the 
algebraic and strong topological dual of a locally convex space X. The notation X* is 
used for X; in case of anormed space X. The symbols N, No, and C are, respectively, 
used for the set of natural numbers, N U {0}, and the complex plane. 

For each m EN, L("E; F) is the Banach space of all continuous m-linear 
mappings from E to F endowed with the sup norm. A mapping P : E > F is 
a continuous m-homogeneous polynomial if there exists a continuous m-linear 
map A € £("E; F) such that P(x) = A(x,...,x), x € E. The space of all m- 
homogeneous continuous polynomials from E to F is denoted by P(E; F) whichis 
a Banach space endowed with the norm ||P || = sup || P(x)||. For F = C, P(E; C) 

lx||<1 

is written as P(E). A continuous polynomial P is a mapping from E into F which 
can be represented as a sum P = Pp + Pi +---+ Pr with P, € P(E; F) for 
m=0,1,...,k. The vector space of all continuous polynomials from F into F 
is denoted by P(E; F). A polynomial P € P(’"E, F) is said to be compact if it 
takes bounded subsets of E to relatively compact subsets of F or equivalently if 
P(Bz) is relatively compact in F. The collection of all compact m-homogenous 
polynomials is denoted by P(E; F), and for m = 1, we get K(E; F), the class of 
all compact linear operators from E to F. 

A mapping f from E to F is said to be weakly uniformly continuous (weakly 
continuous) on bounded sets if for each bounded subset B of EF (for each x € B) and 
€ > O there exists ¢), ¢2,...,¢n € E* such that 


If) — FOI < € 
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whenever x, y € B (y € B) with |¢;(x — y)| < 6, for each i = 1,2,...,n. The 
space of all polynomials which are weakly uniformly continuous (weakly continu- 
ous) on bounded subsets of E is denoted by P,,,(E, F)(Py(E, F)). 

A mapping f : U > F is said to be holomorphic, if for each € € U, there exists 
a ball B(€,r) with center at € and radius r > 0, contained in U and a sequence 
{P! f (€)}52o of polynomials with P/ f (€) € P/E; F), j € No such that 


fH=>) PF’ fOG=6 (1) 


j=0 


where the series converges uniformly for each x € B(€,1r). The space of all holo- 
morphic mappings from U to F is denoted by H(U; F). For F = C, we write H(U) 
for H(U; C). 

A weight v is a continuous and strictly positive function defined on an open 
subset U of a Banach space E. A weight v defined on (i) a balanced open set U is 
radial if v(tx) = v(x) for all x € U and t € C with |r| = 1 and (ii) E is said to be 
rapidly decreasing if sup v(x)||x||" < oo for each m € No. Let us quote from [27] 


xeE 
the following: The weighted space 


MU; PY=t{f e HU; FY: Wflly = sup uF) < oo} 


of holomorphic functions is a Banach space endowed with the norm || - ||, with closed 
unit ball B,. For F = C, we write 7,(U) = H,(U; C). 


Proposition 2.1 Let v be a weight defined on an open subset U of a Banach space 
E. Then, for givenm €N, following are equivalent: 


(a) P("E, F) CH,U, F) for each Banach space F. 
(b) P(E) CH,(U). 


Proposition 2.2. The topology 7}.\, restricted to P("" E) coincides with the sup norm 
topology. 


Since the closed unit ball B, of H,(U) is To9-compact, it follows by Ng’s Theorem 
cf. [44], 77,(U) is a dual Banach space and its predual is defined as 


G,U) = {6 €H,(U) : $B, is To-continuous } 


which is endowed with the topology of uniform convergence on the set By. 


Theorem 2.3 (Linearization Theorem) For an open subset U of a Banach space 
E and a weight v on U, there exists a Banach space G,(U) and a mapping A, € 
H,y(U,G,(U)) with the following property: For each Banach space F and each 
mapping f € H,(U, F), there is a unique operator Ty € L(G,(U), F) such that 
Ty 0 Ay = f. The correspondence WV between H,(U, F) and L(G,(U), F) given by 
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W(t) = Ty 


is an isometric isomorphism. The space G,(U) is uniquely determined upto an iso- 
metric isomorphism by these properties. 


A simple consequence of the above linearization theorem is 


Proposition 2.4 For a weight v defined on an open subset U of a Banach space E 
satisfying P(E) C H,(U), E is topologically isomorphic to a complemented sub- 
space of G,(U). 


Let us also recall the locally convex topology T,, on H,(U, F) which is gener- 


ated by the family {p,q : @ = (aj) € AS (A;), Aj being finite subset of U 
for each j} of semi-norms defined by 


Paalf) = sup(a; inf v(x) sup || f(y) [)- 
jeN xeAj 


yeAj 
It can be easily checked that 


T] <TM STI, (2) 


on 7H,(U, F). For v = 1, the space H,(U, F) = H™(U, F) and the topology Ty = 
T, on H™(U, F); cf. [41]. 


Proposition 2.5 Let E and F be Banach spaces. For a weight v on an open subset 
U of E with P(E) C H,(U), Ty coincides with T) on P(E; F) for eachm €N. 


Proposition 2.6 Let E and F be Banach spaces. For a radial weight v on a bal- 
anced open subset U of E with P(E) C H,(U), the space P(E; F) is T\4-dense in 
H,(U; F). 


Theorem 2.7 Let E and F be Banach spaces, and v be a weight on an open subset U 
of E. Then, the mapping V : (Hy(U; F), Tm) > (L(Gu(U); F), Te) is a topological 
isomorphism. 


Let 
Hy(U)® F={f € H,(U, F): f has finite dimensional range} 
and 
HS(U, F) ={f € HU, F): vf has a relatively compact range}. 
Then, we have 


Proposition 2.8 Let U be an open subset of a Banach space E and v be a weight 
on U. Then, for any Banach space F, 
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(a) f € H,U) ® F ifand only if Ty € F(G,(U); F), and 
(b) f © H{U; F) if and only if Try € K(Gy(U); F). 


A locally convex space X is said to have the approximation property if for 
every compact set K of X, a continuous semi-norm p on X and «€ > 0, there exists 
a finite rank operator T = T..x such that sup p(T (x) — x) < and the compact 


xeK 
approximation property (CAP) if there is a compact linear operator T such that 
sup p(T (x) — x) <e. 


xeK 
The following is quoted from [27] 


Theorem 2.9 Let E be a Banach space and v be a radial weight on a balanced 
open subset U of E such that H,(U) contains all the polynomials. Then, E has the 
approximation property if and only if G,(U) has the approximation property. 


Similar to the characterization of AP given by Grothedieck [26] and also given in 
[37], we have the following result from [16] 


Theorem 2.10 For a Banach space E, the following are equivalent: 


(i) E has the compact approximation property. 

(ii) For every Banach space F, K(E; E)° =L(E; E). 
(iii) For every Banach space F, K(F; E)° =L(F; E). 
(iv) For every Banach space F, K(E; F)° =K(E; F). 


Using the definition of the CAP, one can easily prove 


Proposition 2.11 Let E be a Banach space with the compact approximation prop- 
erty. Then, each complemented subspace of E also has the compact approximation 
property. 


The space Q(" E) defined as 
O("E)={he P("E) : o|B,, is To-continuous} 


is the predual of P(E), m € N, cf. [48]. It is a Banach space equipped with the 
topology of uniform convergence on B,,, the unit ball of P(E). Connecting the 
CAP for a Banach space E with the CAP for QO(” E), E. Caliskan [16] proved. 


Proposition 2.12 Let E be a Banach space. Then, E the compact approximation 
property if and only if Q("E) has the compact approximation property for each 
meN. 


Analogous to Proposition 2.2 in [42], we have. 


Proposition 2.13 Let E and F be Banach spaces such that E has the compact 
approximation property. Then, Py ("E; F) is T--dense in P("E; F) for eachm € N 


For the following, one may refer to [3], cf. also [1]. 
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Proposition 2.14 Let E and F be Banach spaces. Then, Py(E; F) C Px(E; F). 
A sequence of subspaces {£,}°°, of a Banach space E is called a Schauder 
decomposition of E if for each x € E, there exists a unique sequence {x,} of vectors 
x, € E, for all n, such that 


CO 
— % = lim u(x) 
m—>Co 


n=1 


m 


where the projection maps {u}°°_, defined by u,(x) = >~ x;, m > 1 are con- 
j=l 


tinuous. Let S = {(a@,)}°) 2a, €C, n> 1 and lim sup |an|? < 1}. A Schauder 


noo 
decomposition {E,}, is said to be S-absolute if (i) for each 8 = (G;) € S and 
CO [o.@) 
xj € E, B-x = > B)x; € E and (ii) if p is a continuous semi-norm on 
j=l j=l 


eo 


[o.e) 

E and @ € S, then pg(x) = &- |G;|pa(x;) defines a continuous semi-norm on E. 
f= 
Following is proved in [15]. 


Proposition 2.15 If {E,}°° is an S-absolute decomposition of the locally convex 
space E, then E has the CAP if and only if each E,, has the CAP. 


For more background and details about the theory of infinite dimensional holo- 
morphy, Schauder decompositions, and the approximation properties, we refer to [5, 
23, 24, 26, 37, 40, 43] and the reference given therein. 


3. The Compact Approximation Property for G,(U) 


This section is devoted to the study of the compact approximation property for H,(U) 
and its predual G,(U). 
Let us begin with 


Lemma 3.1 Let v be a weight on an open subset U of a Banach space E such that 
P(E) C H,(U). Then, 


sup v(x)||x||" < co 


for eachm EN. 


Proof Letm € N. Foreachx € U,choose ¢, € E* such that ||, || = 1 and ¢,(x) = 
\|x||. Write B = {67 : x € U}. Then, B is a ||.||-bounded subset of P(’” £). Hence, 
by Proposition 2.2, B is ||.||,-bounded. Consequently, 
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sup v(x) |||" < sup sup v(y)|¢7'(y)| < 00. 
xe xeU yeU 


Theorem 3.2 Let v be a radial weight on a balanced open subset U of a Banach 
space E such that P(E) C H,(U). Then, the following assertions are equivalent: 


(i) E has the compact approximation property. 

Gi) P(E, fy = H,(U, F) for each Banach space F. 
(iii) P(E, F)“ = H,(U, F) for each Banach space F. 
(iv) HOU; ro iia = H,(U, F), for each Banach space F. 
(v) Gy(U) has the compact approximation property. 


Proof ()=> (i): Let f € H,(U; F) and p be a Ty,y-continuous semi-norm on 
H,(U, F). Then, there exist Pe P(E; F) such that p(f—P)<5 by 
Proposition 2.6. Write P = Po + Pi +--+: Pm, Pj € P(E, F), 0 < j <m. Then, 


for each j,0 < j < m, there exist Q; in P(E, F), such that 
(P)- O)) <= 
;—- O;)< —. 
Pj j ai 


by using Propositions 2.5 and 2.13. Write Q = Qj + Q; +---+ Q x. Clearly, Q € 
Pw(E, F) and p(f — Q) <e. 

(ii) > (iii) follows by Proposition 2.14. 

(iii) > (iv): It is enough to show that Py(/E; F) C Hi(U; F) for each j € 
N. Consider P € P/E; F). By Lemma 3.1, sup v(x)||x||/ = K; < 00. Hence, 
v(U)P(U) C K; P(Bz). consequently, v(U) P(U) is relatively compact in F’. 

(iv) => (v): Take F = G,(U) in (iv). Then, by Theorem 2.3 and the hypothesis, A, € 
HS(U; Gy(U))™. Now, HS(U; G,(U))™ can be identified with C(G,(U), Gi (U)) © 
via the map W in view of Theorem 2.7 and Proposition 2.8(b). Since Ta, o Ay = Ay, 
W(A,) = J, the identity map on G,(U). Thus, 1 € K(G,(U); G(U)) *. 
(v) =) follows by Propositions 2.4 and 2.11. 


Proposition 3.3 For a weight v defined on an open subset U of a Banach space E, 
KG)U), F)° = LGU); F) if and only if HS(U; F) MM Hy(U; F) for each 
Banach space F. 


Proof Assume K(G,(U), F)° = L(G,(U); F). Take f € H,(U; F). Then, by 
Theorem 2.3, Ty € L(G,(U); F). By hypothesis, there exists anet (JT,) C K(G,(U), F) 
such that T,, = T;. Now, corresponding to each a, we have f, €¢ H{(U; F) such 
that 7, = T, by Proposition 2.8(b). Using Theorem 2.7, we get fo BEL f. Hence, 
HAG: BF) SH, (U;F), 

Conversely, for T ¢ L(G, (U), F), there exists f € H,(U, F) such that T = Ty 
by Theorem 2.3. Consequently, by hypothesis, we can find a net {f,} C HU(U; F) 
such that fo =—s f. Thus, (T;,) C K(G,(U), F) by Proposition 2.8(b) and 7, = 
Tr = T by Theorem 2.7. 
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Writing HE (V; E) = H6(V; E) for v = 1, the final result of this section charac- 
terizes the compact approximation property for the space E in terms of H{(V; E), 
vis-a-vis H& (V; E), as follows: 


Theorem 3.4 Let E be a Banach space. Then, for each Banach space F, the fol- 
lowing are equivalent: 


(i) E has the compact approximation property. 
(ii) HS(V; E) “=HAV, E), for each open subset V of F and weight v on V. 
(iii) HEV; ia = H~(V, E), for each open subset V of F. 


Proof (i)= (ii): Assume that E has the compact approximation property. Then, 

by taking F = G,(V) in Theorem 2.10(iii), K(G,(V), E)° = L(G,(V), E). Thus, 

He(V; E) “ = H,(V, E) by Proposition 3.2. 
(iii): Follows from (ii) by taking v = 1. 
(iii)=>(1): cf. Theorem 5 of [16]. 


4 The Topology 7), on H,(U; F) 


Pnglogous to the topology T,,4, we introduce another locally convex toparosy 
Ty on Hy(U, F) . It is generated by the family {¢,q:@= (aj) € GG, AS 
(A;), A,;being finite subset of U for each j} of semi-norms given by 


da.a(f) = sup(a; sup v(x)|| FI). 


JEN xeA; 


Concerning this topology, we have 
Proposition 4.1 For a weight v on an open subset U of a Banach space E, we have: 


(i) TST < TM < T|.\|, 7 H,(U, F). 
(ii) Th, |B = TolB for any || - ||)- bounded set B. 


Proof (i) Clearly, T1 < T),. In view of (2), it suffices to prove Ti, < 7, which 
follows from the inequality, gg q(/) < Il@lloll flv: 

(ii) The proof is analogous to the one given in [27]. However, for the sake of 
completeness, we outline the same. Let B be a bounded set in (H,(U, F), || - |v). 
Then, there exists aconstant M > 0 such that || f ||, < M,forevery f € B. Consider 
a Th, -continuous semi-norm q given by 


gf) = a sup v(x) || FID. f € HU, F) 


xEA; 


where (aj) € c¢ and (A;) is a sequence of finite subsets of U. Fix « > 0 arbitrarily. 
Then, there exists mo € N such that 
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E . 
—, Vj >mo. 


U5: 
‘9M 


Write K = U A;. Then, K is a compact subset of U. Note that 


Jj<mo 


sup (aj sup v(x)II(F — M@)ID < L lallopK(f — 9) 


j<mo xeA; 


where L = sup v(x). Thus, 
xeK 


p(f —g) < € whenever px(f —g) <6 


for f, g € B, where 6 = . This completes the proof. 


a 
2L Aloo 


For f € H,(U; F), let us define S, f(x) = > 1d” f(0)(x) and C, f(x) = 
=I Sieo Sk f(x). Then, ||Cr(f)O)|lv < Il f lly for each f € H,(U; F) andn EN, 
cf. [27]. 

As a consequence of the above proposition, we derive the following result similar 
to Proposition 2.6 


Proposition 4.2. Let E and F be Banach spaces. For a radial weight v on a bal- 
anced open subset U of E with P(E) C Hy(U), the space P(E; F) is Ty,-dense in 
H,(U; F). 


Proof Let f € Hy(U, F). Then, the set {C,(f) : n € No} is a || - ||p-bounded in 
H,(U, F). As C, f > f in (H(U, F), 7), the result follows by Proposition 4.1 
(ii). 


Using the above proposition, we prove 


Theorem 4.3 Let v be a radial weight on a balanced open subset U of a Banach 
space E such that P(E) C H,(U). Then, for each Banach space F, the following 
are equivalent: 
(a) viTlly € H6(U; Ey™ for each i € N, where Iy : U => E is the inclusion 
mapping. 
(b) HSU; Fy)“ =H, (U, F). 
Proof (a)=> (b): Let f € H,(U, F) and q be a 74,,-continuous semi-norm given as 

q(f) = sup(a; sup v(x)|| f@)II) 

JEN 


xeA; 


where (a;) € ra and (A;) is a sequence of finite subsets of U. Then, by 
Proposition 4.2, there exists P € P(E; F) such that 


q(f — P) < i (3) 
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Write P = Po t+ Pi +---Pr, Pi € PCe, F),0 <i <m.Fixi,1 <i < marbitrar- 
ily. Define K = U {(a; ey v(x))iyiye A;}U{0}. Then, K is a compact subset 


JEN xeA; 


of U, cf. [27, Proposition 4.4], and there exists a 6 > 0 such that 


|| P; (x) — P;(y)|| < = for each x € K, y € E with ||x — y|| < 6 (4) 
m 


Since g;(f) = sup((aj)* sup v(x) || f(x) ||) is a T4-continuous semi-norm, there 
JEN xeA; 


exists f; € HS(U; E) ™ by (a) such that 


qivi Ty — fi) = supt(ar) sup v(x)|vi"(x) — fi@x)|I) < 4 (5) 


xeAj 
Let g; = v' | P; o fj. Clearly g; € HS(U; F). Note that 


(aj sup v(x) |x —v' FO) F@)II (aj)! sup v(x)[|vi— (x) — fi@) Il. 


xEA; xeA; 


Therefore, by (4) and (5), we have 


q(Pi — gi) = ee | Pi((aj sup v(x))ix) — Pi(aj sup v(x))iv i (x) fila) < = 


jeN xEAj; xEA; 


Write g= go +91 +92+-::+9m, where go = Po. Then, g € Hi(U; F) with 
P(f — g) <.«, thereby proving (b). 
(b)=>(a): Since sup vi 7 (x) [Ix] < oo for eachi € N by Lemma 3.1, luz! Ty Il < 


xEA 
oo. Thus, (a) follows. 


id 


Remark 4.1 (a). The above result is more general than [16, Theorem 5]; indeed, 
for v = 1,7 = Ty = 73 (b). Since ty < Thy, HEU; FY” CHEW; FY™ = 
H,(U, F) and so the implication (a) = (b) is true for T,, also. However, it would 
be interesting to know the non-constant weights for which Ty, = Thy. 


5 Weighted (LB)-Spaces and Approximation Properties 


Let A be a directed set and {(Xq, Ta) : a € A} be a family of locally convex spaces 
such that for a < 8, Xq C Xs, X = UY Xqand Iy,3 : Xq > Xz be the continuous 


acA 
inclusion maps with J, g 0 I, = Ig. In this chapter, we consider the inductive limit 
T as the finest Hausdorff locally convex topology for which each inclusion map 
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I, : Xq — X is continuous. We write (X, 7) = lim (Xa, Tq). If A is countable and 
ach 

each X, is a Banach space, then (X, 7) is said to be an (LB)-space. 

Let {(Ya, Ta) : a € A} be a family of locally convex spaces such that for each 
a > 8, %o,3 : Yo — Yg is continuous linear map and 74,3 0 73 = To, where 7, are 
the canonical mappings from Y = {(Xa)aca : Ta,6(%8) = Xa for each a < 3} to Yq. 
The space Y endowed with the weakest topology on Y such that all the canonical 
mappings 7, are continuous is the projective limit of the above system and is written 
as (Y,T) = lim (Yq, Ta). A projective limit (Y, 7) = lim (Yo, Ta) 1s said to be reduced 

aeA aeA 

if each 7,,(Y) is dense in Y, for eacha € A. 


Proposition 5.1 ((33]) Let (Y, 7) = lim Y, be a reduced projective limit such that 
ach 
each Y,, has the approximation property. Then, Y has the approximation property. 


For the theory of projective and inductive limits, we refer to [30, 31, 33]. 

Let us now consider inductive limit of weighted spaces of holomorphic functions. 
Assume that V = {v,} is a countable decreasing family, i.e., Uni < v, for each n, 
of radial rapidly decreasing weights on E. Corresponding to V, inductive limit of 
weighted spaces is defined as VH(E) = U,,., Hy, (E) endowed with the locally 
convex inductive topology rz. Since the closed unit ball B,, of each H,, (E) is 7 
compact, VH(E) is complete by Mujica’s completeness theorem, namely, 


Theorem 5.2 ((39]) Let (E,7) = lim E,, be an (LB)-space, and suppose that there 
neN 
exists a locally convex Hausdorff topology 7 < T on E such that the closed unit ball 


B,, of each E,, is T-compact. Then, 
F = {u € E': u|B, is T-continuous for eachn € N} 


endowed with the topology of uniform convergence on the sets B,, is a Fréchet space 
such that the evaluation mapping J : E — F' given by J(x)(u) = u(x) for each 
x € Eandu € F, is a topological isomorphism from E onto F! (the inductive dual 
of F) and hence E must be complete. 


The predual of V H(E) defined as 
VG(E) = {¢ € VA(E)': | By, is To-continuous for each n € N } 


is endowed with the topology of uniform convergence on the sets B,,. Also, 

VG(E)= lim G,,(E) is a reduced projective limit, cf. [6]. Combining this fact 
neN 

with Propositions 2.9 and 5.1, we get 


Theorem 5.3 Let V = {v,} denote a countable decreasing family of radial rapidly 
decreasing weights on E. Then, E has the approximation property if and only if 
VG(E) has the approximation property. 
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Following [6], a family V of radial rapidly decreasing weights satisfies condition 
(A) if for each m € N, there exist D > 0, R > 1, andn € N,n > m such that 


D 
IP’ fO)lln < Rill fllm 


for each j € Nand f € 7H,, (U). 
For the final result of this section, we make use of the following result proved 
in [28] 


Theorem 5.4 If V = {v,} is a family of weights satisfying condition (A), then the 
sequence of spaces {Q" E)}°-_, forms an S-absolute decomposition for VG(E) with 
respect to the topology of uniform convergence on B,,’s for each n. 


Finally, we have 


Theorem 5.5 Let V = {v,} denote a countable decreasing family of radial rapidly 
decreasing weights on E satisfying condition (A). Then, E has the compact approx- 
imation property if and only if VG(E) has the compact approximation property. 


Proof It follows directly from Propositions 2.12, 2.15 and Theorem 5.4. 


Note 5.1 As Proposition 5.1 is not known to be true for the compact approximation 
property, Theorem 5.5 cannot be derived for the family V which does not satisfy 
condition (A). However, for V = {v}, the above result holds, though the singleton 
family of weights does not satisfy condition (A), cf. [28, Remark 4.4]. 
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Bloch Mappings on Bounded Symmetric 
Domains 


Tatsuhiro Honda 


Abstract We introduce Bloch mappings on bounded symmetric domains which 
can be infinite dimensional and generalize Bonk’s distortion theorem on C to locally 
biholomorphic Bloch mappings on finite dimensional bounded symmetric domains. 
As an application, we give a lower bound of the Bloch constant for these locally 
biholomorphic Bloch mappings. Finally, we show that there exist no isometric com- 
position operators from the space H®(By) of bounded and holomorphic functions 
on By into the a-Bloch space 6° (Bx) on Bx. 


Keywords Bloch mapping - Bounded symmetric domain - JB*-triple 


1 Introduction 


Let U be the unit disk in C. The Bloch theorem states that a holomorphic function f : 
U > Cwith f’(0) = 1 maps a domain in U biholomorphically onto a disk with radius 
r(f) greater than some positive absolute constant. The ‘best possible’ constant B for 
all such functions, that is, B = inf{r(f) : f is holomorphic on U and f’(0) = 1}, is 
called the Bloch constant. The classical Bloch space 6 is the space of holomorphic 
functions f : U > C satisfying || f || gioch = SUPzey(1 — |zI7)| f/(z)| < 00 endowed 
with the norm || f |g := | f(O)| + || fll ioch < 00 so that(B, || - ||) becomes a Banach 
space. 

The concept of a Bloch function has been extended to various complex domains 
in higher dimensions. Hahn [22] first introduced the notion of a C”-valued Bloch 
mapping on a finite dimensional bounded homogeneous domain, under the name ‘of 
normal mapping of finite order.’ Timoney [52] gave several equivalent definitions for 
C-valued Bloch functions on a finite dimensional bounded homogeneous domain. 
Blasco et al. [5] extended to infinite dimensional Hilbert balls, where a Hilbert ball 
is the open unit ball of a Hilbert space and is a rank one bounded symmetric domain. 
Chu et al. [17] characterize Bloch functions on bounded symmetric domains, which 
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may be infinite dimensional, by extending several well-known equivalent conditions 
for Bloch functions on the open unit disk U in C. 
Bonk [6] proved the following distortion theorem: 


Kf (z) = v3 = lel I 


which implies readily a result of Ahlfors [1] that the Bloch constant is greater than 
./3/4. Bonk’s distortion theorem has been extended by Liu in [40, Theorem 7] to the 
class Hj,.(B", C") of C”-valued locally biholomorphic mappings on the Euclidean 
unit ball B” in C”. For the class Hjo¢(U", C") of locally biholomorphic mappings 
on the unit polydisk U” in C”, the following distortion theorem has been shown by 
Wang and Liu [53, Theorem 3.2]. 

Ohno [45] investigated the weighted composition operators from the Hardy space 
H™® to the Bloch space on the unit disk in C. Li and Stevié [38, 39], Zhang and Chen 
[58] studied weighted composition operators from H to the a-Bloch space. Allen 
and Colonna [3] characterized the bounded weighted composition operators from 
H® to the Bloch space of a bounded homogeneous domain and derived operator 
norm estimates. Colonna et al. [18] obtained sharper estimates on the operator norm 
of the multiplication operators from H® to the Bloch space on a general bounded 
symmetric domain and determined such norm precisely in the case when the symbol 
of the operator fixes the origin as well as when the domain is the Euclidean ball or a 
bounded symmetric domain that has the unit disk as a factor, up to a biholomorphic 
transformation, and the symbol is not subjected to any restriction. They used this 
norm to show that for a large class of bounded symmetric domains D, there are no 
isometries among these multiplication operators. 

In this chapter, we generalize the above results for Bloch mappings to any bounded 
symmetric domain in C” realized as the unit ball By of ann-dimensional JB*-triple X. 
Kaup [35] showed that the bounded symmetric domains in complex Banach spaces 
are exactly the open unit balls of JB*-triples which are complex Banach spaces 
equipped with a Jordan triple structure. Note that a complex Banach space is a JB*- 
triple if, and only if, its open unit ball is homogeneous. All four types of classical 
Cartan domains are the open unit balls of JB*-triples, and the same holds for any 
finite product of these domains ([32], see also [33]). Therefore, the open unit balls of 
JB*-triples can be regarded as higher-dimensional generalizations of the open unit 
disk in the complex plane and a natural extension of the finite dimensional distortion 
theorems should be the ones on the open unit ball By of a finite dimensional JB*- 
triple X. Recently, Hamada and Kohr [31] gave a definition of a-Bloch mappings 
on By which is a generalization of a-Bloch functions on the unit disk in C by using 
the Bergman operator of the underlying JB*-triple (Definition 3.7). When a = 1, it 
is equivalent to the definition of Bloch mappings on B” by Liu [40] (see also [24]). 
By using the Jordan theory, we can generalize several results on a-Bloch functions 
on the unit disk in C to a-Bloch mappings on any bounded symmetric domain in C”. 
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2 Preliminaries 


Let By be the unit ball of a complex Banach space X. Let Y be a complex Banach 
space. A holomorphic mapping f : By — Y is said to be locally biholomorphic if 
the Fréchet derivative Df (x) has a bounded inverse for each x € By. A holomorphic 
mapping f : By — Y is said to be biholomorphic if f(By) is a domain in Y, f—! 
exists, and holomorphic on f (By). Let L(X, Y) denote the set of continuous linear 
operators from X to Y. Let y be the identity in L(X) = L(X, X). 

Extending E. Cartan’s [9] classification of finite dimensional bounded symmetric 
domains, it has been shown in [35] that every bounded symmetric domain, including 
the infinite dimensional ones, is biholomorphic to the open unit ball of a JB*-triple. 
A JB*-triple is a complex Banach space X equipped with a continuous Jordan triple 
product 

(x,y,z2EeXxXx XP {x,y,z} EX 


satisfying 


(Ji) {x, y, z} is symmetric bilinear in the outer variables, but conjugate linear in the 
middle variable, 

(Jo) {a, b, {x, y, zh} = {{a, b, x}, y, z} — {x, {b, a, y}, 2} + {x, y, fa, B, z}}, 

(J3) xa x € L(X, X) is a hermitian operator with spectrum = 0, 

(Ja) x, x, x} = [lorll? 


where for x, y € X, the box operator xd y: X — X is defined by xO y(-) = 
{x, y, -} and (Jz) is called the Jordan triple identity. 


Example 2.1 (i) A complex Hilbert space H with inner product (-, -) is a JB*-triple 
in the triple product 


1 
1%, YZ} = oC, yz + (2, y)2). 
(ii) The unit polydisk U” is the unit ball of the JB*-triple with the triple product 
{x, ¥, Z} = OiiZi)isien, X= Gi), Y= Oi), 7= CU) EC'. 


We refer to [14, 41, 49] for relevant details of JB*-triples and references. We 
recall some of them which will be needed in later. 

An element u € X is called a tripotent if {u, u, u} = u. Two tripotents u and v 
are said to be orthogonal if D(u, v) = 0, where D(u, v) = 2u0 v. Orthogonality is 
a symmetric relation. A tripotent u is said to be maximal if the only tripotent which 
is orthogonal to u is 0. A tripotent u is said to be minimal if it cannot be written as a 
sum of two nonzero orthogonal tripotents. A frame is a maximal family of pair-wise 
orthogonal, minimal tripotents. The cardinality of all frames is the same and is called 
the rank r of X. A real subspace S of X is called a flat subspace of X if S is a real 
triple subsystem of X: 
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(x,y,z € S) = > {x,y,z} eS 


and 
{x,y,z} ={y,x,z} forx,y,zeS. 


By [49, Proposition VI.3.2], the cardinality of the basis of all maximal flat subspaces 
is the same and equal to the rank r. A subspace J of X is called a triple ideal 
if {X, X, 7} + {X, I, X} C I. A JB*-triple is simple if it has no nontrivial (norm) 
closed triple ideals. 

Let B be the unit ball of a JB*-triple X. Then, for each a € B, the Mo6bius trans- 
formation g, defined by 


ga(x) =a + Bla, a)? Uy +x0a)"'x, (1) 


is a biholomorphic mapping of B onto itself with g,(0) = a, ga(—a) = 0, and g_g = 
Os 

Let dim X < oo. A point u € By is said to be an extreme point of By if the only 
x € X satisfying ||w + Ax|| < 1 for all real numbers X with |A| < 1 is x = 0. Let € 
be the set of all extreme points of By. By the Krein-Milman theorem (see e.g., [23, 
Chapter 4]), € is nonempty, since By is a compact subset of X. A subset I of Bx 
is called the Bergman-Shilov boundary of By if I is the smallest closed subset of 
By where every continuous function on By which is holomorphic on By attains its 
maximum absolute value. 

Let H?(By) be the Bergman space of holomorphic functions on By which are 
square-integrable with respect to the Lebesgue measure on By. Let k(z, w) be the 
Bergman kernel of By, that is, the reproducing kernel of the Hilbert space H?(By). 
The Bergman metric at x € By is defined by 


h,(u, v) = 0,0, log k(x, X). 


For x € X, ho(x, x)!/? is called the Euclidean norm on X. 

Let (X, || - ||) be a JB*-triple, and let H(By) denote the set of holomorphic 
mappings from By into C”. Let ||- ||. denote the Euclidean norm on C”. For 
AéL(X,C’), let 

Allxe = sup {ll Azle : llzll = 1}. 


and 
Alle = sup{||Azlle : [lzlle = 1}. 


We refer to [14, Theorem 3.2.3] for the proof of the following result which was 
due to several authors [32, 37, 41]. 


Proposition 2.2 Let By be the unit ball of a JB*-triple X. Then, the Bergman-Shilov 
boundary T of Bx coincides with each of the following sets: 


(i) the set of maximal tripotents of X; 
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(ii) the set of extreme points of Bx. 


Further, ifdim X < 00, then these sets also coincide with the set of points of maximum 
Euclidean norm in Bx. 


The last assertion above was due to Hamada et al. [27, Proposition 2.4]. 
Now, let X be a finite dimensional JB*-triple and we recall the constant c(By) 
which was defined in [28]. Let ho be the Bergman metric on X at 0 and let 


1 
c(Bx) = 5 sup |ho(x, y)|. 
2 x, yeBy 
Let u be an arbitrary maximal tripotent in X. By Proposition 2.2, we have 


1 
c(By) = 5 holu, Uu). 


Since trD(y, a) = ho(y, a) by [41, Theorem 2.10], where D(y, a) = 2{y, a, -}, we 
have 


c(By) = sD, Uu). 


Let 
X = Vou) @ Vi (u) © Vou) 


be the Peirce decomposition of X, where V;(u) is the eigenspace of D(u, u) with 
the eigenvalue j for 7 = 0, 1, 2. Then, we have 


1 
c(By) = 5am V, (u) + 2 dim V>(u)). 
Since Vo(u) = 0 by [49, Proposition VI.2.4 (iii)], we have 
I 2. : 
c(By) = 5 (dim X + dim V2(u)). (2) 


Moreover, u can be included in a maximal flat subspace S' with basis of orthogonal 
tripotents u;, /dots, u, such that u = u; +----+u,, where r is the rank of X. Let 


x= @—B viw 


O<i<j<r 
be the Peirce decomposition with respect to u = (u;,...,u,), where 
Vjj(u) = {v € X: Dw, wv = (6 + O)v, 1 <1 <7}, 


for (i, 7) # (0, 0) and Voo(u) = {0}. Then by [49, p.504], we have 
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Viw=OBvw. wnw= QB vi) 


I<j<r I<i<j<r 


Since e; € V;;(u), dim V2(u) > r. Therefore, from (2), we have 


eas onett ‘ on a 


Assume that X is simple. Then, V;;(u) (1 <i < j <r) have the same dimension 
a, V;;(u) (1 <i <r) have the same dimension 1, and Vo;(u) (1 < j <r) have the 
same dimension b by [49, Theorem VI.3.5]. Therefore, we have 


; pa Ny) 
dim Vi(u) = br, dim Va(u) =r + —3 


and thus, 
1 
c(Bx) = "9 


where g = 2+ a(r — 1) + bis the genus of X. 


3 Bloch Mappings 


The concept of a Bloch mapping on a finite dimensional bounded symmetric domain 
was first introduced by Hahn [22]. The following definition of Bloch mappings for 
dimension free bounded symmetric domains is the same as the one given in [40, 51] 
which is equivalent to Hahn’s definition in finite dimensions. 

For each zp € By, we define a family F(z) of functions on By by 


Fro) =tf og— (fo go): g € Aut(Bx)}. 


We recall that a family 7 C H(U, C) is called normal if every sequence in F admits 
a subsequence which converges uniformly on compact subsets of U. A classical 
result states that F is normal if and only if it is uniformly bounded on compact sets 
in U (cf. [2, p.216]). The following theorem is due to [17]. 


Theorem 3.1 Let By be a bounded symmetric domain realized as the open unit ball 
of a JB*-triple X and let f € H(Bx, C). The following conditions are equivalent: 


(1) f is a Bloch function. 

(2) The radii of the schlicht disks in the range of f are bounded above. 

(3) f is uniformly continuous as a function from the metric space (Bx, p) to the 
metric space (C, Euclidean distance). 

(4) The family F¢(zo) is bounded on Bx (0,r) for0 <r < 1 and zp € By. 

(5) || flle@x.s < 0. 


Bloch Mappings on Bounded Symmetric Domains 55 


(6) The family {f oh: h € H(U, Bx)} consists of Bloch functions on U with uni- 
formly bounded Bloch semi-norm. 
(7) The family {f oh —(f oh)():h € AU, Byx)} is normal. 


Theorem 3.2 Let By be the unit ball of a JB*-triple X. If f is a Bloch mapping on 
By, then we have 
Il fll 


|D{@ixe $ agp EE Bx. 


Proof Let z € By \ {0} be fixed and let g, € Aut(Bx) be the Mobius transformation 
such that g,(0) = z and = 
By [14, Corollary 3.2.14] (see aise [26, 37]), 


Ig-2@) Il = 


i= [lel 
Therefore, we have 


Il fle 


IDFOlxe = IDF 0.9.) Olle ID9-Z@OI 


Let G(K) denote the set of Bloch mappings f with || f |g < K, where 1 < K < 
+00. 


Definition 3.3 Let By be the unit ball of an n-dimensional JB*-triple X. We define 
the prenorm || f \lo of f € H(Bx) by 


If llo = sup {(1 — [|z|)°R?/"| det Df (z)|""" : z € Bx}. 


The following lemmas are obtained by the first author [24]. 


Lemma 3.4 Let By be the unit ball of an n-dimensional JB*-triple X. 
(i) If f is a Bloch mapping on Bx, then we have 


B 
IDfOlixe < PES, € By. 


(ii) If f is a Bloch mapping, then we have 
I fllo < sup {| det Dg(0)|'"" : g € Fy} < +00. 
(iii) Tf \| f \lo < ++oo, then 


II Flo 


= Te IP 


| det Df(z)| < al z € By. 
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(iv) If || fllo = 1 and det Df (0) = 1, then | det Df (z)| = 1 + o((lzII). 


When the target is the unit disk in C, Chu et al. [17] obtained the following 
Schwarz Pick Lemma (cf. [5, Theorem 4.2], [30, Theorem 4.6]). 


Lemma 3.5 Let f ¢ H® (Bx) be such that || f \|oo < 1. Then, we have 


lelf@r 


1 [Wzlly 


IDF (lx. < Z € by. 


For x € X \ {0}, we define 
T(x) = {ly € X* 2 Ie) = [Ix], Well = 0. 


Then, 7 (x) 4 @ in view of the Hahn-Banach theorem. Let H(U) denote the set of 
holomorphic functions on the unit disk U in C. 


Lemma 3.6 Let u € OB, be fixed and let 


1, (Z) 


f@= ( vods) u+z—I,(z)u, zé€ By, 
0 


where l, € T(u) and yw € H(U). Then, f € H(Bx), f(0) = 90, and det Df(z) = 
Wl (z)) for z € Bx. 


The following definition is given by Hamada and Kohr [31]. 


Definition 3.7 Let By be the unit ball of a finite dimensional JB*-triple X, and let 
a > 0. A mapping f € H(By, C”) is called an a-Bloch mapping if 


II flla + IFO) lle < +00, 


where || f ||, denotes the a-Bloch semi-norm of f defined by 


lf lla = sup | Df (z) 0 B(z, 2)" IIx. 
zeBy 


Let BY ,,(Bx) be the space of a-Bloch mappings f : By — C”. We note that the 
space BY , (Bx) is a complex Banach space with respect to the norm || - ||ge given 
by 


Ifllae =Wflla+lFOlle, f € By, Bx). 


Remark 3.8 (i) a-Bloch mappings on By are also 3-Bloch mappings on By for 
a<(. 
Indeed, since 


| Df (z) 0 B(z, 2)" Ilxe < IIflla sup IB(z, 7-7 IIx, < IIfllas 2 € By, 
od 


Ze 
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the conclusion follows. 

Since 1-Bloch mappings are equivalent to Bloch mappings ([24], cf. [51]), it 
follows that any Bloch mapping is also an a-Bloch mapping, for a > 1. 

(ii) Taking into account the Cauchy integral formula for vector-valued holomor- 
phic mappings, the bounded mappings in H(By, C”) are Bloch mappings, so they 
are also a-Bloch mappings for a > 1. 

(iii) In view of Lemma 3.9 (i), it follows that a-Bloch mappings are bounded on 
xy fora € (0, 1). 


Hamada and Kohr [31] proved the following generalization of [24, Lemma 2.8] 
to the case of a-Bloch mappings. 


Lemma 3.9 Let By be the unit ball of an n-dimensional JB*-triple X. If f € 
H (By, C”) is an a-Bloch mapping, then we have 


If lla 
(1 = [1zhje" 


X- 


IDF @llx.e S 


In the case that By is the Euclidean unit ball B” in C”, Chen et al. [13] gave 
another definition of a-Bloch mappings on B” in C” as following. 


Definition 3.10 Let B” be the Euclidean unit ball in C”, and let a > 0. Let f € 
H(B", C”). We say that f is an a-Bloch mapping in the sense of Chen, Ponnusamy, 
and Wang if 


IF Olle + sup(l = Izlle)"IDF hae < 0. 


Remark 3.11 (i) Let By be the unit ball of a finite dimensional JB*-triple X, and 
let a > 0. Let f € H(Byx, C") be an a-Bloch mapping. Then, Lemma 3.9 (1) holds. 
Thus, if f is an a-Bloch mapping in the sense of Definition 3.7, then f is also an 
a-Bloch mapping in the sense of Definition 3.10. 

(ii) Let f = (fi, ..., fn) € H(Bx, C”). Then, f is an a-Bloch mapping if and 
only if each f; is an a-Bloch function in the sense of Definition 3.7. Now, if a = 1, 
then f; is a Bloch function on By if and only if || D(f; ° g)(0)|lx,c is uniformly 
bounded for g € Aut(By). In particular, if By = B", then f; is a Bloch function if 
and only if 


sup (1 — [Iz | DF; @lee < too, f=l,...,an, 
zeB" 


in view of [61]. Consequently, ifa = | andBy = B”, then f € H(B", C”) isa Bloch 
mapping in the sense of Definition 3.7 if and only if f is a Bloch mapping in the 
sense of Definition 3.10. 


For x € X \ {0}, we define 


T(x) = {le € X* 2 be) = lallx, Well = 1, 


58 


T. Honda 


where X™* is the dual space of X. Then, T(x) 4M in view of the Hahn-Banach 
theorem. Let H(U) denote the set of holomorphic functions on the unit disk U in C, 


that is H(U 


) = AU, C). 


Let f: 


By — C be a holomorphic function, and let a > 0. We say that f is 


an a-Bloch function on By if f € By ,(Bx). We write B°(By) = BY (Bx) and 
lf lle = lf llee for f ¢ B°(Bx). For f ¢ H(By, C), we set 


OF(z) = IDF (@) 0 BE, 2) lIx,e 


ie. O%(z) = sup {|Df(z) 0 B(z, 2)*(x)| : x € X, [lx llx = 1}. 


Then, 


II flla = sup{O%4(z) : z € Bx} and || f llge = |f()| + Ilflla- 


The following lemma is useful. 


Lemma 3.12 Let By be the unit ball of JB*-triples X. Let f € H(By, ©). 
(i) OF (z) < Q)(z) holds for z € Bx, a > 1. 
(i) OF (0) = QO} (0) holds for a > 1. 
(iii) Let g_q be the Mobius transformation for a € Bx. Then, fora > 1, 


Proof (i) 


0%, (a) < O%(0). 


O4(z) = ||Df(@) 0 BG, 2)" IIx 
< ||Df(@) 0 BG, 2) llxellB@, 2) 7 Ix 
< ||Df(z) 0 BG, 2) llxe = OG). 


(ii) Since B(O, 0) = Id, we have 


0° (0) 
(iii) 


= ||Df (0) o BO, 0)"* Ix,e = | Df ©) o BO, 0)'"IIx,e = Q-(0). 


O49 (a) = I|D(f © g-a)(a) 0 B(a, a)" |Ix,6 


= ||Df (g-a(a)) © Dg_a(a) 0 B(a, a)? |Ix,¢ 
= ||Df (0) 0 Bla, a)? 0 Bla, a)? lx, 

< ||Df (0) 0 BOO, 0)? Ilx,el| Ba, a) > | 

< 050). 
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Next, we recall some basic facts on some subdomains of the unit disk U. 


Definition 3.13, Let Q C C be a domain including the origin, and let f and g be 
holomorphic functions on Q. We say that f is subordinate to g if there exists a 
holomorphic function v : Q — Q such that v(0) = Oand f = gov. Wewrite f ~ g 
to denote this subordination relation. 


Next, fora € C andr > 0, let 
U(a,r) = {zEC: |z—a| <r} 


and for r > 0, let A(1, rr) be a horodisk in U, that is, 


AQ.n) ey: foe a 
— 2 < = ———s . 
ae i 1-2” I+r’1+r 


Then, OA(1,1r) is a circle internally tangent to the unit circle at 1. 
In the case r > 1, Wang [55, Lemma 1] obtained the following lemma. 


Lemma 3.14 Letr > 1. Assume thath € H(U), h(O) = a € Rand that there exists 
a positive number s > 0 such thath(A(1,r)) C {w: Rw < s}. Then 

(i) h(z) ~ Go(z) = bet +b+aonA(1,r), where b= risa) > 0. 

(ii) Nh(x) > Go(x) = 2b +a for0 <x < 1 with equality holds for some x if and 
only if h = Go. 

(iii) Rh(—x) < Go(—x) = 24 +afor0<x <= 


ri rai With equality holds for some x 
if and only if h = Go. 


The following lemma was proved in Wang and Liu [53, Lemma 2.2]. 


Lemma 3.15 Let g be a holomorphic function on U U {1}. Assume that g(U) C 
U \ {0} and g(1) = 1. Then, g'(1) = a > O and 


i=. 
Ig(x)| > exp |-207=*| , forallx €(-1, 1. 
1l+x 


4 Distortion Theorems 


In this section, we give a distortion theorem for locally biholomorphic Bloch map- 
pings on the unit ball of a finite dimensional JB*-triple. This theorem is a generaliza- 
tion of [40, Theorem 7], [55, Theorem 1], and [53, Theorem 3.2] to the unit ball of a 
finite dimensional JB*-triple. Let Hj,-(Bx) denote the set of locally biholomorphic 
mappings on By. 


60 T. Honda 


Theorem 4.1 Let By be the unit ball of a finite dimensional JB*-triple X. Let a € 
(0, 1] and let m(a) be the unique root of the equation 


e Bx)x (] 4 x) OB =a (3) 


in the interval [0, +00). If f € Hioc(Bx), || f \lo = 1, and det Df (0) = a, then 
(i) 


—2c(B 
| det Df (z)| > eT oP [1 + may) VET | (4) 
forz€ By. 
(ii) 
2c(B 
| det Df (z)| < SpE oP [Lt m(ay) SOE) - 


(a) 
for lz|| < =. 


Moreover, the estimates (4) and (5) are sharp. 


Proof Let c = c(By) and let 
r(t)=e"(14+1)°, te [0, +00). 


Then, r(t) is decreasing on [0, +00), r(0) = 1, and r(+co) = 0. Therefore, there 
exists a unique m(a) € [0, +00) such that 


e ™O(1 + m(a)) =a. 


(i) Let z € By\{0} be fixed, and let s = ||z||. Consider the holomorphic function 
| det Df (s-)| : By — C which attains its maximum on By at a Bergman-Shilov 
boundary point u € OBy, which is a maximal tripotent in X by Proposition 2.2. 

First, we consider the case a € (0, 1) in which m(q@) > 0. 

Let 


gC) = (1-0) det Df (Gu), CEU. 


Then, g €e H(U), g(¢) Non U, and g(0) = a. Since || f|lo = 1, by using Lemma 
3.9 (ili), we have 
jt—cry\" 
Ig s ( : 
t=|¢/ 


Let h(¢) = log g(¢), where the branch of the logarithm is chosen such that (0) = 
log g(0) = log a is real. Then, we have 


t=<P 


BA(G) = log g(G)| < clog Fea 


CeUu. 
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Therefore, we have 

h(Ad, 1+m(a))) Cc {w: Rw < clog +m(a))}. 
In view of Lemma 3.14 (i), we obtain that h ~ Gp on A(1, 1 + m(aq)), where 


1 
GO = po Pes cee 


b= EP) eieati + m(a)) — loga) = c(1+m(a)). 
m(q) 


In the last equality, we use the equality 
e™(1 + m(a))* =a. 


For any x € (0, 1), we obtain from Lemma 3.14 (ii) that 
2x 

log |g(x)| = M(x) > c(l +m(a)) —— + loga. 
y= 


This implies that 
—2x 
lg(x)| = aexp {ea + may —-| 


If we put x = ||z|| in the above inequality, then we obtain the inequality (4) for 
a € (0, 1). 
Next, we consider the case a = |. Then m(q) = 0. Let 


2c 
ao = ($4) det Df (~S“u). CEU. 


Then, g is holomorphic on U U {1} and g(1) = 1. Since || f||o = 1 and det Df (0) = 
1, by using Lemma 3.9 (iii) and (iv), we have g’(1) = c and 


1 =| bane) i =u) 


2 1 
=) ¢/? 
aca 
1 


2c 


for ¢ € U, since 
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Lt, 11 [1 —z/? 
——€U|-,-)=jlreu: it. 
2 (5 5) E i—lz2 


This implies that g(U) Cc U \ {0}. By Lemma 3.15, we obtain that 


Gx exp —2 
~ “T4x 


for all x € (—1, 1). If we put x = 1 — 2||z|| in the above inequality, then we obtain 
the inequality (4) fora = 1. 
(ii) If ~@ = 1, then m(q) = 0 and the inequality (5) follows immediately from (3). 


Now let ae (0,1). Let s= ns and as before, the holomorphic map 


| det Df(s-)| on By achieves its minimum on the set {z € X : ||z|| < s} at some 
Bergman-Shilov boundary point u € OB. We note that —u is a maximal tripotent 
in X. 

As in the proof of (i), define 


g(6) =(1-O* det Df(—Gu) (Ce U) 


and define the mappings / and Go as in the proof of (1). 
By the arguments in (i) and Lemma 3.14 (iii), we have 


Jth(—x) < Go(—x) = 2c + ma) > + loga 


m(a) 
forO<x< Temtay" 
obtain the inequality (5). 

Finally, we will show that the estimates (4) and (5) are sharp. Indeed, let u € OBy 


be arbitrarily fixed and let 


For ||z|| < s, if we put x = ||z|| in the above inequality, then we 


1e(z) 
F@)= ( vine) e+z—I.(z)e, 
0 


where /,, € T(u) and 


WO = —“ ex {« +m ead c HU) 
= —— m(a)) -—— . 

a — gee ic 
Then, F ¢ H(By), F(O) = 0, and det DF (z) = w(I,(z)) by Lemma 3.6. Therefore, 
det DF (0) = (0) = a. Foranyz € Bx, let € = 1,,(z). Since e7"™ (1 + m(a))* = 
a, we have 
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(1 = [IzIl?)°| det DF()| < CU — ln) Gu) 


ay 

= (age) afer (« +m(a)) 
= (—Soexp (1 — bx (: + 2) 
= (bt exp(1 — bt))* 

1, 


A 


where b = | + m(q) and 
- =F 
= ——, >0 
|1—<¢| 


Note that in the last inequality, we used the inequality 
xel* <1 forx >0. 


Therefore, || F'||o < 1. Also, let z = Cu. Then, ||z|| = |¢|, /,(z) = ¢, and the equality 
(1 — |Iz|I?)°| det DF (z)| = 1 holds whent = 1/b. This implies that || F ||) = 1. Since 
det DF (4||z||u) = Y(E4llz||) for all z € By, F attains the equalities in (4) and (5). 
This completes the proof. 


Remark 4.2 (i) Let B” be the Euclidean unit ball of C” (that is, the Type I(1, n) JB*- 
triple). Then, c(B”) = (n + 1)/2. Therefore, Theorem 4.1 reduces to [40, Theorem 
7], (55, Theorem 1]. 

(ii) Let U” be the unit polydisk of C”. The Bergman kernel of U” is as follows: 


ae 1 
kyn(z, W) = | | 
(z Ww) a I 


er ad = zjwy)? 


Then, the Bergman metric at 0 is 


ho(u, v) = 2 >) ujv;. 


j=l 


Thus, c(U”) = n. Therefore, if a = 1, then Theorem 4.1 reduces to [53, Theorem 
3.2]. 

(iii) If By = U is the unit disk in C, then Theorem 4.1 reduces to Bonk et al. [7, 
Theorem 3]. 
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5 Bloch Constant 


In this section, we further assume that 
inf {||Zllu : z € OBx} = 1. (6) 


This assumption is not so strong, because the unit polydisk satisfies this condition 
and for any homogeneous unit ball By in C”, there exists a constant c > 0 such that 
cBx satisfies the inequality (6). Under the above assumption, we give lower estimates 
for the radius of the largest univalent ball in the image of f centered at f (0). 

Let B” (b, r) denote the Euclidean ball with center b and radius r. For f € H(By), 
a schlicht ball B’ (f(a), r) of f centered at f(a) is that f maps an open subset G 
of By containing a biholomorphically onto this ball B” (f(a), r). 

For a point a € By, let r(a, f) be the largest Euclidean length of a schlicht ball 
of f centered at f(a). 


Definition 5.1 A point zo € By is called a critical point of f € H(By) if det 
Df (zo) = 0. f (Zo) is called a critical value of f. 


The following lemma is a generalization of Liu [40, Lemma 2] to the unit ball of 
a finite dimensional JB*-triple. Since the proof of [40, Lemma 2] can be applied to 
our case, we omit it. Let B”(b, r) denote the Euclidean ball with center b and radius 
r. 


Lemma 5.2 Let By be the unit ball of an n-dimensional JB*-triple X. Let f € 
H(Bx), G be an open subset of Bx, and a € G. If f maps G biholomorphically 
onto the schlicht ball B"(f (a), r(a, f)), then either G and Bx have a common 
boundary point or there exists a critical value f (zo) on the boundary of the ball 
"(Cf (a), r(a, f)) with the critical point zo on the boundary of G. 


The following lemma was proved in Hamada and Kohr [30]. 


Lemma 5.3 Assume that the condition (6) is satisfied. Let A € L(C"). Then, the 
following inequalities hold: 


|Allx.e > [det Al", 


eres | det A| 


ex n—1? 
Allx.e 


we dBy, if|lAlly. > 0. (7) 


For a locally biholomorphic Bloch mapping f, we obtain the following lower 
estimate for the radius of the largest ball in the image of f centered at f(0). The 
following theorem is a generalization of [40, Theorem 8], [55, Theorem 2], and [53, 
Theorem 3.4] to the unit ball of a finite dimensional JB*-triple. 
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Theorem 5.4 Let By be the unit ball of an n-dimensional JB* -triple X. Assume that 
the condition (6) is satisfied. If f € BUCK) O Aioc(Bx), || f |lo = 1, and det Df (0) = 
a € (0, 1], then 


1 2)n-1 

(1 —??) —2c(Bx)t 
plapeee OP eae pe 
ak!-" 


> 
~ 2c(Bx)( + m(a)) 


r(0, f) => K'"a 


where m(q) is the unique root of the equation 
e (Bx)X (] a xo Bx) =a 


in the interval [0, +00). 


Proof Letc = c(Bx). By Lemma5.2,r(0, f) is equal to the Euclidean distance from 
Ff () to a boundary point of f (Bx), since f is locally biholomorphic on By. Hence, 
there exists a line segment I of Euclidean length r(0, f) from f(0) to a point in 
Of (By). Note that r(0, f) is the largest nonnegative number r such that there exists 
a domain V C By which is mapped biholomorphically onto B”(f (0), r) by f. Let 
7 = (f{|v)7!(P). Then, ¥ is a smooth curve which is not relatively compact in Bx. 
By (7), we have 


r(0, f) = | dull. = i IDf@dele = f | D/O TT S Nazi 
P Y 
det D 
ee ge) 
) IDF@I 
From Theorem 4.1 (i) and Lemma 3.9 (i), we have 
| det Df (z)| dz|| 
y IDF 
of Gel" | =2etobel| 
= ONS fee PP [OF MOM Tey | Mee 
cn f Ole! ~2e(Bx)IlzI| 
a fone ase [+ ma) 1 [lal | at 


since d||z|| < ||dz|| a.e. on y by [34, Lemma 1.3]. Therefore, we have 


r(0, f) > Kia oan et i ae 
A a U=1)@n 


exp {« + mayo) dt. 


Since c(By) > (n + 1)/2, we also have 


66 T. Honda 


- 4 —2c(B 
r(0, f) => Kira | are {i +(e | ar 
ak!-" 


> ; 
~ 2c(Bxy)( + m(a)) 


This completes the proof. 


Remark 5.5 (i) Let B” be the Euclidean unit ball of C” (that is, the Type I(1, n) JB*- 
triple). Then, c(B”) = (n + 1)/2. Therefore, Theorem 5.4 reduces to [40, Theorem 
8], [55, Theorem 2]. 

(ii) Let U” be the unit polydisk of C”. Then, c(U”) = n. Therefore, if a = 1, then 
Theorem 5.4 reduces to [53, Theorem 3.4]. 

(iii) When n = | and By = U, then Theorem 5.4 reduces to [7, Corollary 3]. 


6 Composition Operators 


Let By be the unit ball of an n-dimensional JB*-triple X. Then, we obtain the fol- 
lowing lemma. 


Lemma 6.1 Fora > 1, H°(Bx) C B° (Bx) and the inclusion mappingi : H™ (Bx) 
— B°(By) is a linear operator satisfying 


If lla = If lloo- 


Proof Let f € H*(Bx). We may assume || f ||. = 1. Since OFZ) = Q(z) for 
z € By by Lemma 3.12, We have 


If lla < Wf ll: = sup(Q;(z) : z € By}. 


Let g, be the Mébius transformation fora € By.Then, wehave f og, € H®(By) 
and || f © galloo < 1. By Lemma 3.5, we have Q}(a) = ||Df (a) 0 Baa, a) lye = 


| Df(@) 0 Dga)Ilx,e = IDCF © ga) O)Ilx,e < 1-1 f 2 ga)? < If lloo- 


Let py € H(Bx, By). By Lemma 6.1, the composition operator C, : H° (Bx) > 
B° (Bx) with symbol y, defined by 


Cy(f)(2) = fo v(z) = f(y) for f € H™ (Bx), z € By, 


is well defined. Allen and Colonna [3, Corollary 5.6] proved the following theorem 
when By is a bounded homogeneous domain in C” and a = 1. Hamada [25] obtained 
the following theorem when a = |. The following theorem is a generalization to the 
a-Bloch space. 
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Theorem 6.2 Lety ¢ H(Bx, Bx), a > 1. Then, C, : H® (Bx) > B°(Bx) is bounded 
and 


P< |IlC,I| <2 


holds. 


Proof Using the constant function 1 € H* (Bx), 


1= [Lo lle < IIColl 


On the other hand, we set 0% (z) = sup{Q,.,(z) : f € H®™ (Bx), || flloo < 1} and 


a = sup G7 (). Since 5 (z) < 1 for all z € By by Lemmas 3.12 and 6.1, we have 
zeBx 
i, = 1, 
For f ¢ H®(By) with || flo < 1, by the maximum principle for holomorphic 


functions, | f(z)| < 1 for all z © By. Moreover, 


Opt) S07) 20, = I. 


So, we have 
ICoMlla = If o¢lla = sup O4,,(z) <1. 
zeBy 


Therefore, 
ICo(A lao = ICy(A lla + ICy(f) (0) < 2. 


It follows from this that ||C,|| < 2. 


Allen and Colonna [3, Theorem 6.4] proved the following theorem when By is 
the unit disk in C and a = 1. Hamada [25] obtained the following theorem when 
a = 1. Using the Bloch norm introduced in Sect. 2, we can generalize to any bounded 
symmetric domain. 


Theorem 6.3 Let By be the unit ball of a finite dimensional JB*-triple X. Then, 
there exist no isometric composition operators from H™ (Bx) to B° (Bx) fora => 1. 


Proof Assume that C, is an isometry from H°(Bx) to B°(By). Let a € OBy be 
fixed and let f(z) = /,(z). Then, we have 


e(O)| + Walla = IICo()llae = Il flleo = 1. (8) 
i 1+ f@ 1— f(2) 
fi = | f-(@= —— 


Since |] f+ lloo = Il F-lloo = 1, we have ||C,(f)Ils = IlCp(f lla = 1. That is, 


[1 + La(~O))| + Mla) lla.s = 2 = 1 — Lae O))| + Ia) Ile, 
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By (8), we have 


[1 + La(e(O))| = 1 + |la(eO))| = |} — Lae). 


Therefore, /,(((0)) = 0. Since a € OBy is arbitrary, we deduce that (0) = 0. 
Next, we have ICo(f7) Il = || f7lloo = 1. On the other hand, by using the 
Schwarz Pick Lemma (Lemma 3.5), we have 


|D(f 0¢)(b) o Bib, b)? (x)| 
= |2f (p(b))D(F © y)(b) o D(gp © g-4)(b) 0 B(b, b)? (x)| 
= |2f (y(b)) D(F © y)(g40)) © Dg» (g_-v(b) 0 Dg_v(b) 0 B(b, b)? (x)| 
= |2 f(y) DF 0 yo gr)O) 0 BO, b)-? 0 B(b, b)2(x)| 
< 21 f (PO)IIDC og) OIlx,¢ |B, b) > (x) | 
< I f(y) — If (v))) 


4 
<2 sup max(x — x) a 
it 34/3 


for b € By, x € X \ {0} with ||x|| = 1. Hence 


O67 (b) = sup{|D(F o y)’(b) o B(b, by)? (x)|; x € X \ {0}, Ilxll =} 
Pam 
~ 3/3 


This is a contradiction. 


<i. 
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Certain Class of Meromorphically 
Multivalent Functions Defined 
by a Differential Operator 


Ghazi S. Khammash and Praveen Agarwal 


Abstract In this paper, we introduce the subclasses T,(a, 45, A, B,n) and sis 
(a, 6, A, B,n) of meromorphic multivalent functions in the punctured unit disk 
U* = {z€C:0 <|z| < 1} by using a differential operator Ds f(z). We obtain 
coefficient estimates, distortion theorem, radius of convexity and closure theorems 
for the class T> (a, 5, A, B,n). The familiar concept of neighborhoods of analytic 
functions is also extended and applied to the functions considered here. 


Keywords Meromorphic functions - p-valent - Neighborhoods - Integral operator 


2010 Mathematics Subject Classifications 30C45 


1 Introduction 


Let >/,, denote the class of functions of the form: 


1 [oe] 
f@= re al (p€N=({I,2,3...)), (1) 


which are analytic in the punctured unit disk U* = {z € C: 0 < [z| < 1} = U/{0}. 
Also, let , denote the subclass of bs i of meromorphic multivalent functions in 
U*, which have the power series representation as: 
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(oe) 


1 
FO) = — Di aery2!? Ger = 0). (2) 
k=0 


A function f(z) € >> p 18 said to be p-valent meromorphically starlike function of 
order a, if and only if 


Re |-2°} — (z € U*), (3) 


for some a(0 < a < p). We denoted the class of all meromorophic p-valent star- 
like functions of order a by * ‘ (a). Further, a function f(z) in >” . is said to be 
meromorophic p-valent convex of order a if and only if 


Re {- (1 4 ro) > of (z € U"), (4) 


for some a(0 < a < p). We denote the class of all meromorophic p-valent convex 
functions of order w by K,(a). The classes * p@) and K,(a) and various other 
subclasses of >” . have been studied rather extensively by Aouf et al. ([3, 5, 6]), 
Joshi and Srivastava [9], Kulkarni et al. [10], Mogra [13], Owa et al. [14], and others. 
For a = 0, we obtain the class }"(p) and K (p) of meromorophic p-valent starlike 
and convex functions with respect to the origin. 

Denote by ba (a) and K : (a) the classes obtained by considering intersection, 
respectively, of the classes >) , (a) and K, (a) with Qp, ie., 


DO = DO, (0<a <p) 
Ky, (a) = Kp @)NQ, ; (0<a<p) (5) 


The function f (z) is said to be subordinate to F (z), if there exists a function w (z) 
analytic in U with w (0) = Oand |w (z)| < 1 (z € U), such that f (z) = F (w(z)). In 
such acase, we write f (z) ~ F (z). Inparticular, if F is univalent, then f (z) ~ F (z) 
if and only if f (0) = F (0) and f (U) C F(U). 

For f(z) € >/, given by (1) and g(z) € D7, given by 


1 oe) 
BO Dee PEN aod (6) 


the Hadamard product (or convolution) of f and g is denoted by (fxg) (z) and 
defined by 


1 [o.@) 
(f*8)@ =F Darr pberpzi” (7) 
k=0 
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The extended linear derivative operator of Ruscheweyh type, R}, : >- ao > a 
is defined by the following convolution: 


1 
Ri A= Paap *f@ (y eae >): (8) 


In terms of binomial coefficient, (8) can be written as 
RP O= std (HE?) art (y> used). © 
. aP k=0 Y ve , p)- 


In particular when A = n (n € N), it is easily observed from (8) and (9) that 


—p(ont (n) 
RE f(g) = 2 IO” we N= NU O)), (10) 


n! 


so that (9) becomes 


n 


, 1 Q(n+k+2p ae 
RIO = + D( ) ac! (ne No fe >) ). (11) 


The definition (8) of linear operator R* is motivated essentially by familiar Ruscheweyh 
operator DY, which has been used widely on the space of analytic and univalent func- 
tions (see, for details, Rusheweyh [16], Raina and Srivastava [15], Yang [20]). 

For the function f(z) € >”, Aouf [4] define the following differential operator: 


Pp’ 


Sf@=f@ 


; 1, 2 
S,f@) = Pc G@)+ = 


il, 3 k 
—+>) (1 + ) apyez?* = Syf(z). (pe N). 
zP 0 P 


S? f (2) = Sp(D, f@). 
S* f(z) = Sp(S "fF @)) (12) 


22s 70)\ — aw pen 
ee f (z)) ar 4 


It can be easily seen that 
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ie.) n 
k 
s“f=4+)> (1 of “) aprezP**(n € No = NU{0}; p EN). 


=, Dp (13) 


With the aid of the deferential operator S’ f(z) and the Ruscheweyh derivative 
Ri, f (z), we define the following differential operator for the function f(z) € Q) 


Di pf (@) = (1 — 8)S% f (z) + SRF Ff (2), (14) 


forn € N andé > 0. 
Let f(z) be given by (1), and then by making use of (11), (13) and (14) can be 
easily written as 


1 lo. @) 
Di pf == - 2 Ox(n, 5, p)apyez?™, (15) 
K= 
where ena 
On(n.3, p) = (1-8) (1 +) +0(" tht ?r), (16) 


forn € N andé > 0. 
With the aid of the differential operator Dy pf (Z), we define the following sub- 
classes of multivalent and meromorphic functions. 


Definition 1 A function f(z) € >> " defined by (1) is said to be in the class 


T, (a, 5, A, B, n) if it satisfies the following subordination condition: 


: (<(D3,,f@) PTB + (A~ BYP - a) 
(D3,f@) Panes 


or, equivalently, if the following inequality holds true: 


(z € U), (17) 


(5, F@)" 
(Dt, f@)" 


(<(Dt , f(@)" _ = 
(: ¥ oo) + [pB + (4 — BYP — a) 


1+ +p 


<1(z€U),. (18) 


Also let T; (a, 5, A, Byn) = T,(a, 6, A, Bsn) NQ,. 
(O<a<P;-1<A<B<1,0<B<1l;peEN;neN;6=0) 


It may be noted for suitable choice of 56,A,B,n, p,4, and a. The class tits 
(a, 5, A, B,n) extends several classes of analytic and p-valent meromorphic 
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functions such that Aouf and Shammaky [7], Srivastava et al. [18] and Uralegaddi 
and Ganigi [19]. 


2 Basic Properties of the Class T (a A, B,n) 


We first determine a necessary and sufficient condition for a function f(z) € Q, of 
the form (2) to be in the class to (a, 6, A, B,n). 


Theorem 1 Let the function f(z) € Q, defined by (2), then f(z) € i (a, 6, A, 
B,n) if and only if 


Sk + p) Ox(n. 5, p) (kK + p) (B+ 1) + p(AF1) + (B= Ajo] aryy 
k=0 
< p(B — A)(P — a) (19) 


OO<a<P;A+B>0;-1<5A<B<10<Be<lpeEeNjsneEeN;arA>0;5>0) 


where Qx(n, 6, p) is given by (16). 


Proof Suppose that the function f(z) € ©, defined by (2) be in the class T} (a, 6, 
A, B,n), then from (18) we have 


(<r 5,,f@) ++ p)(D%5,,f@) 7 
8 (Pt pf@) +208,,,£00") + [pB+(A— B)(P —«@)] (Dt, ,f@) 


[-> (k+ p)(k+2p) Ox(n,A, 6, Paige 


k=0 


P(B— A)(P—a) — >) (K+ p) Ox(n, A, 8, p+ p) B+ (B— Ala + Aplay pz”? 
K=0 


<I(zeU). (20) 


Since |Re{z}| < |z| for any z, choosing z to be real and letting z — 1~ through real 
value, then (21) yields 


ee) 


D>) &+ p) + 2p) Ox, 2,5, pags p 
k=0 
[o,@) 
< P(B- A)(P—a)— >) k+ p) Ox, 4,5, pk + p) B+ (B — A)a + Aplag+p, 
K=0 


(21) 


which leads us immediately to the coefficient inequality (19). 
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Next in order to prove the converse we assume that the inequality (19) holds true, 
then we observe that 


(cot ,s@) +0 +p) (Df,f@) 


. (Go) + (D5 ro)" +[pB + (A— BP ~«)| (DE ,f@) 


5,p 
(oe) 
D1 K+ p) K+ 2p) O«(n, 5, pags p 
k=0 

- oo 

P(B— A)(P — a) — s (k+ p) Ox(n, 6, p(k + p) B+ (B— Aja + Aplagy p 

K=0 

<1(z€U). (22) 


Hence by maximum modulus theorem, we have f(z) € i; (a, 6, A, B, n). This com- 
pletes the proof of Theorem. 


Corollary 1 Let the function f(z) € 2) defined by (2), if f(z) € T;*,(a, A, B,n), 
then 


P(B — A)(P —a@) 


k ; 
“e+? = E+ p) Ox. 8, PIk+ p)(B+)+ pAt)+B—Aa] “=? o 
The result is sharp for the function f(z) given by 
igen? a ea At gee 
(K+ p) Ox(n, 6, p)[k+ p) (B+ 1) + pAt+ 1+ (B- Aja] 
(k>0,peEN). (24) 


Next we prove the following distortion and growth properties for the class T; (a, 6, 
A, B,n). 


Theorem 2 /fa function f(z) € 2p defined by (2) is in the class T; (a, 6, A, B,n), 
then 


[" +m-—1)! p\(B — A)(P — a) re) _—p-m 
(p — 1)! (p —m)!Qo(n, 5, p)[p(A+ B+2)+(B-— Aja] 
= ~L (p-t)! (p —m)!Qo(n, 5, p) [p(A + B+2)+ (B— Aja] 


(25) 


(0 < [zl =r<1,0<m <p), 


where the result is sharp for the function f(z) given by 
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(B — A)(P — a) 


9? 
cals Qo(n, 5, p) [p(A + B+ 2)+ (B-— Aja] 


z’(pEeN), — (26) 


and 


Oi =A (Gag = i]. 


O<a<P;A+B>0;-1<A<B<1;0<B<1;peEN;neENo;6=0) 


Proof For f(z) € i (a, 5, A, B,n), we find from Theorem | that 


(oe) 


pQo(n, 4, p)[p(A + B +2) + (B— Aja] >) an+p 
k=0 


es IC: + p) Ox(n, 6, p) (K+ p) (B+ 1) + p(A+t 1) + (B- Aja) ag+p 
k=0 


< p(B— A)(P —@), 


or m= 
B-—A)(P - 
Stuy § pasesheecaey || 
= Qo(n, 5, p) [P(A + B+ 2) + (B— Aja] 
Now by differentiating f(z) in (2) m times, we have 
f(g) = (-1yn LEM vr > CP Nae plehtP™ 
ta D! an (k-+ p—m)! k+p ’ 
(m € No, P € N,m < P) (28) 
Thus, for 0 < |z| =r <1, 
m m et +m — I)! —p-m — (k + p)! k+p-m 
|f" (| =|) =e 2 Ep ami ttre? 
(p +m — 1)! —p-m = (k + p)! k+p—m 
= pei ae my eter 
(p +m — D)! —p-m p! ppm 
< ip — 1 r (oe mo Sarr 
<@tm-V! 5m p! (B— A)(P — a) pom 
(p — 1)! (p —m)! Qo(n, 5, p)[p(A + B+ 2) + (B- Aja] 


similarly 
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m (p+m—I)! _ —m 
|e" @)| = Gm Ge il "a 
> (p +m — I! —p—m p! (B — A)(P — a) ppom 
(p — 1)! (p —m)! Qo(n, 6, p)[p(A + B +2) + (B— Aja] ; 


The sharpness of each inequality in (25) satisfies the function f(z) given by (26). 
Next, we determine the radii of meromorphically p-valent starlikeness and con- 
vexity of order y(0 < y < p) for functions in the class T; (a, 6, A, Bn). 


Theorem 3 [fa function f(z) € Q)y defined by (2) is in the class si (a, 6, A, B,n), 
then 


(i) f(z) is meromorphically p-valent starlike of order y(0 < y < p) in |z| <r, 
where 


(k + p)(p—y) Ik + p)(B+1) + p(A+ 1) + (B — Adal] ) #2 
pik + p+y)(B— A)(P — @) ; 


r= infx>0 | Ox(n, 6, p) 


(29) 
(ii) f(z) is meromorphically p-valent convex of order y(O < y < p) in |z| < ra, 
where 


1 
oe eee eee 

(K+ p+y)(B— A)(P — a) , 
(O<a<P;A+B>0;-1<A<B<1;50<B<1;peEeN;neNo;6=0). 


i) =inf,>9 | Ox(n, 6, P) 


(30) 
The result is sharp. 
Proof (i) from (2), we easily get 
oo 
fete | agit Pawel 
Te < = : 
Tg PP Sapa) SK + 2y des lel?” 
k=0 
Thus, we have the desired inequity: 
F =l @=xy<p,pe N), (31) 
7 
if : 
Sy EE a leltP <1. (32) 


a PY) 
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Hence, by Theorem 1, (32) will be true if 


anal deat 2 kp (k + p) Ox(n, 4, p) [K+ p) (B+) + p(At 1) + (B- Ada] 
(p-y) p(B — A)(P — a) 
(k >0,p € N). (33) 


The inequality (33) leads us immediately to |z| < r}, where r; is given by (29). 
(ii) In order to prove the second assertion of the theorem, we find from (2) that 


[oe 
; SL + py + 2p) asp |el**?? 
t+ 2G k=0 
1+z£@ — p+2y)]— ~ , 
FP 2p(p —v) — >. + 2y)aep lel?” 
k=0 
Thus, we have the desired inequity: 
ijl a 7 Pp 
Fe) =I Osy<p,peN), (34) 
l+2aq@—pt+2y 


If 


Sk k + 
~ (kK + p)(k+ p Lae Ig|t2? 24, (35) 
0 pip=¥y) 


Hence, by Theorem 1, (35) will be true if 


(k + p) err iG [e+2p < (k + p) Ox(n, 4, p) (k + p) (B+ 1) + piAt+ 1) + (B— Ada] 
P(p—Y) p(B — A)(P — a) 
(k>0,p EN), (36) 


The inequality (36) leads us immediately to |z| < r2, where r2 is given by (30). Each 
of these results is sharp for the function f(z) given by (26). 
Next, we prove closure theorems for the class ie (a, 6, A, B,n). 


Theorem 4 Let 


1 
fiz= a (37) 
and 
aul p(B — A)(P ~ a) ptk 
Sptk@ = (p +H Ox(n, 5, pk + p) (B+ D+ pA+)+(B—Ajal 


(k>0;p € Nin € No). (38) 
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Then f(z) in the class T; (a, 6, A, B,n) if and only if it can expressed in the form 


CO 
f= >) More frrK 2), (39) 
k=-1 
where 
CO 
Lp+k = Oand > Mp+k = 1. 
k=-1 


[o,e) [oe] 
Proof Let f(z) = >) Use fp+«(@), where Wye > Oand S) Mp+e = 1. 
k=—-1 k=-1 
Then 


f= >) UprefrrK 2), 


k=-1 


Jil oe p(B — A)(P — a) oe 
IG 2 Hott (p+ HOu(n, 6, pk + p) (B+ 1) + p(At 1) + (B— A)al® 


Then 
su : p(B — A)(P — a) 
a" (p+ Onn, 8, p) (K+ p) (B+ 1) + p(A+ 1 + (B= Ada] 


PEDO PET DB HD) par Dt BAe 
p(B — A)(P — a) 


which shows that f(z) € T 5. , (a, A, B,n). 
Conversely, let f(z) € T;. ,(a, A, B,n), then 


Fae p(B — A)(P —@) 
P= (po + Ox(n, 5, p) (k+ p) (B+ 1) + p(A +1) + (B— Aja] 


Set 


ee p(B — A)(P —@) 
+E (p+ kK) Ox(n, 5, p) Kk + p) (B+ 1) + p(A+1) + (B— Aja] 


Ak+p> 


and 


CO 
Mp-1 = 1- > te 
k=0 
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[o.e) 
It follows that f(z) = > Le p+kfp+K (z). This completes the proof of Theorem. 
k=-1 


Theorem 5 The class i; (a, 6, A, B, n) is closed under convex linear combinations. 


Proof Let each of the functions 


1 


CO 
Fi) =~ Di aern ie? usp, 2 05 § = 1,2) (40) 
k=0 


be in the class I (a, 6, A, B,n). It sufficient to show that the function h(z) defined 
by 
A(z) =U —-d fi) + th) € Tia, 5, A, B,n)\O <t < 1), (41) 


is also in the class i (a, 6, A, B,n), since 
1 CO 
A] = = DA Daespr + taerpale” O<t< 1). — 42) 


k=0 


With the aid of Theorem 1, we have 


+ (B — Aja] [a = t)ak+p,1 + tap+k2| 


VY 


YP t+ HO«(n, 5, p) Uk + p) (B+ 1) + p(A+1 
k=0 


=(-1t) >) (P+ hy Qc, 5, p) [K+ p)(B+1) + p(A+1) + (B= A)alapye1 
k=0 


+ t >) (PtH Oe, 5, p) [lk + p) (B+ I+ p(At 1) + (B— Aja] ap+k,2 
k=0 


< (1 —t)p(B— A)(P — a) + tp(B — A)(P — a) = p(B — A)(P — @), 


which shows that h(z)) € T (a, 6, A, B,n). 


3 Neighborhoods and Partial Sums for the Class 
T) (a, 6, A, B,n) 


Following the earlier work (based upon the familiar concept of neighborhoods of 
analytic function) by Goodman [8] and Rusheweyh [17] and (more recently) by 
Altinatas et al. ({[1, 2]) and Liu and Srivastava ([11, 12]), We begin by introducing 
here the d-neighborhood of a function f(z) € 82, of the form (2) by means of the 
definition below: 
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CO 
N3(f) = 748 E€Qp:g@=zP- > begs (bk+p = 0) and 
k=0 


(K+ p)(B-Aja+k(1+ B)+pC+IApl 
p(B — A)(P —@) 


CO 
> Ox(n, 8, p) lax+p — betp| <5F, 
k=0 


(43) 


(O<a<P;-1<A<B<10<B<1l;pEN;neN;6=0) 


Theorem 6 Letd > 0. Ifthe function f (z) € Qy defined by (2) satisfies the following 


condition: f(a) ; 
z)tez?P : 
"if eg = € T;: (a, A, B,n), (44) 
for any complex number € such that |e| < 6, then Ns(f) C T; (a, 6, A, B,n). 


Proof We see from (18) that g(z) € T; (a, 6, A, B, n) if and only if for any complex 
number o, |o| = 1, we have 


(<(D%,f@))" 
(Di, f@Y 


(<(Dt ,f@)" 
B (1+ Gout) 6 pp (A — ByP a) 


1+ +p 


Zo, 


which is equivalent to 


g(z)*h(z) 


= #0 (z€U), (45) 


where, for convenience, 


(oe) 


hayae— cee, 
k=0 
lo (B — Aja — (k + p) 1—oB) — p(—oA)] 
o P(B— A)(P —a@) ; 


Cktp = (K+ p) Ox(n, 6, p) 


(46) 
It follows from (46) that 


[((B—A)ja+ki+ B)+p0+|A}))] 
P(B— A)(P — @) 

[(B- Aja +k(1+ B)+pU+I/Al)] 
p(B — A)(P — a) 


\cerp| < &+ p) Ox(n, 5, p) 


= (k+ p) Ox(n, 4, p) 
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If f(z) € Q, defined by (2) satisfies (44), then (45) yields 


2 
h 
f@P*A@) > 8 (47) 
ZoP 
Now, we suppose that 
gaz? <> dept!” € Ns(f) (dk+p = 0). (48) 


k=0 


We easily seen that 


eo — f(z] * A(z) 


ZP 


ore) 

k+2p 
Pa (di p — Ak4 r) Ck+ p% 
k=0 


[((B— Aja +k(1+ B)+ pd +]Al)] \( 


< Iz >) & + p) x(n, 8, p) bw) 


k=0 
(z€U;5>0) 


dk+p ak+p)| <6. 


Thus for any number o such that |o| = 1, we have 


y(z) * h(z) 


= #0 (z €U), 


which implies that g(z) € te (a, 6, A, B,n). This completes the proof of the theo- 
rem. 


Theorem 7 Let the function f(z) € Q, defined by (2) and define the partial sum 
51(Z) and S,(z) as follows: 
siZj=az?, 


and 
m 


sn) =? — Diane? — (m= 0,1,2,.., (49) 


Suppose also that 


= B-—A)at+k(1+B 1+]A 
Dts ptiry <1 (dry = + P) OKC. 8, PIS eee a) 


p(B — A)(P — a) 


k=0 (50) 
then we have that 
Gi) f@e Ti (a, 6, A, B,n) 
@) Re | £@) | >1 : (m =0,1,2,..., (51) 
Sm (z) Amn+p+i 
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and 


(iii) Re | “at 5 ant pt aT ee (52) 
f(z) dn+p+i + 1 


The estimation in (51) and (52) is sharp. 


Proof (i) It is not difficult to see that z-? € ES (a, 5, A, B,n). According to 
Theorem 6 and hypothesis (50), we have Ni (z~?) C iS (a, 6, A, B,n), which fol- 
lows that f(z) € T,(a, 6, A, B,n). 

(ii) Under the hypothesis in part (ii) of the theorem, we can see from (50) that 


m fo) a) 
> Aktp + dint p+ > Aktp S > d+ pAk+p <i. (53) 
k=0 k=m+1 k=0 


by using hypothesis (50) again. 
Upon setting 


0° 
dint p+1 a tiege? 
ee | (1 1 )} ; k=m-+1 
1 = am 1 = , 
oe Sim (Z) dm+p+1 


m 

) k42 
i lieie +2p 

k=0 


(54) 
and applying (53), we find that 


oo 
Ant p+ > aAk+p 


= 1 =m 
ae E 5 oo <1 ( €U,m > 0), 
gird 
2= 2 > ts — Gmnt+pt+l ey Ak+p 
k=0 k=m+1 
(55) 
which readily yields the assertion (51) of Theorem 7. If we take 
zintptl 
f@=z?- (56) 
Amn+p+i 
then 
f(z) zint2p—1 1 
= >] asz—> l, 
Sm (2) Am+p+1 ns ptt 


which shows that the bound in (51) is best possible. 
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(iii) Similarly, if we put 


io) 
(1 + dint p+1) BS epee? 
Sm (Z) dn+p+l ) 1 k=m+1 


f (2) 1+ dint p+ < 
P= SD aks pot t?P 


82(z) = (1 + dn+p+1) ( 


k=0 
(57) 
we obtain the assertion (52) of Theorem 7. If we take 
zgintptl 
f@=z2" =—_——, (58) 
dint p+ 
then 
Sm (z) _ din+p+l An+p+l 


>|, 


= > 
f(z) Ant p+ = gm+2p—] Amt p+ -—1 


which shows that the bound in (52) is best possible. 
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Bivariate Symmetric Discrete Orthogonal 
Polynomials 


Y. Guemo Tefo, Ivan Area and M. Foupouagnigni 


Abstract In this paper, we analyze second-order linear partial difference equations 
having bivariate symmetric orthogonal polynomial solutions. We present conditions 
to have admissible, potentially self-adjoint partial difference equations of hyperge- 
ometric type having orthogonal polynomial solutions. For these solutions, we give 
explicitly the matrix coefficients of the three-term recurrence relations they satisfy. 
Finally, conditions in order to have symmetric orthogonal polynomial solutions are 
presented. 


1 Introduction 


The theory of univariate orthogonal polynomials has been deeply developed because 
of the strong relations with other areas of mathematics and of course because this type 
of special functions appear in with several applications in physics and engineering. 
Univariate orthogonal polynomials can be presented from, e.g., the differential 
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equations they satisfy, giving rise to many important differential equations of math- 
ematical physics. As a consequence, univariate orthogonal polynomials appear in a 
natural way in the study of wave mechanics, heat conduction, electromagnetic theory, 
quantum mechanics or mathematical statistics, to cite some applications. 

Moreover, the univariate symmetric orthogonal polynomials appear in many inter- 
esting applications. The well-known (univariate) Gegenbauer polynomials appear, 
e.g., in the resolution of the Gibbs phenomenon [8, 9] or in tissue segmentation of 
human brain MRI through preprocessing [1]. Also, as for the univariate discrete situa- 
tion, the symmetric Kravchuk polynomials appear in the Fourier—Kravchuk transform 
used in Optics [5] or in the approximation of harmonic oscillator wave functions [6]. 

In this context, if {p,(*)}nen iS a Sequence of univariate polynomials, the Favard 
theorem [21] links the orthogonality with the three-term recurrence relation, which 
in the monic form can be expressed as 


XPn(x) = Pn+i(X) + Bn Pn(X) + Yn Pn—1(%), Yn # 0. 


In the univariate symmetric situations (both continuous and discrete), the symmetry 
of the polynomials implies that 8,, = 0 for all = 0, 1, 2, .... Moreover, in the clas- 
sical case [16], it is possible to provide explicit expressions for the coefficients 6,, 
and y, that appear in the above three-term recurrence relation satisfied by {Pp (x)}nen 
from the coefficients in the second-order differential equation satisfied by the poly- 
nomials. 

This idea of expressing the coefficients of the three-term recurrence relation 
in terms of the coefficients of the second-order differential equation satisfied by 
the polynomials has been extended to the bivariate continuous, discrete and their 
q-analogues cases [2—4, 18, 19], where now the coefficients of the three-term recur- 
rence relations satisfied by bivariate orthogonal polynomials have been explicitly 
given in terms of the coefficients of the partial differential, difference or q-difference 
equation satisfied by the bivariate polynomials. In doing so, graded lexicographi- 
cal order and the matrix vector representation have been used, first introduced by 
Kowalski [10, 11] and afterward considered by Xu [22, 23]. 

In the bivariate continuous case, the following partial differential equation was 
considered by Lyskova [13-15] 


2 2 
0 
(aix* + bix + cr) azul, y) + (@ay” + bry + cr) gute, y) 


2 


0 
d ; 
3) aay y) 


+ 2(aaxy + b3x +03y4 


a) 0 
ler fi) ee, yea fads ue y) + Au(x, y) = 0, 


where a;, b;, c;, dj, e;, f; and » are real numbers, which has the property that the 
partial derivatives of any solution also satisfy an equation of the same type (Lyskova 
class or hypergeometric equation). The above partial differential equation has been 
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discretized in [2, 18, 24] by introducing uniquely two partial difference operators 
2 


for the crossed second-order partial derivative a giving rise to 
xoy 
o11(X, y)AIVi u(x, y) + o12(%, y)A1 Voux, y) + o21(x, y)A2Viu(e, y) 
+ 022(x, y)A2V2u(x, y) + T1(x, y)Aru(x, y) + t2(x, y)Agu(x, y) + Au(x, y) =0, 
(1) 


where o;; and t; are polynomials of at most total degree two and one, respectively. 
In [24], the equation has been analyzed under the hypothesis of being admissible 
and potentially self-adjoint. Moreover, in [2, 18] the hypergeometric condition has 
been added, giving rise to Rodrigues formula for the bivariate orthogonal polynomial 
solutions. 

In this paper, we consider the following second-order linear partial difference 
equation 


011 (X) A, Vu (X) + 022(K)A2 Vou(X) + O120(K) Al Vou (x) 
+ 01 2p (K)A2 Vi U(X) + O12 (K) V1 Vou (X) + C120 (K) Ay Agu (x) 
+ T(x) Aju(X) + T2(K) Agu (x) + Au(x) = 0, (2) 


where o;;, i = 1,2 and ox, k = a, b,c, d, are polynomials of at most total degree 
two, and 1; are polynomials of total degree one, 4 is the spectral parameter, and we 
have used (x) = (x, y). 

The paper is organized as follows. First, we obtain conditions in order that (2) be 
an equation of hypergeometric type. Conditions for (2) being an admissible equation 
are obtained in Sect.3. Moreover, in Sect.4 conditions for (2) being admissible 
and potentially self-adjoint are derived. In these conditions, in Sect.5 we obtain 
explicit expressions for the matrix coefficients appearing in the three-term recurrence 
relations satisfied by the orthogonal polynomial solutions of (2). Finally, in Sect.6 
conditions in order to have symmetric orthogonal polynomial solutions are presented. 


2 The Hypergeometric Class of the Linear Second-Order 
Partial Difference Equation 


An important class of differential and difference equation has been analyzed, e.g., in 
[17]. A differential equation is said to be of hypergeometric class if all the derivatives 
of a solution of the equation are solution of an equation of the same type. In the 
bivariate case, this concept has been first analyzed by Lyskova [13-15]. 


Definition 1 We say that Eq. (2) is of hypergeometric type if all the difference deriv- 
atives u*) (x) = Aj Aju(x) of any solution u(x) of the Eq. (2) are solution of an 
equation of the same type. 
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Let us consider the second-order linear partial difference equation (2) where the 
polynomial coefficients are given by 


oy (xX) = ax? + buy? + cuxy t+ dyx +eny + fi, 
022(X) = ayx* + bey? + cnxy t+dyx +eny t+ fr, 
O12a(X) = Aya” + Dizay” + Cr2axXy + dizaX + e12ay + firas 
O126(X) = a12px* + Diopy” + Crrxy + dix + erry + firs, 
O12¢(X) = A12eX? + Dey? + crrexy + dyrex + errey + fires 
Oya (X) = Ajax? + byray” + crraxy + dia + erray + Fira: 
T1(X) = Tux + Tray + 713, 


T2(X) = TX + Tray + 13. 


Note that Eq. (2) reduces to the Eq. (1) considered in [2, 18, 24] in the particular case 
O12¢ = O12¢ = 0. 

Next, we obtain conditions for (2) to be of hypergeometric type. Let us apply the 
A, operator to (2) and denote A; u(x) = wu“) (x). If we analyze each summand, we 
have 


Aj [Au(x)] = Au") (x) (3) 
Aj [12 (x) Azu(x)] = 12(x) Agu (x) + Aj tp (x) Aru(x +1, y) (4) 
Ay [t1(&) Aj u(x)] = Ait (xu (x) + 1x + 1, y) Au (x) (5) 
A [ou (x) A Vin (x)] = 011K) AL Viu (x) + Ajors (—) Au (x) (6) 


A} [o22(x) A2V2u(x)] = 022(x) ArVou" (x) + Ayor2 (x) A2V2u(x + 1, y) (7) 
A} [o12a(&)A1 V2u(x)] = Ap oyra(x) Vou" (x) + o12a(a + 1, y)A1 Vou (x) 


(8) 

= Ajo42q(x) Agu" (x) — Ajoy2q(x)A2 Vou" (x) + o12a(x + 1, y)A1V2u" (x) 

A} [0129 (x) A2 Vi u(x] = o129(x) A Vu" (x) + Ayor2(x) Agu (x) (9) 
Ay [o12a(x) Ay Agu(x)] = Ayoyza(x) Agu” (x) + oy2a(x + 1, y) Aj Agu (x) 

(10) 

Aj [o12c(x) V1 Vou (x)] = 012¢(x) Vi Vou" (x) + Ajorze(x) Vou (x) (11) 


= 012¢(x) V1 Vou) (x) + Aqorre(x) Agu)” (x) — Ajoire(x)A2V2u"" (x) 


In order to uw“) (x) be solution of an equation of the same type, from Eq. (4) we 
have that A; t2(x) = 0, or equivalently t2(x) does not depend on x. Symmetrically, 
if we apply A> to (2) and since u(x) must be solution of an equation of the same 
type, we obtain A2t,(x) = 0, or equivalently t,(x) does not depend on y. Using 
these properties and (5), we have that t;(x) must be a polynomial of degree | in x 
and T(x) must be a polynomial of degree 1 in y in order to have an equation with 
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constant eigenvalue. Moreover, from (6) we have that A;o1; (x) must be a polynomial 
of first degree in x, so it does not contain term in xy. Symmetrically, A2o22(x) must 
be a polynomial of first degree in y, so it does not contain term in xy. From (7), 
A022 = 0 and symmetrically A2.o,; = 0 which imply that o;; does not depend on 
y and o22 does not depend on x, respectively. If we collect the terms multiplying 
Aju (x), we obtain that Ay (t2(x) + O120(X) + 012(X) + O12e(X) + O12a(x)) must 
be a polynomial of degree | in y, or equivalently Ai (C120 (x) + O12p(K) + Oj2¢ (x) + 
0124 (X)) = 0. Symmetrically, Ad (O12 (x) + O25 (&) + Oj 2¢(K) + O12g(x)) = 0. If we 
collect the terms in Az Vou“ (x), we observe that o29(x) — Ay (129 (X) + O12¢(X)) 
must not depend on x which implies that Ai (O12 (Xx) + O12¢(x)) = 0. Symmetrically, 
A3 (0129 (X) + O12e(x)) = 0. 


Lemma 1 Equation (2) belongs to the hypergeometric class if and only if 


ou (X) = ayyx? +. dyxt fu, 

022 (X) = baay* + eny + fr, 

O12a(¥) = Ay2ax” + Dirray? + Cr2zaxy + di2ax + e12ay + firas 
12h (X) = ayrpx* + Diopy? + Crxy + dirx + ery + fir, 
O12¢(X) = —Ay2qgX — Dyapy” + CrxeXY + direX + €12eV + Fires 
O12 (X) = —Ay2»X? — Diray” + Croaxy + dinax + evray + Fira; 
T1(X) = THX + 73, 


T2(X) = Tay + 13. 


(12) 


Theorem 1 Let us assume that (2) is of hypergeometric type. If u(x) is solution of 
(2), then Ug (x) = A} A5u(x) is a solution of the following equation belonging to the 
hypergeometric class: 
OF, AL Vita &) + 033" &)ArVatta(X) + 0132) @)A1 Vata () 
+ 015)) (2) A2 Vita (X) + 0432) &)V1 Vota (X) + 0437) 1) A1 Arta (X) 
+ 1) (x) A a(x) + 03) (8) Arta) + uP Uae) = 0 (13) 


where 
a = 011 — SA2(O12p + O12¢) — CO Alou, 
o35° (X) = 02. — FA, (O12a + O12) — OO Aor, 
O15) (&) = O12a + AL (120) + OO Aor, 
of (x) = o128 + sA2(o12») + Ce) Aoi, 


(r, 
o5 (x) = O12, 
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rr—1) 5 


(7,5 


a = O10 +rAjoi2g + SA20124 + A{O12d 
s(s—1) 5 
+ rsAjAzo124 + a 20124» 

(r,s) 1 ! n 1! ! 1 ! mip 1) 2 ! 
Ty (®) = +rAy(t + 011) + SA2(O12a + O12p + O12e + C124) 4 5 Ajo 
s(s—1) 5 

rsAA2(O12a + C124) 4 5 A5 (A125 + O12a), 
(r,s) _ ; i s(s — 1) 2. 
T) (X) = T2 + SA2(T2 + 022) + TA (12a + O12p + O12c + C124) 4 5 A5022+ 
rr—1) 5 
rs Aj A2(o12» + O24) 4 5 Aj (O12a + 012d), 
: r(ir—-1 s(s — 1 
wx) =A+trA,y +sA2 4 Aan ( ) Aor 


rsAjA2(O12a + 0126 + O12e + O12d)- 


Proof The result can be obtained by applying repeatedly the forward difference 
operators A; and Az to the initial Eq. (2). 


3 Admissible Equations 


The idea of admissibility was first introduced by Krall and Sheffer [12] in the case 
of second-order linear partial differential equations. 


Definition 2. The second-order linear partial difference equation (2) is said to be 
admissible if there exists a sequence {A,}, (2 = 0, 1,2...) such that for A = i, 
there are precisely n + 1 linearly independent solutions in the form of polynomials 
of total degree n and there are no nontrivial solutions in the set of polynomials whose 
total degree is less than n. 


Theorem 2 The second-order linear partial difference equation (2) with polynomial 
coefficients given in (12) is admissible if and only if 


22 = Til, 
bo = a1, 
Ci2d = 211 — Ci2a — C12 — C12, 
An = —n((n — Iai, + T11). 
Proof The proof can be done in a similar way as in the continuous case [15, 20]. 


As a consequence, we have that the polynomial coefficients of the second-order 
partial difference equation (2) have the form 
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o(X) = ayjx? +. dyx + fir, 

022(X) = any? +eny t+ fra, 

O12a(X) = Ay2aX" + bizay? + Cr2axy + diraX + e12ay + firas 

124 (XK) = Ay 2px" + Diwpy? + cyapxy + dirox + e1py + fir, 

O12e(X) = —Ay2aX? — byapy? + Ciroexy + dyrex + erey + fires 

124 (X) = —Ay2»x* — Dyray? + (2a — C12a — C12 — C12) XY 
+ dizaX + €y2ay + fira: 

T(x) = Tx + 73, 

T(X) = THY + T23, 

An = —n((n — 1)ay + TH11). 


(14) 


4 Potentially Self-adjoint Difference Operators 


The operator Y defined by 


Du(x) = 011 (X) A, Vi u(x) + 022(x) Az V2u(X) + 0120 (XK) Ay Vu (x) 
+ 0125 (K)A2 Vi U(X) + O20 (XK) V1 Vou (X) + Oy2G(K) Ay Agu (x) 
+ T(x) Aju(xX) + T2(x)Azu(x), (15) 


allows us to write the second-order linear partial difference equation as 
Qu(x) + Au(x) = 0. 
The adjoint operator J" of J is defined by 


Diu = AyVi(oru) + AyV2(orpu) + ArVi (G1204) 
+ Ay Ax(oj2¢4) + Vi V2(Gy2a) + A2V2(o22u) — Vi (tu) — V2(t2u). 


Definition 3 An operator .&/ is self-adjoint if o/7 = of. 


Definition 4 The operator Z is potentially self-adjoint in a domain G if there exists 
in this domain a positive real function p(x) = p(x, y) such that the operator p(x) F 
is self-adjoint in the domain G. 


If we multiply Y defined in (15) through a positive function (x) in a certain 
domain G, we obtain that the operator is potentially self-adjoint provided that the 
following conditions are satisfied 
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where 


Y. Guemo Tefo et al. 


p(x ~ 1, x ~ l)oj2a(x > 1, y = 1) _ p(x, V)O12¢(x, y), 
p(x — 1, y)oia(x — 1, y) = ep, y— Iowa, y— 1), 


16 

p(x — 1, y)w3(x — 1, y) = p(&, y)mi (x, y) = 
p(x, y— lhwa(x, y— 1) = p(X, y)mr(%, y), 
@ (x, y) = O11 (%, y) + O120(X, Y) — O12¢(X, y), 

W2(X, Y) = O22(X, Y) + O12q(X, Y) — O12e(%, Y), (17) 


w3(X, y) = O11(%, Y) + O12a(X, Y) — O12 (X, y) + T(x, Y), 
w(x, y) = 022(X, y) + O12n(%, Y) — O12a(X, y) + T(x, y). 


We shall refer to the system of Eq. (16) as Pearson type system, in analogy to what 
happens in the univariate case [17]. 
The above relations for the function can be written as 


Ai (m1 (x) p(X) = Vil(e(X) (011 (X) + O12a(&) — O124(X) + 71(X))), 
Ao (@2(X)P(X)) = V2(p(X) (022(X) + O12p(X) — C124 (X) + T2(X))), 
p(x, y + lorax, y+ 1) = p& +1, voix + 1, y), 
P(X, y)O12d (X,Y) = Px +1, y+ lore +1,y+1), 


and for determining the unknown function p(x), we get the system 


Ay (p(x)011(X)) + Az (P(X) o120(&)) + V2 (9 (X)oj20(X)) = P(X) T1(X), 
A? (p(X)o22(x)) + Ai (P(K)o125(X)) + Vi (0 (X)o12a(X)) = P(X) T2(X), 


(18) 
A, V2 (O12 (X) 0(X)) = ArV) (C120 (x) 0 (X)) 5 
Ay Ap (O12¢(X) 0 (X)) = V1 V2 (C120 (X) p(X) . 
The above system can be written in matrix form as 
Ai(p(x)) 
p(x) 
Ax(p(3) O(, y) 
ul _-@ Ja E(x, y) (19) 
Viip(x)) | Q(x, y) , 
p(x) 
V2(p(x)) w(x, y) 
p(x) 
where 
ou(x, y) O12a(X, Y) 0 O12a(X, Y) 
U= O12H(X, y) O22(X,Y) — O2a(X, y) 0 
O12 (x + 1, y) —Oj2a(x, y + 1) 0 0 , 


O12c(x + 1, y) 0 0 O12a(x, y — 1) 
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the functions 


A(x, y) = 11 (XK) — Y{ (KA (O11 (&)) — HK) Az (12a (&)) — F(K) V2 (F124 (X)), 
E(x, y) = T2(x) — G(x) A1 (012 (%)) — Yo(K) A2(022(K)) — G(K)Vi (0120 (X)), 
P(X, Y) = O12a(x, y + 1) — O12a(x + I, y), 
WO, Y) = O1d(X, y — 1) — O12e(X + 1, y), 


(20) 
and we have denoted 
G(x) = 23) 
w(x + 1, y) 
w(x, y) 
G. =, 
2) = Bale, y+ D ai 
Rigo 
: a(x, y — 1)’ 
w(x, y) 
4) = So — 1)" 


5 The Three-Term Recurrence Relations 


For any x = (x, y) € IR, we shall denote by x” (n € No) the column vector of the 
monomials x”"~* y*, whose elements are arranged in graded lexicographical order 
(see [7, p. 32]): 


x? = (x"*yk), O<k<n, neENo. (22) 


Let {P?_,,(%, y)} be a sequence of polynomials in the space T7? of all polynomials 
of total degree at most 7 in two variables, x = (x, y), with real coefficients. These 
polynomials can be expressed as finite sums of terms of the form ax” y*, where 
aéR. 


Let P,, denote the (column) polynomial vector 
P= (Pigs) Pp aa Deets Fi pA Gs Ve Payee) (23) 


In these conditions, each polynomial vector P,, can be written in terms of the basis 
(22) as: 


P,, _ Ginx" + Gu Sa Gio x" (24) 


where G,, ; are matrices of size (n + 1) x (j + 1) and G,,,, is a nonsingular square 
matrix of size (n+ 1) x (n+ 1). 
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Definition 5 A polynomial vector P,, is said to be monic if its leading matrix coef- 
ficient G,,,, is the identity matrix (of size (n + 1) x (n+ 1)); Le.: 


P, =x" a Ginx’ a Gap ax? ss aaa Gn.o < : (25) 


For a monic polynomial P,,, each of its polynomial entries P’_, , (x, y) can be writ- 
ten as 
P” 4 (x, y) =x" *y* + terms of lower total degree . (26) 
In what follows we shall consider monic polynomials denoted by P,,. 
The following theorem [7] provides conditions for {P,,},,+9 be an orthogonal poly- 
nomial sequence. 


Theorem 3 Let 2 be a positive definite moment linear functional acting on the 
space [12 of all polynomials of total degree at most n in two variables, and {Pn}n>0 
be an orthogonal family with respect to &. Then, for n > 0, there exist unique 
matrices A, ; of size (n+ 1) x (n+ 2), By, ; of size (n + 1) x (n+ 1), and C,,; of 
size (n + 1) x n, such that 


xjPn = An, jPn4i - Bn, j Pa + Cn, jPn—1, J = 1, 2, (27) 


with the initial conditions P_; = 0 and Po = 1, where we have used the notations 
xX, =x and x,=y. 


Next, we shall obtain explicit expressions for the matrices A, j, By,; and Cy,; 
appearing in the three-term recurrence relations (27), in terms of the polynomial 
coefficients of (2). These matrices allow us to compute the monic orthogonal poly- 
nomial solutions of (2), in case they exist. 

In doing so, we shall repeatedly use the matrices L, ; of size (n + 1) x (n + 2) 


10 0.---0 01 0-:--0 
01 0-.---0 00 1.:--0 
Ini= |]. , | and Lh2=]. . a we (28) 
Oeeeaas 10 Oieeeeest an 1 
It is easy to check the following important properties 
xx’ = Lia, yx" = Lax", 
a x" = Epibeaie y’ x" = hudlaiiox’. (29) 


Ln2basia = Ln1Ln+1,2- 
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Moreover for j = 1, 2, 
Ln, j Lj = In+1; (30) 


where /,,,; denotes the identity matrix of size n + 1. 

In order to obtain explicit expressions for the matrices A, ;, B,,; and C,,,; appear- 
ing in the three-term recurrence relations (27), in terms of the polynomial coefficients 
of (2) we shall need the action of the forward and backward difference operators A 
and V on x” given by 


n 


n 

n__ ak n—k n_ k+1ypk n—k 

Ajx" = > nj Xo» Wix = > Go aided ar amas 
k=1 k=1 


where if we denote the entries of the matrices E/ j= (e,, w p> of size (n + 1) x (n — 
r+ 1), we have that 


n—p P 

( ): p=4, (’). p=qtT, 
P r P r 
€7,q,10) = C7.q2) = 


0, PF, 0, pF#qtr. 


If we substitute the expansion (25) in (2), by equating the coefficients in x”, x"~!, 
and x"~? we obtain the following explicit expressions for the matrices G,,,—; and 
Gr.n—2 in (25): 


Grin-1 = S, Fy), An); (31) 
Gnin-2 = (Tr - Gag gE 3g) (32) 


where 
F, (Az) S An — Adln+1- 


The matrix S, of size (n + 1) x nis given in terms of the polynomial coefficients 
of the Eq. (2) as 


Sit S12 OO... widen 0 
52,1 $2,2 82,3” 
53,1 53,2 : 
Sn = 0 s42 . 0 (n > 1), (33) 
Sn—1,n 
Snin 


0) eee Rha 0 Sn+i,n—-1 Sn+in 
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where 


siitt = (1 —i) Oi + bie) Fen)u@—i+2), i=1,...,n-1, 
tT 
sg = 7+ D (=A (du ++ @- DO@u - er» — en) 


+ @ — 1) (12a + e12p + €12¢ + e124) 
+113 — Dire + bie), FS Meese 
Si4ti = 1(n — 1)(di2a + diay + dire + ira) 


T 
+ uli +1) (e+ ath i)(4i1 — C124 ci2e)) 
—iu(n —i + 1) Gi + G12e) +173, T=1,...,n, 
siyat = (do — @ =F = DG tare))uG+2, FS Len 


where u(n) = n(n — 3) + 2. 
Moreover, the matrix T,, of size (n + 1) x (n — 1) is given in terms of the poly- 


nomial coefficients of the Eq. (2) as 


tr, O cress 0) 
ty,1 12,2 
3,1 13,2 
T= | 0 as 0 (n> 2), (34) 
SS th—1.n-1 
: thn-1 
(Sse aan 0) tesiaci 


where, forl1 <i <n-—1l, 


= 5 (« n— 1) —n)(ané —n + Gi +n — 6) 


2(3 — 1)(-ej2a + €12p + €12¢ — e124 


(i = 2)Or20 + bie») — 6 fi + 1G —2 +L) —3n13))), 


1 
tii = ail n)( n+ 1)(@ — 1) (C120 + e129 — 11) — diag + die + dire 


diag) + (1 — i)(e12a — e12m + €12¢ — C124) + 2( fi2a + fire + fire 4 fira)), 


1 
42,5 = si(@ 1) (a11(—3i + 4n — 6) + 2711) 
+ 6G + 1)((di2a — diay + di2e — diza 
G@ —n+2)(d12q + a12p)) Gi —n + 1) +2 fo2 + 193). 
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As in the case analyzed in [2], we have the following result providing the explicit 
expressions of the matrices appearing in the three-term recurrence relations satisfied 
by the monic polynomials: 


Theorem 4 The explicit expressions of the matrices Ay,j, Bn,j and Cy,; (j = 1, 2) 
appearing in (27) in terms of the values of the leading coefficients Gy», and Gy n—2, 
explicitly given in (31) and (32), respectively, are 


An,j = Ln, js n= 0, 
Bo, j = —Lo,j G10, Bn,j = Gryn—1Ln-1,; _ Ln,j Gains n= 1, 


~ (35) 
Ci,j = —(L1,j7G2,0 + Bij Gio), 
Cy. = Gyn-2Ln-2, j — Ln jGn+in-1 ~ Bn, jGan—1s n= 2, 
where the matrices L,,; have been introduced in (28). 
Since [7], 
rank(L,,;) =n +1 =rank(Cr41,;), j=1,2, n=O, (36) 


the columns of the joint matrices 


LS) and Cn = (Ci, Cy. 


nl? 


Ga 


nl? 


of size (2n + 2) x (n + 2) and (2n + 2) x n, respectively, are linearly independent, 
which implies that 
rank(L,) =n+2, rank(C,) =n. (37) 


Therefore, the matrix L,, has full rank. As a consequence, there exists a unique matrix 
Di of size (n + 2) x (2n +2), 


Di = (DyilDn2) = (LL) LT 


a (38) 
such that 
DiL, = £n+2- 


where /;,,2 denotes the identity matrix of size n + 2. 
If we now consider the left inverse D' of the joint matrix L, 


1 0 
2 O12 O 


O 1720 1/2 
0 1 
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it is possible to give a recursive formula for the monic orthogonal polynomials 


Prt _ Di (3) ® Tn41 re 2,| P, na DiC, Pia: n= 0, (39) 


with the initial conditions P_; = 0, Pp = 1, where ® denotes the Kronecker product 
and 


B, = (BT,, BT)’, C,=(Cr 


nl? 


Ci) 4 (40) 


are matrices of size (2n +2) x (n+ 1) and (2n + 2) x n, respectively. We have 
therefore obtained another presentation of [7, (3.2.10)]. This idea has already been 
presented in [18]. 


6 Bivariate Symmetric Orthogonal Polynomials 


In this section, we give conditions for an admissible second-order partial difference 
equation of hypergeometric type to have symmetric orthogonal polynomial solutions. 


Definition 6 A polynomial P’ ,,(x, y) of degree n is said to be symmetric if 
Pru el—Xs -y= (-1)" Pr ge y). 


As a consequence of this definition, the coefficients of all the monomials of 
Pr _ «p(X, y) of degreen — (20+ 1),€=0,1,..., [+] are zero, where |-| denotes 
the floor function. 


Theorem 5 Let us assume that (2) is admissible and of hypergeometric type. The 
Eq. (2) has a symmetric sequence of polynomial solutions if and only if 


713 = T3 = 0, 
di2q + diay + die + diag = 0, 
C12a + €12p + C12¢ + C124 = O,~ 


Ci2ce = 411 — Ci2a, 
Qy2p = —d1 24, (41) 
Q12b = 4124; 
C12b = Cl2a5 
Dion = Di2a, 
dy, =ey2 = =. 
2 


Proof Suppose that the admissible second-order difference equation (2) has a sym- 
metric sequence of polynomials solutions. Let us consider the monic symmetric 
sequence of polynomials solutions written in vector form as in (25). 
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If we substitute each vector polynomials P,, (n = 0, 1, 2, 3) in (2) with coefficients 
(14), by equating the coefficients in x"! to zero, we obtain (41). 


For the converse, let P,, = = Gn, ix! bea polynomial vector as in (24). We have 
i=0 


n i-2 k 


AV: Pn = pap eae "Gag De Dip 


i=2 k=0 1=0 


< 


which is a polynomial of degree n — 2. Then, for 0 < p < n — 2 the coefficient of 
x? in A,V;P,, is 


n 


i-2 
i-k ni—k—Ippk+1—p 
> > (—1) "Gai ist a 


i=p+2k=p 


For 1 < p <n —1, the coefficient of x? in x; A,V,P,, is 


n i-2 
i-k pi —k—1 pk +2—p 
> > (-1)" "Gy, i Aig “k+Ir Lyp-1,j- 
i=p+l1k=p-1 


For 2 < p <n, the coefficient of x? in x;,xj,A-V;P, is 


n i-2 
i-k pi—k—1 gk +3—p 
> > (=1) Gri it k+1r Lp-2,pLhp-1,j1- 
i=p k=p—2 
We also have 
n i-2 k 
7 i-l si—k—1,pk+1—l 1 
Vi V2P, = > (-1)'" Gi i) Spi yy Xs 
i=2 k=0 1=0 
n i-2 k 
] si—k—1pk+1-l 1 
A\A2 Ph = Gri Ty) k+1 14> 
i=2 k=0: 1=0 
n i-t 
i-k Jk 
AP, = > Gy jE, x, 
i=1 k=0 
n i-l 
ni-k Ck 
AP, = Gri i,2 x. 
i=1 k=0 


As a consequence, if we substitute P,, in (2) with coefficients (14) and conditions 
(41), the coefficients of x? are 
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n i-2 
> » Gni Aiko +AnGno, p=0, 
cea 
n n i-2 
FGA}, 1 +>> > Ga, Are 1 +0643 1 tAnGn, 1 p=l, 
i=3k=1 i=2 k=0 i=1 
n i-2 n 
1 
> >, Gat Ate p + yy x Gni Arn pt Di GniAly 
i=p+2k=p i=p+1lk=p—1 
n i-2 
+> > Gn iA ikp tAnGn,p: 2<p<n-2, 
i=pk=p-—2 
n n 
2 
Gnn Ay n—2.n—1 + > GniA in-it > s GniA Pes 1 
i=n-1 i=n—1|k=n—3 
+AnGnn—-1, p=n-l, 
Gian 9 ar GnnAy non + AnGn,n, pH=n. 


where the matrices Af , ;,; and AX, can be computed recursively. Hence, we can write 
the coefficient of x? as 


n 
Gn, pBp,p ae Gn p+1 Bp, p41 + > Gri Bp,i- (42) 
i=p+2 


Notice the difference between these matrices and those appearing in the three-term 
recurrence relation. Especially for the case 2 < p < n — 2, we have 
Bp.p = = Aj 


+ At + Aplp+i, 


P,P P,p—2,p 


— a2 4 4 
Bp, pri — Art p-l|.p or Apa Pp ss A tg oe + Age pip 


i-2 
By = 5 Aly + 3 Al gp + Arp + > Atty: 


k=p k=p-1 k=p—2 


Therefore, (42) can be written as 


T T T T Lr 
(Bs B p.ptl Be ate eas Bin) Gi p+2 


By equating the coefficients of 1, x, x’, ..., x” in this order in the equation 
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DP, ae AnPn = 0, 
we find the linear homogeneous system of equations 


2,G _ 6, 


where 6 is the zero matrix of size (es x (n+), 


Boo Bo, Bo» - Bon 
0 Bi, Bio a Bi, 
Q), = 
BT iat Be ay, 
Qe ese ace 0 oa 
and 
Gro 
Gua 
G= 
Gt 


nn 


Now BY! is the zero matrix, so it is always possible to choose a nonsingular matrix 


nn 


Gy. satisfying last n + 1 equations. B,_1,, is the zero matrix, and B,_1,,—-1 is diag- 
onal matrix with the entries A, — A,—; in the main diagonal. We then obtain that 
G,n—1 is the zero matrix. By doing so we find that the matrices G,, ,—(2j+41) in (24), 


PHO Les [4] are identically zero and the proof is complete. 


As aconsequence, we have that the polynomial coefficients of the admissible second- 
order linear partial difference equation of hypergeometric type (2) have the form 


o11(%) = ayyx* — Bx + fi, 
022(X) = ayy? — By + foo, 
O12a(X) = CizaXy + diaaX + C12ay + fira, 
O12p(X) = Ci2aXy — diraX + Ci2py + fir, 


O12e(X) = (411 — C12a)XY + yrcX + C12eY + fire; 
A124 (XK) = (Ai) — C12a) XY + diagX + C12ay + fira: 


T(x) = T11, 
T(x) = Ty, 
An = —n((n — ay + 111), 


(43) 
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1 1 

C12 = 75 (—ay, + 12 fixe — 2 (3 (fr + for) + T11)) — 70124 + diza + fira; 
1 

e126 = 75 (6 (—2 (di2a + fiza + fi2ze) + C12a + fir + fo2) + air +2T11), 
1 

dire = 6 (—6dj2q + 2a); + Ofo2 + T11), 


1 
Cle = | (—2cj2q + a4) + 2 fir — 2. fo2) + di2za + fl2za + fire; 


a\1 1 
dig = deg fa Ser, 
12d 12 3 fr ase 


il 
eid = 5 (—2 (2 (di2a + fiza + fre) — C12a + fr — f22) — ai). 


Moreover, under these assumptions we have that the matrices S,, defined in (33) 
are identically zero, which implies that the matrices G,,,,_; defined in (31) are also 
identically zero. Therefore, the matrices B,,; explicitly given in (35) of the three- 
term recurrence relations (27) satisfied by P, are also zero, giving the symmetry 
condition. Furthermore, in this symmetric situation, the coefficients of the matrices 
T, defined in (34) are given by 


ti = —pG-—n-DG-n) Qu -—n+2Git+n—5)+12G-2fir 
+2111(2i —n)), 

tigta = gi —n) (6 (2 (Gi — 2) (fi2a + fire) + (2i — 1) di24) 
—(— 1G —n4+ 2)ej2q) + a1, Bi — 3n — 1) + 5n — 6) 
+ 6 f22(n — 21) + t11(n — 2i)), 

ti424¢ = —piG + 1) (Gi — Qari Gi — 4n +5) — 12 foo —n +2) + 2t11(n — 2i)). 
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New and Extended Applications 

of the Natural and Sumudu Transforms: 
Fractional Diffusion and Stokes Fluid 
Flow Realms 


Fethi Bin Muhammed Belgacem, Rathinavel Silambarasan, 
Hammouch Zakia and Toufik Mekkaoui 


Abstract The Natural transform is used to solve fractional differential equations for 
various values of fractional degrees a, and various boundary conditions. Fractional 
diffusion problems solutions are analyzed, followed by Stokes-—Ekman boundary 
thickness problem. Furthermore, the Sumudu transform is applied for fluid flow 
problems, such as Stokes, Rayleigh, and Blasius, toward obtaining their solutions 
and corresponding boundary layer thickness. 


Keywords Natural transform + Sumudu transform - Fractional diffusion - Fluid 
dynamics 
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1 Introduction 


To obtain the solutions for engineering problems such as in magneto-hydro-dynamics 
or fluid dynamics whether through ordinary, partial or fractional differential equa- 
tions, integral transform methods are often sought to the rescue. The advent is that 
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they convert the differential problems to simplifiable algebraic problems in a possibly 
new domain with proxy units, the solution of which are then often inverted back to 
yield the sought solution. Fourier and Laplace transforms are the traditional integral 
transform icons in this regard [24, 45]. Based on the type of kernel used, various 
integral transforms and problem-solving techniques have risen to include Hankel, 
Mellin, Hilbert Jacobi, Gegenbauer, Radon, Wavelet and Curvelet transforms, and 
Z [43]. For instance, orthogonal polynomial kernels led to Legendre, Laguerre, and 
Hermite transforms [43]. 

For the function f(t) defined in the set A = {f(t)|AM,7™,™m >0,|f@| < 


i : 
Me’ ,ift € (—1)/ x [0, o)}, Natural transform is given by, 


N[f@] = R(s,u) = [ e-™ f (ut)dt = -f e-« f(t)dt 
0 Uu JO 


dP os ut 
=- e f\{—)dt; Re(s) > 0, u € (—71, 72). 
0 S 


S 


(1) 


In (1), when u = 1| gives Laplace transform and s = | gives Sumudu transform, 
hence second and third integral equations define the respective Natural-Laplace dual 
(NLD) and Natural-Sumudu dual (NSD). 

The above mentioned Natural transform combines the features of Laplace and 
Sumudu transforms and hence converges to both transforms upon variable substi- 
tutions in kernel. In this work, some Natural transform properties are reviewed and 
applied to fractional order diffusion equation in semi-infinite medium for its solu- 
tion, and then for different values of a, the solution is analyzed. Followed by same, 
Natural transform is applied for Stokes-—Ekman problem to obtain its layer thick- 
ness. Table comprising all new Natural transforms for certain functions is given. In 
the second half of this work, Sumudu transform applied for Stokes, Rayleigh, and 
Blasius problems to obtain their solutions and hence their layer thickness. 


2 Natural Transform Properties 


Properties and table of elementary functions and N transform are given with solu- 
tions of fluid flow over a plane wall is solved by the Natural transform (N-transform) 
in [1]. Assuming both initial and boundary conditions were null, Maxwell’s simul- 
taneous equations were solved by Natural transform in [2]. Extensive properties 
including multiple shifting, dual nature to Laplace and Sumudu transforms, and all 
other required properties of Natural transform with list of tables were studied in 
[3]. A more generalized Laplace, Sumudu, and Natural transforms definitions are 
given in [3], (Eqs (1.4-5), and (2.12-13) in [3]). Natural and its inverse transforms 
were derived from Fourier integral in [3]. Bromwich contour integral and Heavi- 
side’s expansions theorems for the inverse Natural transform were derived in [3] 
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(Theorems 5.3 and 5.4, [3]). The same reference contains multiple shifting results 
related to products and divisions which were derived in terms of s as well as u in [3]. 
Transverse electromagnetic planar waves propagating in lossy medium (TEMP) 
are solved for electric field using Natural transform [4]. Maxwells equations were 
extended for n dimensions and studied using Natural transform in [5]. The relations 
of integral transforms and Jo(2./vt) are studied in [6]. Fractional ODEs solved using 
Natural transform in [7]. Natural transform in distribution space D’ and its dual space 
D is studied in [8]. Natural transform in distribution space and Boehmians is studied 
in [9]. Integral equations solved using Natural transform in [10]. Decomposition 
method with Natural transform employeed for solving Schrodinger equations in 
[11]. In [12] Q-theory of Natural transform discussed. Natural transform of basic 
functions calculated by Adomain decomposition method (ADM) in [13]. Laplace, 
Fourier, Sumudu, and Mellin transforms were back tracked from Natural transform in 
[14]. In [15], fractional PDEs are solved by Natural transform. Fluid PDEs are solved 
by Natural transform in [16]. Natural transform and the Homotopy Perturbation 
method (HPM) were hybridly joined to solve fractional PDEs in [17]. Fractional 
Natural transform, properties, and applications were studied in [18]. Some more 
applications of Natural transforms in solving PDEs were given in [19, 20]. 


Theorem 2.1 /f f(t + NT) = —f(t), then 
1 Yl 
NFO] = -—__ | e « f(t)dt. (2) 
u(l+e-~) Jo 


Proof The proof is straightforward, rewriting the second integral of (1) in the interval 
[0, 7] and [7, oo) so that [0, 00) = [0, T] U[T, oo) and applying f(t+ NT) = 
—f (t), simplifying gives (2). 


Theorem 2.2 


0;1<4 1 sb AY 
N , i =-e wR(-,u). 3 
He ekaees ao ERC u) (3) 


Proof Applying second integral of (1) to the left-hand side of (3) and after simpli- 
fying completes the result. 


3 Natural Transform Applications to Fractional 
Order Diffusion Equation in Semi-Infinite Medium 
and Stokes—Ekman Layer Problem 


Example 3.1 (Fractional diffusion problem) The fractional order diffusion equation 
in semi infinite medium z > 0, where initial temperature is zero in the whole medium 
and temperature at the boundary is Xo f(t) given in [42]. The problem is described 
by the following equations. 
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O°x(z, t) Oxf), 
ae © ae '* (0,00), t > 0. (4) 


The initial and boundary conditions are, respectively, given by, 


x(z,0)=0; z>0. (5) 


x(0,t) = Xo f(t); t > Oand x(z,t) =Oasz> ~w. (6) 


Letting N[x(z, t)] = R(z, s,u) andN[f (t)] = R(s, u), Natural transform of (4) after 
initial condition (5) and boundary condition (6) is given by, 


d?R(z, s, : 
ee a ( * ) RG 0,420 (7) 
dz? Kue 
and 
R(O, s,u) = XoR(s,u); R(z,s,u) > Oasz—> ow. (8) 


Now the solution of (7) along with (8) is given by, 


R(z,s,u) = XR exp( n=) (9) 
Ku 


Inverse Natural transform of (9) from the application of convolution theorem of 
Natural transform [3] gives the solution of (4). 


xZ,t) = xo | ft — Tg, T)dT = Xof (tg, t). (10) 
0 


g(z,t) =N7 [eo(--/=)| ‘ (11) 


Now the solution x (z, t) of (4) with boundary condition f(t) = | in (6) for different 
values of a in (4) is given in the Table 1. 

Next the solution x(z, t) of (4) with boundary condition f(t) = t in (6) for dif- 
ferent values of a in (4) is given in the Table 2. 

Hence, the general solution of (4) is given by (10) and (11). Finally, for different 
values of a in (11), g(z, t) is given in Table 3. 


where 


Example 3.2 (Stokes—Ekman problem) When both fluid and disk rotate with uniform 
angular velocity Q about z— axis, unsteady boundary layer flow in a semi-infinite 
body of viscous fluid bounded by an infinite horizontal disk at z = 0 is given by the 
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Table 1 Solutions of (4) with boundary condition f(t) = 1 in (6) for different valus of a in (4) 


S.No ain G.1) Gath 
2./zt 
1 2 
xo (5) 
1 Zt t 33 2% 
: = Xo|oF2(; 5.1: en een et (aes 
ofon (5 a) ‘ FoF (15-5 =) 
3 1 Xp ert ( £ ) 
oe ON/= 
. O;t<— 
‘: 2 Xo a: = =z) = undefined ; — Uk 
K 
Xo; t>= 
VK 


Table 2 Solutions of (4) with boundary condition f(t) = t in (6) for different valus of a in (4) 


S. No a in (3.1) x(z, t) 
1 /t 2S zt 
1 —2 XxX fa 
ot [tn (Se) 
3 
1. 2t Azt? 3.5 27¢ 
2 -l XxX Fy{; =, 2; Fy(3 5,755 
of >( or a ) 3/tK” >( 23 =) | 
24 Kt Pv? 
3 1 v0 ( + =) ete z ) : -é| 
2/ Kt TK 
O;t< 
Zz z Z 
4 2 Xo H(t t undefined ; tf = & 
Xo(t- je) it > Fe 


Table 3 Solutions g(z, t) in (11) for different valus of a in (11) 


S. No a in (3.8) x(z, t) 
1 /2 2./zt 
1 —2 o(t) — a ( =) 
Kavt Ka 
Zz a 
2 1 e 4nt 
2, /aKt? 
Ee. 
3 2 Ve 


( Zz ) undefined ; t = 
ott— = 
VK 0; otherwise 
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following equations [42]. 


oa. ») + 29i9(z, 1) = pdt ;z>0,t>0. (12) 
q(z, t) = ae + be onz=0, t > 0/ (13) 
q(z,th=0;z>0,t>0. (14) 
q(z,t)=0;t<0Vz>0. (15) 


Here, q is the complex velocity field, w is frequency of oscillation of disk, and a and 
b are complex constants [42]. 
Let N[g(z, t)] = R(z, s, uw), Natural transform of (12) leads to, 


d’ R(z, Ss, u) (Genres 


de ) R(z,s,u) = 0. (16) 


uUV 


Solution of (16) after initial and boundary conditions (8) and (7), respectively, yields, 


a s+ 2Qui b s+ 2Qui 
R(z, s,u) = —— exp V4 + —— exp Z : 
S—twu uV S+iwu uV 


(17) 


Inverse Natural transform of (17) gives the solution q(z, t) of (12). 


q(z,t) -< [exp ( : (2 : 2") site (4s ~ f/r2QQ4 2) 


[29 ( (222) ae (ga) 


2: 
bei“ (2Q + w)i Zz : 
+ 5 jexo ( Zz ( )) erfc (= _ 1aa+ wi) | 
bei“ (2Q+ w)i Zz : 
+ 5 [exp (: ea) erfc (5+ viens wi) 


(18) 


iwt 


a 
+ 


Upon w = 0 in (18) gives the Ekman layer thickness of order \/55. 


For the functions in [41], table constituting list of exponential functions and their 
Natural transforms is given which will be useful for future study. 
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4 Sumudu Transform Literature Review 


Over the past decade, a new theoretical framework has been developed to model 
anomalous diffusion. The new framework is based around the physics of contin- 
uous time random walks and the mathematics of fractional calculus. One can ask 
what would be a differential having as its exponent a fraction. Although this seems 
removed from Geometry . . . it appears that one day these paradoxes will yield useful 
consequences. Gottfried Leibniz Fractional Diffusion. 

When s = | in (1), Natural transform converges to Sumudu transform, namely 


SLAM] = e' f(ut)dt = - | e-« f (t)dt > u € (—T1, 72). (19) 
0 0 


Sumudu transform is shown to dual of Laplace transform and used to solve produc- 
tion equation [21], followed by multiple shifting, convolutions, and table of Sumudu 
integral transforms given in [22]. Properties of shifting and derivative of functions, 
Taylor’s theorems, Sumudu transform applications and its relations to number the- 
ory and matrices given in [23]. From the Fourier integral, Sumudu transform is 
derived and applied for TEMP waves in [24]. Inverse Sumudu transform is applied 
and obtained the solution for Bessel’s differential equations and shown its relation 
to Laplace transform through Bessel function in [25]. In [26, 27, 29, 31, 32, 34] 
Sumudu transform applications used for fractional differential equations. In [28] 
Laplace transform defined for trigonometric functions and then new infinite series of 
trigonometric functions along with tables, examples discussed. Fractional Schnaken- 
berg solved numerically in [30]. Fractional order systems in electrical circuits were 
studied in [33]. Boundary problems of double diffusiveness are studied in [35]. 
Sumudu transform applied for continuous everywhere and nowhere differentiable 
functions for smoothening the fracture in [36]. Sumudu computation in series for- 
mat was derived through symbolic C++ pseudocode, using the Sumudu definition 
without any additional decomposition schemes, in [37]. From the bimodular elliptic 
functions, Sumudu transform of tan(x) and sec(x) is derived as continued fractions in 
[38]. In [39] different Sumudu transform definition, its properties for trigonometric 
functions including table of new infinite series expansions of trigonometric functions 
were studied. Magnetic field solution of TEMP waves, numerical results and Maple 
graphical study were given in [40]. 


5 Sumudu Transform Applications to Stokes, 
Rayleigh and Blasius Problems 


Example 5.1 (Stokes problem) Flow in unsteady boundary layer induced in semi- 
infinite viscous fluid is bounded by an infinite horizontal disk at z = O due to oscil- 
lations of disk in its own plane with given frequency w. Corresponding PDE is given 
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by [42], 
one ae ED :2>0,1>0. (20) 
Initial conditions are 
x(z,t)=0;z7>w,ft>0. (21) 
x(z,0)=0; <0, Vz>0. (22) 
and the boundary condition is 
wet) = ee se 0, 7S 0. (23) 


Here, x(z, t) is velocity of fluid and v kinematic viscosity of fluid. 
Let S[x(z, t)] = G(z, u). Sumudu transform of (20) and after initial and boundary 


conditions yields, 
Xo 1 
G(z, u) = — exp] —z . (24) 
1—iwu UV 


Sumudu inverting (24) gives velocity in unsteady boundary layer. 


ad ee ee ar) Oe (= ea ) 
x(z,t)= 5 E ere (5 iat) +e erfc itm” iwt } |. 
(25) 


From which the thickness of Stokes boundary layer is Jz : 


Example 5.2 (Rayleigh problem) When the frequency w = 0 in Stokes problem, 
motion is generated from rest with constant velocity Xo in fluid [42]. Therefore, 


from (24). 
G(z, u) = Xo exp (-y “). (26) 
uv 


Sumudu inverting (26) gives the velocity x(z, t). 


x(z, t) = Xoerfe (=) (27) 


Thickness of Rayleigh boundary layer is vt. 


Example 5.3 (Blasius problem) Unsteady boundary layer flow in semi-infinite body 
of viscous fluid is enclosed by infinite horizontal disk at z = 0 [42]. 
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When the boundary condition is t in Stokes problem Example 5.1 leads to the Bla- 
sius problem. Therefore, Sumudu transformed (20)-(23) with x(z, t) = Xot yields, 


G(z,u) = Xou o(-2y =). (28) 


Inverse Sumudu transform of (28) using Maple gives the velocity profile of Blasius 


problem. 
Xo 2+ 2vv Zz t 2 
,t) = — | | ———  Jerf 2 “ai |, 29 
ae ( 7) (5) lar] m4 


6 Conclusion 


With respect to fractional diffusion problem, following observations were found. 
When the boundary condition is constant. 


For a = —2, velocity profile x(z, t) is in terms of Bessel’s function. 

For a = —1, velocity profile x(z, t) is in terms of hypergeometric function. 

For a = 1, velocity profile x(z, t) is in terms of complementary error function 
[42]. 

For a = 2, velocity profile x(z, t) is in terms of Heaviside’s function. 

When the boundary condition is ft, velocity profiles for different a are given in 
Table 2. 

For a > —2 and a > 2, velocity profile x(z, t) does not exists. 

Therefore, for constant and t boundary conditions, velocity x(z, t) is defined for 
a € [—2, 2]. 


Sumudu reciprocity property of [24] is shown in the realm of Stokes fluid flow 
problem and its descendent variations, and obtained solutions and layer thickness 
are in exact concordance with results in the literature [42]. 

For future studies, we relegate the still open problems regarding finding the veloc- 
ity x(z, t) when a takes fractional values in the interval [—2, 2]. Lists of Natural 
transforms of elementary functions given in Table 4 will be useful for further study. 
Moreover, we declare that we remain open to our readers comments, communica- 
tions, and suggestions. 
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Table 4 Natural transform of elementary functions 
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S.No | f(t) NIfM] 
1 ent 1 
s+tau 
2 te ed 
(s + au)? 
3 pole-at wu’! Dv) 
(s+ au)” 
—at _ ,—{t 1 + 
4 e e “oe (* *) 
t u s+tau 
(=) (=) 
5 log 
u u 
l—e “2 Ss s s+au 
5 | § 
t2 u2 tog (") 2 u2 
(=) 
x log 
u 
! ent 2. 1 
é pee e') cee ioe stu Jt 
t 2t 2u Ss u 
1 1 s+u 1 Ss 
7 
Le =¥( 2u ) aa (32) 
aa \ual Qa as 
8 (1-e-*) —B(—.v) 
th 


il 1 1 1 
td—e‘) #2 2t 1 s 
|=] aes 
f 2 os ( ra 
J—e—@ 1 s+au Ss 
12 
l—e! aut u ) ¥()] 
ie Lena yr (ott) 
=t Us 2 
t(1+e‘) u ly an Grout) 
(l—etye! 1 s stuv 
AS > ee -B(*.v)oFi (=: 
(1 — ze~!)# u ( v2 rae u i 


(continued) 
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S.No | f() NFO] 
1 stau s+ Bu 
ee Pras kad Gree) 
i (1 —e-*)(1 — eF*) u u u 
l—e-t 1 st(a+P)u s 
[( VG) 
u u u 
K s+(a+3) 
2 (=e) — et) Gar (: a “) 
eae «Lr eer (2) 
r (s) r (tan) 
u Lr (sta) p s+Gu 
ae ( —e7) (1 — ef) — e7") oe) ( . ) 
t(1—e~') r (ten) r (stot) 
x 
Uu r (S424) r (=) 
Qstu)/u els—uv)/UiT Ds 114) 
1 —t]-V 4 t]—-v 
18 la+VJl—-e +t [la—Jl—e*] ul (v) 
l-et 2 
x (a2 i 1)8/2u-¥/2 OF a) 
__ BU(s-+uv) /u) 
0;0<1<f Jr (s/u)r(v+ Dew 2 
19 [oP V Tee /\e=28 |" u2s/2u+v/2P (5 /2u + v/2 + 1/2) 
= ;t>B = oy 
Ji-e x Pe Cea 1 — e-28) 
ji 2D + 1/2)P(s/u — + 1) sin"(6) 
2: sty! 
i elt! Dtd—e a usa (s/u aay ea 1 
x [A — e) sin@) — (1 — c=) cos(@) VO” | ye els/ut1/2i0+ n/2-1/4in 
x [7 PH (cos(@)) + 21 OF (cos(6))] 
0;0<t< as? /u? 
WI | ve B Jaue noes [= B 
e@;t>fB u u 2a 
22 ys es 2a 2 rsa/ eu ‘ sJa 
= rfc 
u u2 u 
2 fsa os as2 
23 oe ew K, ( 
vi 3/2 a \ 2 
P(v)2" ql? as? 2 
24 | ple & Oe Dy ( ) 
u u 
25 | eae Rc ay (a 
u/s/u Ju 
t vu —Jsa/u 
26 fe7 tk 5 aa i + vsa/uje aes 


(continued) 
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Table 4 (continued) 
S.No | f(t) N[f@] 
a | a VT -viaji 
Jt s/u 
29 «| 2m | Jae 
13/2 
t @ 
29 plenaa — (/Aau)" Ky (/sex/u) 
30 | RD a _V™_(evsaMt _ 1) 
Jt s/u 
ot 1 a 
31 ene - ae Erte /au/s) 
usa /ms3/? 
32 | Vien2va" Se (a + 5/2uyerl 
x Erfc(,/au/s) 
—2./at Jt 
33 eh eM"! Erfe(/au/s) 
vi w/aT : 
ae = /au]2se"/?°K y (au/28) 
—— —Jau/2se 1 (au/2s 
V2t u 4 
ue 1 
35 (21)? le 2Vr u’TQv) 5/20 Dy 5) (/2au/s) 
sv 
36 exp(—ae~) ! 
Pp(—ae paste VS/ Ms 
t a’ 
37 exp(—ae’) —F(s/u, a) 
u 


Tw)P(s/u) gy7?/2-8/2u p02 


38 (1 — e7')7! exp(—ae™) ul(v + s/u) 
x My/2~s/2u,v/2+s/2u—1/2(@) 
PO) \-1/2-8/2u 40/2 
—tyv-1 t 
39 (l—e)" ~ exp(—ae’) u 
x W1/2-s/2u—v,—s/2u (Q) 
(d—e ‘jr! 7 Pv) P(s/u) 
40 Or a 8 —ae! ———— “fy U5 A, 
(— veh exp(—ae~) Gres 1(s/u.p, v; A, a) 
1 
-F(s/u—v + De/4ar/?-l/? 
41 (e! — 1)"7! exp(—a/e!’ — 1) u (s/ ) 


x Wy/2-1/2—s/u,v/2(@) 
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On Uncertain-Fractional Modeling: 
The Future Way of Modeling Real-World 
Problems 


Abdon Atangana and Iknur Koca 


Abstract It has been a long time a challenge for many researchers to give a real 
interpretation of derivatives with fractional order. Some researchers said, fractional 
derivative is the shadow on the wall. This interpretation was wrong since the shadow 
of any object does not provide the real properties of the real object, for instance a 
black man has the same shadow with a white man. Using the definition and applica- 
tions of a convolution, we gave new interpretation of derivative with fractional order. 
We gave specific interpretation for Caputo and Caputo—Fabrizio types as the frac- 
tional order changes. It was long believed that, the derivative with fractional order 
portray the effect of memory, this was only proved to be true in theory of elasticity 
and nowhere else. In this chapter, we introduced a new operator called uncertain 
derivative capable or portraying the memory effect in almost all situation. In order to 
include into mathematical formulation, the real rate of change and also the effect of 
memory, we introduced a new way of modeling real-world problem called uncertain- 
fractional modeling (UFM) and applied it to advection dispersion model. Numerical 
simulations of the new model show that real-world observation. This method will be 
the future way of modeling real-world problem efficiently. 
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1 Introduction 


Modeling a real-world problem requires a well knowledge within and around this 
problem. There are at least three elements that are very important in the process of 
modeling. The first thing is understanding and interpretation of the in order to convert 
it into mathematical equation. Secondly, the derivative used to describe the rate of 
change, as the change occurs in time and space. The last thing is perhaps the coef- 
ficient from the physical problem introduced in the mathematical equation. For the 
derivative, we have four types, the local derivative [1—3], fractional derivatives [4-9], 
variable order derivatives [10-12], and uncertain derivative [13, 14]. With proof in 
the literature, it was revealed that the local derivative was not suitable for modeling 
some kind of problems. However, the fractional derivatives were selected as suitable 
derivatives for modeling some complex problems [15-18]; nonetheless, for highly 
complex problems only derivative with variable order was best candidates [19, 20]. 

For the coefficient, we can, for example, speak of the advection dispersion equa- 
tion, where it is always assumed that the advection and dispersion coefficient are 
both constants in the geological formation called aquifer [20-24], which is not the 
case in practice as from one point of the aquifer to another, properties may change; 
this is, for example, a wrong interpretation of the physical problem and the con- 
version into mathematical equation. In many research papers in the literature, one 
will observe that researchers are focused only in using fractional derivative to better 
describe the rate of change; however, the coefficients used in the model are always 
neglected. Since uncertain derivative is suitable in describing accurately, the physical 
parameters introduced in the mathematical equation and the fractional derivative aim 
to provide the effect of memory or filter, it is perhaps better to combine both while 
modeling real-world problem. 

The aim of this work was to propose a new way to model real-world problem. 
This chapter will be structured as follows: The concept of fractional derivatives and 
recent trends will be presented in Sect.2. A novel interpretation of fractional deriv- 
ative will be presented in Sect. 3, this will be followed by the new development of 
uncertain derivative and it properties in Sect.4. We will carry on with the novel 
approach of modeling real-world problem, for example, advection dispersion equa- 
tion in Sect. 5; the approach is called uncertain-fractional modeling (UFM). Section 6 
will be devoted to the analysis of existence and uniqueness of the novel advection 
equation; finally, numerical simulations will be presented in Sect. 7. 


2 Fractional Derivatives 


In this section, we present some information about some derivative with fractional 


Definition 1 ({15—18]) The Riemann—Liouville fractional derivative, according to 
Riemann-—Liouville, the fractional derivative of a function says f is given as 
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1 d n : 
D? (f() = re =o (=) Je xy! fxjdx, n-1l<a<n (I) 


Definition 2 The Riemann-—Liouville fractional integral, according to Riemann— 
Liouville, the fractional integral that is considered as anti-fractional derivative of a 
function f is 


I? (Ff) = Ta Fin fe" 1 fQodk, x >a (2) 


Definition 3. Caputo fractional derivative, according to Caputo, the fractional deriv- 
ative of a continuous and n-time differentiable function f is given as 


oD) = Lg fe-arn($ =) Fonds, hala oes (3) 


Definition 4 The modified Riemann-—Liouville fractional derivative of a function f 
is given as 


a 1 d\" n-a-1 
De (FO) = (=) [anor Fey = f@ldx, nt <aen (4) 


There are other definitions that are not mentioned below. 


Definition 5 Let f ¢ H'(a,b), b > a,a € [0, 1], then the new Caputo derivative 
of fractional order is defined as 


M i ; _ 
D°(f() = a i f (@exp |- — Je (5) 


where M(q) is a normalization function such that M(0) = M(1) = 1. However, if 
the function does not belong to H '(a, b), then the derivative can be reformulated as 


aM (a) 
1 


Def) = <—— / (f) = fx) exp |-as = dx 


Remark I The initiators witnessed that if ¢ = —* € [0, 00), a= nm € [0, 1], 
then Eq. (5) assumes the form 
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N(o) , t-—x 
pes) =" | Ferp|-—* Jas, N(O) = N(o) = 1 (6) 
on oO 


In addition, 


. 1 t—x 
lim —Exp |- = 0(x —f) (7) 
or 


3 New Physical Interpretation of Fractional Derivative 


In the last past years, the big problem faced by researchers within the field of frac- 
tional calculus is the physical meaning of derivative with fractional order. Some 
fewer researchers have tried to answer this question; however, many other researchers 
around science were not satisfied with their demonstration. For instance, Tavassoli 
et al., suggested that we quote “We conclude that the product of fractional order 
derivative with the correspondent area is constant, so the fractional derivative pro- 
duces the change in the area of the triangle enclosed by the tangent line at particular 
point and vertical line passing through this point and above X-axes with respect to 
fractional gradient line” [25]. The question we ask here is that: how can we then use 
this to portray the flow of groundwater within a geological formation? What about 
in epidemiology what can we say when we are describing the spread of the disease? 
Podlubny suggested that the geometry interpretation of the fractional derivative is the 
shadows on the walls [26]. According to the dictionary, the shadow is, we quote “is a 
region where light from a light source is obstructed by opaque object. It occupies all 
of the three-dimensional volume behind an object with light in front”. The shadow 
on the walls! It is a very big philosophical term, but the problems with the shadow 
are the following (Fig. 1): 


1. The shadow does not always represent the real shape of an object. 
2. The shadow cannot tell the physical properties of an object, let us look at the 
following shadows and the real persons. 


From the shadow, we can say the two persons in this picture are very tall, which may 
not be the case. In addition to this, we cannot say what clothes they are wearing, 
neither we can tell their race. From theirs shadows, there are many physical properties 
cannot be identified. If the geometric interpretation of fractional derivative is really 
the shadow on the wall, then it is not worth using fractional calculus to model real- 
world problems, as the results will never be accurate. 

Let us forget about all this speculations around the geometric interpretation of frac- 
tional derivative. Let us face the reality, mathematical formulas sometime described 
accurately some physical problems without any physical interpretation, maybe this 
is the case of derivative with fractional order. Nevertheless, it was revealed by 
some authors in the literature that the derivative with fractional order describes the 


On Uncertain-Fractional Modeling: The Future ... 125 


Fig. 1 Objects and their shadows 


memory effect [15—18]. Ah, this is another problem with fractional derivative! In the 
theory of elasticity, Yes, this can be acceptable. Nonetheless, in groundwater studies, 
the memory effect cannot be described, because with the fractional derivative, for 
a farmer that observed the pollution in his borehole would not be able to use the 
fractional derivative to say where the pollution is coming from. In epidemiology, 
using fractional derivative, the modeler will not be able to tell when the person was 
infected. This simply tells us that the derivative with fractional order will not always 
portray the memory effect. 

Let us look at the mathematical formulation of derivative with fractional order, 
well the with Caputo derivative with fractional order we have a convolution of the 
local derivative with the power function. With the Riemann—Liouville derivative with 
fractional order, we have the derivative of a convolution of a given function and the 
power function. With the Caputo—Fabrizio derivative with fractional order, we have 
a convolution of local derivative of a given function and the function exponent. Now 
what is the convolution? What are the applications of convolution? 

Convolution and associated functions are found in many applications in science, 
engineering, and mathematics. The applications of convolutions can be found in [27] 
and are listed below from (a) to (g). 


(a) In image processing 


In digital image processing, convolutional filtering plays an important role in many 
important algorithms in edge detection and related processes. 
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In optics, an out-of-focus photograph is a convolution of the sharp image with a 
lens function. The photographic term for this is bokeh. 
In image processing applications such as adding blurring. 


(b) In digital data processing 


In analytical chemistry, Savitzky—Golay smoothing filters are used for the analysis of 
spectroscopic data. They can improve signal-to-noise ratio with minimal distortion 
of the spectra. 

In statistics, a weighted moving average is a convolution. 


(c) In acoustics 


Reverberation is the convolution of the original sound with echoes from objects 
surrounding the sound source. 

In digital signal processing, convolution is used to map the impulse response of a 
real room on a digital audio signal. 

In electronic music, convolution is the imposition of a spectral or rhythmic struc- 
ture on a sound. Often, this envelope or structure is taken from another sound. The 
convolution of two signals is the filtering of one through the other [15]. 


(d) In electrical engineering 


The convolution of one function (the input signal) with a second function (the impulse 
response) gives the output of a linear time-invariant system (LTT). At any given 
moment, the output is an accumulated effect of all the prior values of the input 
function, with the most recent values typically having the most influence (expressed 
as a multiplicative factor). The impulse response function provides that factor as a 
function of the elapsed time since each input value occurred. 


(e) In physics 


Wherever there is a linear system with a “superposition principle,’ a convolution 
operation makes an appearance. For instance, in spectroscopy line broadening due 
to the Doppler effect on its own gives a Gaussian spectral line shape and collision 
broadening alone gives a Lorentzian line shape. When both effects are operative, the 
line shape is a convolution of Gaussian and Lorentzian, a Voigt function. 

In time-resolved fluorescence spectroscopy, the excitation signal can be treated 
as a chain of delta pulses, and the measured fluorescence is a sum of exponential 
decays from each delta pulse. 

In computational fluid dynamics, the large eddy simulation (LES) turbulence 
model uses the convolution operation to lower the range of length scales necessary 
in computation thereby reducing computational cost. 


(f) In probability theory 


The probability distribution of the sum of two independent random variables is the 
convolution of their individual distributions. 

In kernel density estimation, a distribution is estimated from sample points by 
convolution with a kernel, such as an isotropic Gaussian (Diggle 1995). 
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(g) In radiotherapy 


Treatment planning systems, most part of all modern codes of calculation, apply a 
convolution-superposition algorithm. 

The above applications of a convolution show that the fractional derivative as 
convolution has multiple purposes, it can portray the memory as in the case of 
theory of elasticity, and it can be considered as a filter, in particular the Caputo 
and Caputo—Fabrizio type can be viewed as a filter of local derivative with power 
and exponent functions. In the following figures, we show the different between the 
Caputo—Fabrizio and Caputo filter as function of layer and fractional order. Physical 
interpretation of filters are given as follows, the Caputo—Fabrizio filter will constantly 
get rid of impurities from the local derivative from the first layer to the last layer no 
matter the fractional order. On the other hand, the Caputo filter will only get rid of 
the as the layer becomes dense. 

The aim a filter is to get rid of impurities and produce only the real product, the 
fractional derivative is there for in some case the real velocity. 

Figures 2 and 3 show that the Caputo and Fabrizio derivative is a low-pass filter 
for alpha greater than half; it is a band-pass filter when alpha is half, and finally, it 
is a high-pass filter when alpha is greater than half. It is important to recall that the 
low-pass filter is a filter that passes signals with a frequency lower than a certain 
cutoff frequency and attenuates signal with frequencies higher than cutoff frequency 
[28]. The high-pass filter is the opposite of low-pass filter. The band-pass filter is the 
combination of a low-pass filter and a high-pass filter. 

Nevertheless with Caputo derivative, Figs. 4 and 5 show t hat the Caputo derivative 
is a high-pass filter for alpha greater than half; it is a band-pass filter when alpha 


CF Filter 


1.0 


Fig. 2 Caputo—Fabrizio filter as function of space/time and alpha 
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Fig. 3. Contour-plot for Caputo—Fabrizio filter 


1.0 


0.0 0.5 Alpha 


0.5 
Layers 


Fig. 4 Caputo filter as function of space/time and alpha 


is half, and finally, it is a low-pass filter when alpha is greater than half. Therefore, 
we can see that both derivatives play the same role; however, the new derivative 
with fractional order does not have singularity, which is a greater advantage of this 
derivative over existing derivatives. 

As we discussed earlier, the fractional derivative cannot inform us about the history 
of a given pollution within the geological formation called aquifer. Or the fractional 
derivative cannot allow us obtaining the function of dispersion and convection in 
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Fig. 5 Contour-Plot for 
Caputo filter 


space and time when apply it to modified the advection-convection equation. It is 
therefore important to introduce a new derivative having the ability to first represent 
the nature in its real form which is nonlinearity and also be able to include the 
memory effect in a given real-world problem. We will introduce in the next section 
a derivative that introduces the effect of memory. 


4 Uncertain Derivative 


In mathematics, a dynamic scheme is a tuple (D, A, B) with D a manifold which 
can be a locally Banach space or Euclidean space, B the domain for time which is 
a set of nonnegative real, and h is an evolution rule t > f' the range is of course a 
diffeomorphism of a manifold to itself. 


Definition 6 Let D be a dynamic system with domain B (time or space), let u a 
positively defined function called uncertainty function of D within the domain B, 
then if h € D, the uncertain derivative of a function h denoted by U“(f) is defined 
as 


U" (A(t) = (1 — u(t))h(t) + u(t)h (t) (8) 


Remark 2 If u = 1, we recover the first derivative (Local derivative), and if u = 0, 
we recover the initial function; this is conformable with the primary law of derivative. 
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4.1 Properties of Uncertain Derivative 


Addition: 
U“ (ah(t) + bf (0) = aU" (h@) + BU" (FO) (9) 
Multiplication: 
U"O(F g(t) = fQUO GH) +uNIOF O (10) 
Proof: 


U"(Fg(t)) = A — ult) fOg@) tu) (FGM) 
U"(F gt) = -—uM) fOgM tuMLF OO +g0F'O) 
U"O(F g(t) = FOU" (G@) tuOgOF O 


Division: 
fO i@) fOIO -—IOF'O 
yw (2) =(1- ( ) 11 
oa PO) ee 
wo FO, (9OU FO) -—1«OF Odo 
= 5 
g(t) g(t) 


Lipchitz condition: Let f(t) and g(t) be two functions, then 


|U“ @@) — UF M)| 
< | -—u®)g@ tug —A-u@) fo -—uo fo] 
<ul gO — fOl+ WOO - fol 
<allga—fMOl+o|qoO- fol 
<allg(t) — fl + ballg) — fol 
< H|lgt)- fol 


This proves that the uncertain derivative possess the Lipchitz condition. 


5 Fractional-Uncertain Modeling: Example Advection 
Equation 


The groundwater is a very important source of drinkable water; in fact, it was 
revealed in many studies that 80% of fresh water is found in the geological for- 
mation called aquifers. This water is in high risk of pollution and the mathematical 
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equation describing the migration of pollution underground is the well-known advec- 
tion dispersion equation given as 


a2 "ax ar =° oA 


In the above equation, D is the dispersion coefficient, v is the advection velocity, 
and R is the retardation factor. The above equation also tells us that all over a given 
aquifer, the dispersion, advection, and retardation factors are the same. This is not 
practically correct because the properties of souls change from one point of the aquifer 
to another that means the dispersion; advection and retardation factor must vary in 
space and time. With the variability of the dispersion coefficient, the retardation 
factor and advection, we will be able to trace the movement of the pollution from a 
certain point of time to another. To achieve this, we apply the uncertain derivative in 
space and time as follows: 


DU (P™(e@.4) 0 Cap) kaa) =0 13) 
Replacing the derivative by its definition and simplifying, we obtain 


D {tc — u(x))? = u'(x)u(x)IC (x, t) + | 
oe co t) 7 {« 


oe |e 
+u(x)u'(x) Ox 


OC (x, le 


(14) 


+u?(x) u(x)) C(x, t) + u(x) 


oe Pr 
=0 


oc t) 


Assuming that the uncertain order respect to time is small, then we divide on both 
sides with | — f(t), and using some asymptotic technique, the above equation can 
be approximated as follows: 


[(1 — w(x) + u(t)? — (wu) + fO)IC(, t)+ 


D 21 — u(x) + ft) U@®) + FO) ) aces (15) 
+ (u(x) + f(t) u(x) ox 
+ (u(x) + fine) 
OC 
—v{(— a(x) + FO) C&D + Ue) + fO)}— ies YROt,d 
OC (x, t) 
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Rearranging the above equation, we obtain the following: 


(l—u(x) tus)’ 
D 
—u'(x)(u(x) + f@)) J | C@.0) 


—vd —u(x) + f@) OC (x, ft) (16) 
p( 20 ¥@) + £O) Ue) + FO) Ox 
+ +(u(x) + f (tu (x) 
—v{(u(x) + f)} 
+D(u(x) + or ~ RC(x,t) + forme) 


=0 
And finally, we can reduce the above to 


2 
ERC a Cn asad Ai a Vee Rone Di) 
Ox Ox 


The above equation shows that the advection and dispersion are functions of time 
and space, while the retardation function is a function of time. However, there is 
a new force H is viewed as the proportion that allows the value of that chemical 
concentration to remember its trajectory in the geological formation system and the 
time where it was retarded since its departure from the point of injection [29]. It 
is also possible for a given portion of pollution to remember where it was retarded 
in the aquifer. In order to include into mathematical equation the filter effect in 
time, meaning in order to have an accurate representation of the change in time of 
concentration of pollution within the geological formation, we introduce the Caputo— 
Fabrizio derivative with fractional order into equation to obtain 


(x,t) #C(x, t) 


H(x,)C(x,) +0, peed oe + D(x, t) —— — Aa = RE? D? (CG, 1) 


(18) 


The above equation is the result of UFM. It is clear that the above equation is more 
descriptive that the fractional advection dispersion equation that was proposed by 
many scholars. 


6 Numerical Analysis 


In this section, we will discuss the numerical solution of the Eq. (18). To do this, 
we first present the numerical approximation of the Caputo—Fabrizio derivative with 
fractional order [30]. For some positive integer N, the grid sizes in time for finite 
difference technique I are defined by 
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k= — 19 

W (19) 
The grid points in the time interval [0, 7] are labeled t, = nj,n =0,1,2,..., TN. 
The value of the function f at the grid pointis f; = f(t;). A discrete approximation 
to the Caputo—Fabrizio derivative with fractional order can be obtained by simple 
quadrature formula as follows: 


n—x 
a dx (20) 
a 


Ma) fy 
0° DPF (fr) = mes (x) exp E f 
—-a i_ 


The above equation can be modified using the first-order approximation to 


M(a il _ fi —x 
0 DSG) = 5 : > / (of f +0W)) exp | —a Je 
-—a 
J=N jk 
(21) 
Before integration, we obtain the following expression: 
M( ) n fit—fi ik t 
a par ax 
At = dx. (22 
gs) : os aed meas 
a= Gi-Dk 
7 M(a) Jtl_ fi 
CF (f(y) = OY (4 L’ +00) djs 
a At 
where 
k k 
dj. = exp} — (n—jt+1) exp | —a (n— Jj) (23) 
—a l-a 
We have finally that 


M it fi M(a 
$DeG@)= "29 (FF AG Sa er Mo Dasown 
j=l 


derivative at a point f, is 


i+] _ fi 
eG t= “on > (—~) dix + O ((At)’) (24) 
j=l 


A 
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Replacing the above together with first and second approximations of local derivative, 
we obtain 


itl itl j j 
{[ct'_ ci TCA Ce,) Ci 44 cL) 
Ay | i 5 i v; ( )=( (25) 
a (cif! -2c/*1 + c/41) - (ci, -2¢/ + cL.) 
: 2 (Ax)* 
pit) J — Cc 
= >> dij.k 
k=l 
For simplicity, we let 
ae ne ee 
2 4Ax 2 (Ax) aAt 
then, Eq. (25) becomes 
aj (cj*! - cf) - 8 (ci! - cf#! - ci, +c i) + (26) 
dt (ciimaer ee e(clanteiec),)) 
j-l 
= d} (c= = el) dij +d) > (ch - Ch) a; 
k=l 
Then, 
(aj - 2c} - aja,;) c/*" 
= (aj + 2c} - aja,,;) C} (27) 


+b} (cq —clt} -cl,+¢C] :) 


Pan cl) + (Gia + ch) 


-1 
al (cr Ch) de, j 


i 
k=1 


We shall now present the stability analysis of the numerical scheme for solving the 
modified model. 


On Uncertain-Fractional Modeling: The Future ... 135 


6.1 Stability Analysis of the Numerical Scheme 


The aim of this section is to show the efficiency of the numerical scheme via the sta- 
bility analysis. To achieve this, we assume that g’ = C/ — y/ where y/ is the approx- 
imate solution of the modified equation at the given point in time and space (x;,t;), 
(@ =1,2,...,N,j =1,2,...,M), also the error for approximation is given as 


gi= [oi ; gh ead oh] . The error committed while solving the new advection equa- 


tion is given as 
(a! — 2e! — alas) gf" = (a! +20! — ala, of (8) 
ee ee . 
+b} (gf! - 9/4} — gi +971) 
Lp ieaek ., cond . . 
—] ((a/t! + oft) + (ois +944) 


jel 


+d) >° (gf*! — gf) dk; 
k=1 


to study the stability, we let 
Im(X, t) = expat] exp[iknx] (29) 


In our study, the stability characteristics can be studied using just the above form for 
error with no loss in generality 


gi = explat] exp[ikm], pe 
git! = expla (t + At)] explikn-], 


g,., = explat] explikm (x + Ax)], 


Gn—1 = explat] explikn (x — Ax)], 


git = expla (t + At)lexplikn (x + Ax)], 


J*) = expla (t + At)] explikm (x — Ax)], 


R 
ll 


gi, = expla (t — At)] explikm (x — Ax)] 


where k,, = ca m=1,2,...,.M= +. Now replacing the above in Eq. (28), we 
obtain 
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(aj +2ci — did di,;) expla (t + At)] explikmx] (1) 
= (aj = 2c! _ d! dj, i) exp[at] exp[ikmx] — 
expla (t + At)] exp[ikm (x + Ax)] 
b! ~ expla (t + At)] explikm (x — Ax)]— a 
exp[at] exp[ik,, (x + Ax)] + exp[at] exp[ik,, (x — Ax)] 
exp[a (t + Af)] exp[ik,, (x + Ax)] 
+c! + expla (t + At)] explikm (x — Ax)] 
+ (explar] explikm (x + Ax)] + explar] explikm (x — Ax)]) 

j-l 
di > ((expla (t+ At)] expliknx] — expla (At)] expliknx])) dy, j 

k=1 


After simplification, we obtain the following 


(a/ + 2c! — did, i) expla (Ar)] (32) 
= (aj — 2c! — d}di,j) _ 
exp[a (At)] exp[ik,, (Ax)] 


bi | —expla (At)] explikmn (—Ax)]— | + 
explikn (Ax)] + explikn (—Ax)] 


exp[a (At)] exp[ik», (Ax)] 
e + exp[a (At)] explikm (—Ax)] 
+ (explikim (Ax)] + expliki, (—Ax)]) 
. J-1 
+d! >° (expla (At)] = 1)) dk; 


k=1 


Rearranging the above, we obtain 


. F exp[ik, (Ax)] 
(4) +2c/ — d}di,j) +i . 
— explikn (—Ax)] 


“el (( explikn (Ax)] )) ae 
+ exp[ikm (—Ax)] 


= (aj — 2c] — d/a,.;) +b] (explikm (Ax)] + explikn (-Ax))) + 


exp[a (At)] (33) 


c} (explikm (Ax)] + explikm (—Ax)]) — jd! d;,; 
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Then, 


(aj — 2e! — did, i) — b! (explikm (Ax)] + explikm (—Ax)]) + expla (At)] 
7 —c} (explikm (Ax)] + explikn (—Ax))) — jdid;,; as 
(a] + 2c} = ddi;) +b] (explikm (Ax)] — explifin (—Ax))) 


—c! ((explikm (Ax)] + explikn (—Ax)])) — jd! dy.j 


Note that the condition for stability analysis is given by the following inequality 


j+l 
a = exp[a (At)] 


Thus, if 


From Eq. (33), we have the following 


git! 
| = lexpla (Ad)]| 
Gj 
(a/ — 2c! — did, i) — b} (explikm (Ax)] + explikm (—Ax)]) + 
- +c} ((explikm (Ax)] + explikm (—Ax)])) — jdj di; 
—ci ((explikm (Ax)] + explikm (—Ax))) — jdj dy, j 
in Hoe) 1 = cos[2km A 
cos[Kin Ax] = sal ad ad expl : ad 7 sin? [km Ax] = 1 — cos[2hkm Ax] 


2 2 


Then, the condition for stability is given as 


b ae 


i 
Thus from that above statement, we can present the following theorem. 


Theorem 1 The Crank-Nicholson scheme for solving the uncertain-fractional 
advection dispersion equation is stable providing that the following inequality is 
satisfied 

-. 2 

< —_ 

J ~ Ax 


t 


o/s 


138 A. Atangana and I. Koca 


7 Numerical Simulations 


In this section, we present the numerical simulations of the resulted model from the 
uncertain-fractional advection dispersion equation. In this simulation, we will choose 
the uncertain derivative orders to be u(x) = 2 + sin(x + 5), f(t) = 1+ cos(t + 4), 
we consider the dispersion coefficient to be 0.96, the retardation coefficient to be 2, 
and the advection coefficient to be 0.74. The numerical simulation will be done for 
different values of the fractional order derivative; we will also alter the uncertain 
functions to see the effectiveness of the input. The numerical results are depicted in 
Figs. 6, 7, and 8. 

In this simulation, we will choose the uncertain derivative orders to be u(x) = 
2+ 2sin(x + ay f(t) =2—cos(t + a): The numerical simulations are therefore 
depicted in Figs.9, 10, and 11. 

It is clear from above Figs.6, 7, 8, 9, 10, and 11 that both fractional derivative 
and uncertain derivative play major role in simulation or prediction. One of the 
big challenges faced by those researchers modeling the movement of plume via 
geological formation is perhaps the fingering effect, which is actually what we usually 
observe in real-world problem. Many research have been developed in trying to 
produce a mathematical equation that will best predict this physical occurrence; 
however, no sound equation was found suitable for this task. The fingering effect is a 
proof that the properties of the geological formation via which the plume is moving 
are not the same. In Figs. 6, 7, and 8, we used different uncertain functions for time 


Result of UFM 
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Futur movement of plume 


ta) 2 4 6 8 10 
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Fig. 6 Simulation of plume for alpha = 0.95 
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Fig. 8 Simulation of plume for alpha = 0.3 
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Fig. 10 Simulation of plume for alpha = 0.5 
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Result of UFM 
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Fig. 11 Simulation of plume for alpha = 0.3 


and space, and then, we observed a kind of fingering effect as the fractional order 
changes from 0.95 to 0.3. In Fig. 8, in particular we observed that there will be some 
places in the aquifer where there will be no pollution at all, this cannot be described 
via neither the advection dispersion model nor fractional advection dispersion model. 
In Figs.9, 10, and 11, we changed uncertain function and observed different kinds 
of fingering effects. 


8 Conclusion 


To have a good prediction of natural occurrence, two important aspects are required. 
The first is perhaps the observations and the second one is the interpretation of the 
observation as mathematical formula. The local derivative was first introduced to 
portray the rate of change; latter on this derivative faced many challenges to model 
real-world problems due to their complexity. The concept of derivative with frac- 
tional order was later introduced and used to enhance the field of modeling. However, 
these derivatives with fractional order faced lot of controversies, as their physical 
interpretations were not fully understood. Some researchers said their physical inter- 
pretation is the shadow on the wall. However, when looking at the shadow of an 
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object, it is sometime impossible to identify the real object; therefore, their inter- 
pretation was not correct. In many research papers in the literatures, it is claimed 
that the fractional derivatives portray the memory effect. Now our question was, can 
the fractional derivative allow the pollution to remember its path in the geological 
formation? Or when a given disease affects an individual can the fractional derivative 
be able to trace the history of the infection? The answer is no; therefore, a need of 
an operator able to do this job is at hand. In this chapter, we have using the concept 
of convolution provided a suitable interpretation of derivative with fractional order. 
We provided a derivative able to describe the effect of memory and used it to model 
the advection dispersion problems. We solved the new equation numerically. We 
presented the stability analysis of the used scheme and some numerical simulations. 
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Quadratic Reciprocity and Some 
‘‘Non-differentiable’’ Functions 


Kalyan Chakraborty and Azizul Hoque 


Abstract Riemann’s non-differentiable function and Gauss’s quadratic reciprocity 
law have attracted the attention of many researchers. In [28] (Proc Int Conf— 
Number Theory 1, 107-116, 2004), Murty and Pacelli gave an instructive proof 
of the quadratic reciprocity via the theta transformation formula and Gerver (Amer 
J Math 92, 33-55, 1970) [12] was the first to give a proof of differentiability/non- 
differentiability of Riemann’s function. The aim here is to survey some of the work 
done in these two directions and concentrates more onto a recent work of the first 
author along with Kanemitsu and Li (Res Number Theory 1, 14, 2015) [5]. In that 
work (Kanemitsu and Li, Res Number Theory 1, 14, 2015) [5], an integrated form of 
the theta function was utilised and the advantage of that is that while the theta func- 
tion ©(7) is a dweller in the upper half-plane, its integrated form F(z) is a dweller 
in the extended upper half-plane including the real line, thus making it possible to 
consider the behaviour under the increment of the real variable, where the integration 
is along the horizontal line. 


Keywords Quadratic reciprocity - Theta transformation - Non-differentiable func- 
tion 
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1 Introduction 


In the early part of the nineteenth century, many mathematicians believed that a 
continuous function has derivative in a reasonably large set. A.M. Ampére in his 
paper in 1806 tried to give a theoretical justification for this based of course on the 
knowledge at that time. In a presentation before the Berlin Academy on July 18, 
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1872, K. Weierstrass kind of shocked the mathematical community by proving this 
assertion to be false! He presented a function which was everywhere continuous but 
differentiable nowhere. We will talk about this function of Weierstrass in the later 
sections in some detail. This example was first published by du Bois-Reymond in 
1875. Weierstrass also mentioned Riemann, who apparently had used a similar con- 
struction (without proof though!) in his own lectures in 1861. However, it seems like 
neither Weierstrass nor Riemann was first to get such examples. The earliest known 
example is due to B. Bolzano, who in the year 1830 exhibited (published in the year 
1922 after being discovered a few years earlier) a continuous nowhere differentiable 
function. Around 1860, the Swiss mathematician, C. Cellérier, discovered such a 
function, but unfortunately it was not published then and could be published only in 
1890 after his death. To know more about the interesting history and details about 
such functions, the reader is referred to the excellent Master’s thesis of J. Thim [32]. 
Riemann, as mentioned in the earlier paragraph, opined that the function, 


(oe) 


eee) 
fo=> 5 = 


n=1 


is nowhere differentiable. K. Weierstrass (in 1872) tried to prove this assertion, but 
could not resolve it. He could construct another example of a continuous nowhere 
differentiable function 


CO 
PS cos(b" 7x) 


n=0 


where 0 < a < | and b is a positive integer such that 
ab >1+3/2r. 


G.H. Hardy [16] showed that Weierstrass function has no derivative at points of the 
form €7 with € is either irrational or rational of the form 2A/(4B + 1) or (2A + 
1)/(2B + 2). Much later in 1970, J. Gerver [12] disproved Riemann’s assertion by 
proving that his function is differentiable at points of the form €7, where € is of 
the form (2A + 1)/(2B + 1), with derivative —1/2. Arthur, a few years later in 
1972, used Poisson’s summation formula and properties of Gauss sums to deduce 
Gerver’s result and thus established a link between Riemann’s function and quadratic 
reciprocity (via Gauss sums). Interested reader can also look into two excellent 
expositions of Riemann’s function by E. Neuenschwander [29] and that of S.L. Segal 
[30] for further enhancement in knowledge regarding this problem. This problem was 
explored by many other authors and among them a few references could be [13, 14, 
16, 21, 23]. 

In an interesting work in [5], the authors observed that Riemann’s function f(x) 
is really an integrated form of the classical 0 function. Then, they make the link to 
quadratic reciprocity from an exposition of M.R. Murty and A. Pacelli [28], who 
(following Hecke) showed that the transformation law for the theta function can be 
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used to derive the law of quadratic reciprocity. The goal of [5] was to combine these 
two ideas and derive both the differentiability of f(x) at certain points and the law 
of quadratic reciprocity at one go. 

An identity of Davenport and Chowla arose our interest in Riemann’s function. 
The identity is 


(oe) 


oo. 2 
yuan = ye x (1) 


n 


n=1 n=1 


The notations are standard, i.e. 
An) = (OO 


with Q(7) denotes the total number of distinct prime factors of n. Also, 


1 & sin2nnx 
Vr) — ae 2m > 


n=1 


) 


is the saw-tooth Fourier series, i.e. itis the Fourier series expansion of the “‘saw-tooth” 
function: 
1/2(7—x), if O<x < 27; 
f(x) = . 
f(x +27), otherwise. 


We would like to spare some discussion for this identity. On the one hand in (1), 
there is the Liouville function, a prime number theoretic entity. On the other hand, 
one has Riemann’s example of an interesting function. The integrated identity can 
be derived from the functional equation only, but to differentiate it, one needs the 
estimate for the error term for the Liouville function. This is as deep as the prime 
number theorem and is known to be very difficult. 

The situation is similar to Ingham’s handling [20] of the prime number theorem. 
First, one applies the Abelian process (integration) and then Tauberian process (dif- 
ferencing) which needs more information. A huge advantage of this process in [5] 
is that while the theta function @(7) dwells in the upper half-plane, its integrated 
form F(z) is a dweller in the extended upper half-plane which includes the real line. 
This makes it possible to consider the behaviour under the increment of the real vari- 
able, where the integration is along the horizontal line. The elliptic theta function 
#(s) = ©(-iT) is a dweller in the right half-plane {o > 0}, where the integration 
is along the vertical line. In terms of Lambert series, an idea of Wintner deals with 
limiting the behaviour of the Lambert series on the circle of convergence, i.e. radial 
integration. Here, it corresponds to integration along an arc. 

One can think of it as two apparently disjoint aspects merging on the real line as 
limiting behaviours of zeta and that of theta functions. In [5], the main observation 
was that the right-hand side may be viewed as the imaginary part of the integrated 
theta series. It seems that the uniform convergence of the left-hand side and the 
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differentiability of the right-hand side merge as the limiting behaviour of a sort of 
modular function and that of the Riemann zeta function. 


2 Weierstrass’s Non-differentiable Function 


We begin with the following function which is due to Weierstrass: 


f@wm= pa cos b" rx. 


In 1875, Weierstrass proved that f(x) has no differential coefficient for any value of 
x with restrictions that b is an odd integer, 


0O<a<1l (2) 


and 3 
ab>1+ am (3) 


This result has been generalised by many mathematicians (for details, see [6, 10, 25, 
26, 35]) by considering functions of more general forms 


C(x) = bs Gn COS by xX (4) 


and 


S(x) = » dy, Sin b,x (5) 


where a, and b, are positive, the series >‘ a, is convergent, and the sequence {b,} 
increases steadily with more than a certain rapidity. In 1916, G.H. Hardy with a new 
idea developed a powerful method to discuss the differentiability of Weierstrass’s 
function. This method is easy to apply to find very general conditions for the non- 
differentiability of the type of series (4) and (5). The known results concerning the 
series (4) are, so far we are aware, as follows: K. Weierstrass gave the condition (3) 
and only improvement to this is 


ab > 1+ 3x(1~a). (6) 


This was due to T.J. Bromwich [2]. The conditions (3) and (6) debar the existence of a 
finite (or infinite) differential coefficient. For the non-existence of a finite differential 
coefficient, there are alternative conditions which were independently given by U. 
Dini, M. Lerch, and T.J. Bromwich. The conditions given by U. Dini are 


ab>1, ab? >1+43n? (7) 
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and that are given by M. Lerch: 
ab>1, ab?>147’. (8) 


Finally, T.J. Bromwich provided the following conditions for the same 
2 3 5 
ab > 1, ab’ > L+ 97 (1 —a). (9) 


All these conditions though supposed that b is an odd integer. However, U. Dini [7] 
showed that if the condition (3) is replaced by 
3 l-a 


feito 10 
ade a aR my 


or the condition (7) by 


l-a 


b>1, b? > 14+ 151 
ab> abo > 1+ © 5 Ola 


(11) 


then the restriction “odd” on b may be removed. It is naturally in built in the condition 
(10) that a < 4 and in the condition (11) thata < 3. 

The conditions (6)—(1 1) look superficial though. It is hard to find any corroboration 
between these conditions as to why they really correspond to any essential feature 
of the problems arise in discussion of Weierstrass function. They appear merely as a 
consequence of the limitations of the methods that were employed. There is in fact 
only one condition which suggests itself naturally and seems truly relevant to the 
situation at hand, namely: 

ab > 1. 


The main results that were proved by G.H. Hardy [16] concerning Weierstrass func- 
tion and the corresponding function defined by a series of sines and cosines are 
summarised below. It is interesting to note that b has no more restriction to be an 
integer in the next two results. 


Theorem 2.1 (Hardy) The functions 
C(x) = doa" cos b" 7x, S(x) = Se sin b" rx, 


(withO <a <1, b> 1) have no finite differential coefficient at any point whenever 
ab> 1. 


Remark 2.1 The above Theorem 2.1 is not true if the word “finite” 1s omitted. 
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Theorem 2.2 (Hardy) Let ab > 1 and so € = eee < 1. Then, each of the func- 
tions in the previous theorem satisfies 


fe +h) — f(x) = o(|al), 
for each value of x. Neither of them satisfy 

fe th) — f@) =o(lal’), 
for any x. 


Hardy proved these theorems in two steps. In the first step, he considered b an 
integer, and then in the second step, he extended his proof for general case. In the 
next two subsections, we give the outline of the proof of these theorems. 


2.1 bIs an Integer 


Let us substitute 9 = 7x and then the function of Weierstrass becomes a Fourier 
series in 8. Following which he defines a harmonic function G(r, #) by the real part 


of the power series: 
> Anz" = >: a,rre?. 


This series is convergent whenr < 1. One further supposes that G(r, @) is continuous 
for r < 1, and that 
G(, #) = 9). 


Let us first recall some results concerning the function G(r, #) under the above 
assumptions. We also use the familiar Landau symbol: 

f(n) = o(g(7)) which means that for all c > 0 there exists some k > 0 such that 
0 < f(n) < cg(n) for all n > k. The value of k must not depend on n, but may 
depend on c. The first lemma can be proved by considering 09 = 0. 


Lemma 2.1 Let 
g(P) — gO) = o(|8 — Al) 


where 0 < a < land 0 — @. Then 


6G(r, ) _ 
500 


o(1 —r)o-% 


whenever r — 1. 


The next lemma is a well-known result, and interested reader can find a proof of 
it in [11]. 
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Lemma 2.2 Suppose g(0) has a finite differential coefficient g' (00) for 9 = 00. Then 
6G : 

— ] 

i! (9) 

with r —> 1. 


The next result is a special case of a general theorem proved by J.E. Littlewood 
and G.H. Hardy in [17]. 


Lemma 2.3 Let f(y) be a real or complex valued function of the real variable y, 
possessing a p'" differential coefficient f(y) which is continuous in (0, yo]. Let 
A > 0 and that 


f(y) =o) 


whenever \ > 0 and 
f(y) =A+o(1) 


whenever X = 0. Also, in either cases that 
i Osoy =), 


Then 
fOM=0yt” 


for0 <q <p. 
Now by setting e~” = u, f(y) = >) a,u" and then applying 
ay tay +--+ +a, = 5, =14+b9 +b" +4.-.-4 5% 


for b” <n < b’*!, one can easily get: 


Lemma 2.4 Let us suppose p > 0 and that f(y) = > b"’e~”"’. Then 
f(y) = Oy) 
asy > 0. 


The next result is also not difficult to prove. 


Lemma 2.5 Let 
sin b"7x > 0 


asn — 0. Then, x = & for some integers p and q. 
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Remark 2.2 It is clear from the above lemma that sinb"7x = 0 forn > q. 


To state the next lemma, one needs the following notations which were introduced 
by G.H. Hardy and J.E. Littlewood in [18]. The notation f = © (¢@) basically signifies 
the negation of f = o0(@), that is, to say as asserting the existence of a constant K 
such that | f| > K @ for some special sequence of values whose limit is that to which 
the variable is supposed to tend. The sequence that one can use to prove the following 


lemma is the values of y, that is, y = oa form = 1,2,3,... 


Lemma 2.6 Suppose that 


f(y) = >be” sin b" rx, 


where y > 0, and that 


7) 
X # pa 
for any integral values of p and q. Then 
f(y) = Q(y") 


for all sufficiently large values of p. 


We are now in a position to give outline of the proofs of Theorems 2.1 and 2.2. 
We give the proof for cosine series and then we provide the outline of the same for 
the sine series. We begin the proof with the following conditions: 


ab>1 (12) 
and p 
x re (13) 


Let us suppose 


f@= ba cos b" rx = a cos b"@ = g(A) 


satisfy the condition 


f(x +h) — f(x) = o(|hi). 


That is, 
gO +h) — f (0) = o(\hls) (14) 


with 
log(1/a) 
SS 
b 


é i: 
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Then if 
G(r, 0) = Dy anr’’ cos b"6 = > ane’ cos b" rx, 


we have (using Lemma 2.1), 


}6 . 
F(y) = | _ Daye? *sinb" 1x 
- » bU-9" eo )"Y sinb" rx 


o(ys!) 


whenr > 1, y> 0. 
Again using Lemma 2.4, one has, 


F®)(y) = (-1)?t! Saber! o>" gin b' ax 


= (> a) 


= OP) 
for all positive values of p. It follows from Lemma 2.3 that 
FO) = 0") 


for 0 < q < p,and thus for all positive values of g. But this contradicts the assertion 
of Lemma 2.6, if g is sufficiently large. Hence, the conditions (14) cannot be satisfied. 
The case in which 

ab=1, €=1, 


may be treated in the same manner. The only difference is that one should use 
Lemma 2.2 instead of Lemma 2.1, and that the final conclusion is that: 
f(x) cannot possess a finite differential coefficient for any value of x which is not 
of the form #. 

This approach though fails in the case when x = Z. These values of x need to be 
treated differently. In this case, 


cos{b" x(x + h)} = cos(b" 4! px + b"rh) = +cosb" rh 
forn > q. One takes negative sign if both b and p are odd, and positive sign otherwise. 


Therefore, the properties of the function in the neighbourhood of such a value of x 
are the same, for the present purpose, as those of the function 


f(h) = >\a" cosb"th 
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when h — 0. Thus 


f(h) — f(0) = -2>° a" sin? sinh 


=-2> (fit fr. 
Here, 
- 1 — 1 
= La sin? 5o"ah and f, = Di asin? sb" ah. 
0 v+l1 
We now choose v in such a way that 
bY|h| < bY" hl. (15) 


Then 


b v+l 
fith>f> > e'erny = ce 


> Kh? (ab’?)’ > Ka” > Kb-*” > K\h|é 
where the Ks are constants. Therefore, 


f(A)) — fO) # o({Als). 


This completes the proof when ab > 1, € < 1. In this case, the graph of f(h) has a 
cusp (pointing upward) for = 0, and that of Weierstrass’s function has a cusp for 
= E- On the other hand, if ab = 1, € = 1, then it is proved that 


f(h) — FO) 


lim »+0+ h 


< 0, 


and 
fh) — fO) 


h > 0, 


lim, _,9_ 
so that f(h) has certainly no aps differential coefficient for h = 0, nor the Weier- 
strass’s function has for x = ae? This completes the proof of Theorems 2.1 and 2.2 
in so far as they relate to the cosine series and are of a negative character. Only part 
remains is to show that, when € < 1, Weierstrass’s function satisfies the condition 


f(x +h) — f(x) = O(hlS) 
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for all values of x. One starts with the left-hand side: 
. _ ol 
fath)— f(x) =-2 > a” sin{b"r(x + h)} sin =b"rh 
2 
1 
=O "| sin —b" th }. 
( > a”| sin 5 1 ) 


Again choose v as in (15) and then we have 


fe th) — f@)= o(s Dae" + >«') 
0 v+1 
= O(a"b"|h| +a”) 
= O(a”) 
= O(\hI*). 


Hence, the condition is satisfied, and in fact, it holds uniformly in x. It is observed 
that the above argument fails when ab = 1, € = 1. In this case though one can only 
say that 


f(x +h) — f(x) = OW|AlI +a”) = O( ini tog a): 


It is also observed that the argument of this paragraph applies to the cosine series as 
well as to the sine series. This is indeed independent of the restriction that b is an 
integer. 

The proof of Theorems 2.1 and 2.2 is now complete so far as the cosine series 
is concerned. The corresponding proof for the sine series differs only in detail. The 
subsidiary results required are the same except that Lemma 2.5 is being replaced by 
the following one. 


Lemma 2.7 /f 
cos b" 7x > 0, 


then b must be odd and 


so that cos b"1x = 0 from a particular value of n onward. Also, the corresponding 
changes must be made in Lemma 2.6. 


If the value of x is not exceptional (i.e. one of those as is specified in Lemma 
2.7), one can repeat the arguments that were used in the case when (12) and (13) 
hold. Thus, it is only necessary to discuss the exceptional values, which can exist 
only when b is odd. In this case, we have, 
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2 Don 
sin{b" (x + h)} = sin | b"~4 pr + al In + b" th 
‘ 1 n— n 
= +sin 3? In +tb"rth), 


for n > q, the sign has to be fixed as in the case when x = a The last function is 


numerically equal to cos b" zh. It always has the same sign as cos b" 7h, or always 
the opposite sign, if b = 4k + 1. While whenever b is of the form 4k + 3, the corre- 
sponding signs agree and differ alternatively. Therefore we are reduced this case to 
discuss the function 


fih) = dia" cos b" th 
near h = 0, or to discuss the function 
f(h) = >\(—a)" cos b" rh. 


The need is to show that 


fh) — FO) 4 o(lals) 


if € < 1, and that f(h) has no finite differential coefficient for h = 0, if € = 1. 
To do this, let us consider the special sequence of values 


Then, we have 


v-1 


f(h) — 0) = -2 dea in? sbi 


a 1\" T 
= (-1)’2a""! >». (-2) sin? —, 
7 a b 


Now 
Vv 


> (-2) se Zo (-2) si Z = 5 an 
= sh. ==> == sn — = say). 
a b" i a br = 


1 


Now as S is the sum of an alternating series of decreasing terms, it is positive. Again, 


we have 
€ Ly 
Y=b”=[—-h). 
(3) 


| f(A) — f (0) > chF, 


Thus 
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for some constant c and is alternately positive and negative. This completes the proof 
of Theorems 2.1 and 2.2. 

Now the time is to come back to Remark 2.1, that is, the question remains whether 
an equally comprehensive result holds for infinite differential coefficients. The result 
that includes the Remark 2.1 shows that the answer to this question is negative. 


Theorem 2.3 If 
ab>1 and a(b+a) <2 


then the sine series has the differential coefficient +00 for x = 0. Ifb = 4k + 1 and 
5 5, then the same is true of the cosine series. 


It is enough to prove the first statement. The second one then follows by the 
transformation x = 5 + y. 
We have, 


i) FQ) _ ~ oa" sin b' rh 


v-1 


— je sin b" 7th + — aaa sin b” th 


fi ‘ fo (say). 


Here, v has to be chosen so that 
v-1 1 Vv 
be "|h| < 5 <b’ |h|. (16) 


We first suppose that ab > 1 and then, 


7 a —* —1 
i> > by" = 2— (17) 
and 
1< 4 a’ 
| fol < in 24 = G—a)ihl’ (18) 


Now it is clear that 
a(b+ 1) <2, l-—a>ab-\1 


and thus 


uaa re (19) 
ab—1 


where 6 > 0. Without loss of generality, one can assume h is so small (or v is so 
large) so that 
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(ab)”—-1 246 
> 


s 20 
(ab)” 2(1 + 6) — 
Then, from (16)—(20), it follows that 
| fa (ab)” (ab — 1) 1 
< - < 7 : 
fi {(@b"-Yd-a@) 14+35+4+6 
Thus 
fit fo > ci fi or c2(ab)’, 
for some constants c;,i = 1, 2. Thus, we have 
h) — 
BOSD) 533 eis 


ash > 0. 
Next, if ab = 1, then | f2| < k, a constant, and that 


fi > 2v > +00. 


Hence, (21) remains true in this case too. 
A number a(b) exists when b is given, and it is simply the least number such that 
the condition 
ab > a(b). 


This debars the existence of a differential coefficient whether finite or infinite. At 
present, all that one can say about a(b)is that 


Pcie 
sar a 
ee at 


Nlw 


NIwW 


2.2 bIs Not an Integer 


One needs to discuss everything those are stated in previous subsection with b is 
no more an integer and thus the series are no longer Fourier series, and one can no 
longer have the luxury to employ Poisson’s integral associated with G(r, 0). 

The job is naturally to construct a new formula to replace the Poisson’s one. 
Once it is has been achieved, further modifications of the argument are needed. This 
is because of the lack of any simple result corresponding to Lemmas 2.5 and 2.7, 
and the difficulty of determining precisely the exceptional values of x for which 
sin b"rx — 0 or cosb"1rx — 0. The beauty of the argument is that, however, it 
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will be found that no fundamental change in the method is necessary. Also that the 
additional analysis required is not complicated. 
Let b is any number greater than 1. Also 


s=o-t+it, 


(usual in the theory of Dirichlet series), and that 


(oe) 


fs) = >late =Go,t) +iH@,t), (= 90) 
1 


with the condition that 
G(0, t) = g(t). 
Then, one can show that: 


Lemma 2.8 Leto > 0. Then 


Genes ~ | og(u) 


0 Ott — 


First, let us setab > 1. In this case, one uses the following ones instead of Lemma 
ZA: 


Lemma 2.9 /f 
g(t) — g(to) = o(|t — to|*), 


where 0 < a < 1, whent — to. Then 


6G 
(oc, 1) = o(a°!), 
Oto 
whenever o — O. 
Lemma 2.10 
dG(o, to) aj 
——— =o(0" ') 
Yor 


under the same conditions as in the previous Lemma. 


The proofs of these lemmas are very similar, and the first is similar to that of 
Lemma 2.1. One can consult [16] for detail of the proofs. 
We now discuss the exceptional values of t. Suppose that 


g(t +h) — g(t) = o({hl§). 


Then, by Lemmas 2.9 and 2.10, we have 
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6G 7 
eo >D@by"e* ? sin b"t = o(05!) 
and ve 
oan Vayre"’ cos b"t = o(a5"!). 
(on 


Therefore, we have 
FO) = Diaayre MOH = of), 


One can now obtain a contradiction by employing the same argument as used earlier 
when we consider (12) and (13). Itis only necessary to observe that Lemma 2.3 holds 
for complex as well as for real functions of a real variable. Also instead of Lemma 
2.7, one has to use the following proposition. 


Proposition 2.1 /f 


f(y = Dypre "eH, (a > 0), 


then 
f(y) = Qa") 
for all sufficiently large values of p. 


There is no longer any question of exceptional values of t as |e~?"""| = 1. 
Next, we treat when ab = 1. In this case instead of Lemma 2.9, one uses the 
following result (which corresponds to Lemma 2.2). 


Lemma 2.11 Let g(t) possesses a finite differential coefficient g' (to) for t = to. Then 


dG(a, to) ” 


va g (to) 


when o — 0. 


The proof of this lemma is no more difficult. One needs to keep in mind though 


that it is not necessarily true that 
dG(a, to) 


dto 


tends to a limit. Thus, it is necessary to follow a slightly different argument from that 
of when we treated the exceptional values of fr. 


Lemma 2.12 Under the same conditions as those of Lemma 2.11, we have 


5°G(o, to) ( 1 ) 
=0O0 ‘é 
ote o 
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Suppose that g(r) has a finite differential coefficient g/(t), and write 
0G be 
o)=—=-—) e’’sinbd"t. 
foe p=-> 
Then, by Lemma 2.11, we have 


f(a) = 9) + 0) 


when o — 0. But by Lemma 2.4, we have, 


: 1 
f'@Q=- >) Pe snrr=o (<=) 
oO 


Therefore, by Lemma 2.3, 


a 1 
! = bp” —b"o .; b"t = aan Ie 22 
f@) > e sin O (<) (22) 
On the other hand, by Lemma 2.12, we have 
&°G bs pb” —b"o b"t 1 (23) 
—=- cos =o|{—). 
ot? e a 


Now from (22) and (23), it follows that 


dea biny 1 
F(a) = Pe (+i) _ og (<) : 


Also, by Lemma 2.4, we have 


F(a) = (=1)7 as a a =o (=) , 


opti 


for all values of p. Thus, it follows that the O can be replaced by o, and this leads to 
a contradiction as before. 
Finally, the following remark completes the proof. 


Remark 2.3 The above argument has been stated in terms of Weierstrass’s cosine 
series. The same arguments apply to the sine series, as there are now no “exceptional 
values”. It was only the existence of such values which differentiated the two cases in 
second subsection. The positive statement in Theorem 2.2 has already been proved, 
applying to all values of b. 
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3 Some More Non-differentiable Functions 


In this section, we discuss some more non-differentiable functions which are available 
in [16]. 


3.1 A Function Which Doesn't Satisfy a Lipschitz Condition 
of Any Order 


It is interesting to give an example of an absolutely convergent Fourier series whose 
sum does not satisfy any condition of the following type: 


fa+h)—f@)= Oh), (a>) 


for any value of x. An interesting example of such a function is 


oe > esaiie 


It is in fact easy to prove, by the methods used in the previous section, that 


1 2 
fa +h) — f@) +o) 
| log |A]| 


However, a somewhat less simpler example may be found by simply combining 
remarks made by G. Faber and G. Landsberg. In [10], G. Faber defined 


F(x) = >| 1042"), (24) 


where 
x, or0 <x < 1/2; 
o(x) = : é 
l-—x, forl/2<x<l. 


He showed that 


1 


On the other hand, G. Landsberg [25] used the expansion of a function, which is in 
a Fourier series equivalent to ¢(x). In fact, 


1 2 cos 2vTx 
$@)=7-GD—a w= 1,3,5,---). 
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If we substitute this expansion in (24), we obtain an expansion of F(x) as an 
absolutely convergent Fourier series, and thus is an example of the kind we are 
looking for. 


3.2 A Theorem of S. Bernstein 


It is natural to suggest the following theorem of S. Bernstein [1] in this connection. 
This can be proved similarly as is being done in the previous section. 


Theorem 3.1 Jf f(x) satisfies a Lipschitz condition of order a (> 2) in (0, 1), ie. 
if 
|f(x +h) — f(x)| < KAI, 


where K is an absolute constant. Then, the Fourier series of f(x) is absolutely 
convergent. Also, 5 is the least number which has this property. 


Proof We assume that 27x = @ and that 


1 . 
f(x) = 9) = 540 + SG cosn@ + b, sinné). 


Also, let 
Gr, #) +> or" 0 +b, sinn6) if <1 
r, =r7a r (ad, cosn nsinnd) if < I, 
>) 0 


and 
GC, @) = g(). 


Then, G(r, 8) is continuous for 
O0<r<1,0<0@<02r. 


It follows from a simple modification (i.e. O in place of 0) of Lemma 2.1, that 


6G 


ie SJ ar" (@, sin nd — by, cosnd) = O{(1 = r)°~1}, 


uniformly in @. Squaring, and integrating from 6 = 0 to 6 = 27, one can obtain 
dr (laa? + loa?) = OU — rye". 


Hence, by putting r = 1 — (1/v), one can obtain 


Vv 


>) 1 (lanl? + |bal?) = O79), 
1 
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and so, by Schwarz’s inequality, 


Vy 


SY n(lan| + [onl) = OW). 


1 


Thus, it is easy to deduce that the series 


>) 07 (anl + lanl) 
1 


is convergent if 9 <a— 5. 


This establishes the first part of Bernstein’s Theorem (indeed more!). The second 
part is shown by the following example: 


g(9) = bt a cos(n“ + n6), 
where 0 < a < 1, 0 < b < 1. In this case, G(r, 8) is the real part of 
F(z) = F(re’®) = Sante s 
This function is continuous (see [15]) for |z| > 1 if 


1 
= b> 1; 
2 
and it is not difficult to go further, and to show that g(@) satisfies a Lipschitz condition 
of order sa +b-1. 
Now let a be any number less than 5. Then, one can choose numbers a and bp, 
each less than | in such a way that 


1 
pee Le Os 


Then, the function g(@) satisfies a Lipschitz condition of order greater than a, but its 
Fourier series is not absolutely convergent. 


4 Riemann’s Non-differentiable Function Revisited 


Riemann is reported to have stated [8, 16], but never proved, that the continuous 


function, 
CO 


- 2 
f(x) = > = Xx 


n=1 
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is nowhere differentiable. In 1872, K. Weierstrass [34] tried to prove this assertion 
but could not and instead constructed his own example of a continuous nowhere 
differentiable function which is a” cos b"zx along with the conditions (2) and (3). 
J.P. Kahane [23] renewed the interest in this classical problem in connection with 
lacunary series, and refers to K. Weierstrass [34]. 

Riemann’s assertion was partially confirmed by G.H. Hardy [16], who proved that 
the above function f(x) has no finite derivative at any point €7, where € is 


(i) irrational; 
(ii) rational of the form z yaal e 
_2A+1_ 


(2B+1)* 


where A and B are integers; 
(iii) rational of the form 3557 


We provide an outline of Hardy’s method in this case. Suppose that Riemann’s 
function is differentiable for certain values of x, then by Lemma 2.2, 


wf 
> r” cosn’nrx = A+o0(1), 
where A is a constant, as r > 1. However, 


a cosn2rx = Q{(1—r)73} 


if x is irrational, and 


a cosn2rx = Q{(1—r)73} 


if x is a rational of the form A+ or 


7 i A. Therefore, Riemann’s function is certainly 
not differentiable for any irrational (and some rational) values of x. It is easy, by 
using Lemma 2.1, instead of Lemma 2.2, to show that Riemann’s function cannot 


satisfy the condition 


f(x +h) — f(x) = o({hl?) 


for any irrational values of x. In this context, Hardy [16] proved the following 
theorem: 
Theorem 4.1 None of the functions 
cos n7 7x 
Sea (x) = > = 


n& 


and 


sin n21x 
tse (x) _ > a 
n 


IS dean S95 ‘ i ‘ 
where a < 3, is differentiable for any irrational value of x. 


Proof Suppose that f;. is differentiable, and consequently, Lemma 2.12 would 
imply, 
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> n2-°r” cosn2ax = A+ o(I), 


or 
fM= ee me cosn’ax = A+o(1). 


But 


f(y) = (-1)? ke iad cos n? 1x 
=0(> #2?) = 0972), 


Hence, by the theorem of Hardy and Littlewood [18], we have 
ols ee (y Fett) 
Here, 0 < g < p, and in particular 
PQ) =0(y ets), (25) 
Again, it is easy to prove that 
f'Q) = — dint e™ cos 2nx = Q(y~#*4), (26) 


From (25) and (26), it follows that 


But this is not possible if a < 3 and p is sufficiently large. It is clear that the series 
fe.g and fs 3 withO < GB < 5 are not Fourier’s series. For if the first one is a Fourier’s 
series, then the sum of the integrated series f,..;, would be a function of limited 
total fluctuation, and would therefore be differentiable almost everywhere. 

It is easy to prove directly that the function f; 1, where 2 < a < 3, has the differ- 
ential coefficient +-oo for x = 0. A similar direct method could no doubt be applied 
to an everywhere dense set of rational values of x. 


In 1970, J. Gerver [12] proved that Riemann’s assertion is false, by proving the 
following result. 


Theorem 4.2 The derivative of the following function 
[oe 


+ 2 
fa) = S “nn x 


n=1 


(2A+1)r 
2B+1 ’ 


exists and is equal to —4 at any point where A and B are integers. 
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In the same paper, J. Gerver [12] extended G.H. Hardy’s results [16] by proving 
the following: 


Theorem 4.3 The derivative of the Riemann functions does not exist at any point 
(2A+1)r 


ay» Where N is an integer > | and A is any integer. 

One can consult [12] for detailed proof of Theorems 4.2 and 4.3. 

In 1971, J. Gerver further proved some results concerning the non-differentiability 
of Riemann’s function. More precisely, he proved the following: 
Theorem 4.4 The function 


[oe] : 2 
f(x) = > = Xx 


n=1 


is not differentiable at any point , where A and B are integers. 


ioe oF or 

This result together with Hardy’s result [16] that the function is not differentiable 
at any irrational multiple of 7, completely solves the problem of differentiability. 

In 1972, A. Smith [31] extended the above results to the remaining cases. He 
also discussed the existence of finite left-hand and right-hand derivatives at certain 
rationals, and proved that these derivatives exist at all rationals if the values ++oo 
were allowed. He gave completely elementary and fairly short proof of all the above 
assertions. J. Gerver’s proof was extremely long, and G.H. Hardy obtained his results 
indirectly. A. Smith worked with the following function 


= sinn?ax 
g(x) re at 
so that one can verify that g’(x) exists and is zero whenever x is of the form sat 
for some integers A and B. 
The following lemmas are required to obtain expansions for g(x) about a ratio- 
nal point x, which using properties of Gaussian sums reveal the properties of the 
derivatives. 


Lemma 4.1 Let ¢ be a continuous function in L\(—oo, 00). Suppose that the series 
for Q(a) (defined below) converges uniformly in every finite a interval, for each 
fixed h > 0. Let 


boy = fe? ocads 


(oe) 


and assume that lyi4140)| is bounded for some fixed 3 > 1. Then, for any real 
constant a, as h + 0+, 


Q(a) = YS) ho(nk + ha) = 60) + O(n’). 


k=—0o 
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Proof The conditions on ¢ allow one to apply the Poisson summation formula to 


> ho(hk + ha) 


k=—0o 


to obtain 
lee) 


— _ Qnika 7 k 
» ho(hk + ha) = > e (=) 


k=—00 k=—0o 


provided this series converges absolutely. The condition on db gives, fork 4 0, 


a afk h? 
2rika 
° (7) Ce, 
which shows that the above sum, leaving out the k = 0 term, converges absolutely 
and is O(h”). Thus 


(oe) 


ys eteg(=) = 4(0) + O(n"). 


k=—0o 


Lemma 4.2 Let 


on = | x #0, 
il x 


; = 0, 
l—cos 7x : x A 0, 
o2(x) = (, 0 
Then, Lemma 4.1 with 3 = 2 applies to the functions w(x) = W(x”), i = 1, 2, and 
[oe] 
SD hb(hk + ha) = 2'? + OW), i =1,2. 
k=—0o 


The following lemma is straightforward. 


Lemma 4.3 Assume that x = ~ and that (r,s) = 1. Let us define 


s—1 s—l s—l 
G(x) = Ye = C(x) + iS(x) = >> cos nt?x +i », sin mt7x; 
1=0 1=0 *=0 
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then 
(a) when r = 0 (mod 2), 


Ce Gs" = I, s=1 (mod 4), 
i(z.)s /2? —j, §=3 (mod 4); 


(b) when s = 0 (mod 2), 


(£)/$ —i), r=3 (mod 4); 


G(x) = fees +i), r=1 (mod 4), 


where G denotes the Jacobi symbol; 
(c) when rs = 0 (mod 2), 
IG(x)| = 51”. 
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We are now in a position to discuss the derivative of g(x) at rational and at some 


other points. 


4.1 The Derivative at Rational Points 
We begin with the following assumptions: 
r 
x=-,(r, s)=1, rs=0 (mod 2). 
S 


We have 


[o.@) . 2: 
g(x +h?) + gx —h?) = 2x + 4° — cos mn7h? 


n=1 


= 2g(x) — 2h? © sin rn? xy2(ph). 


n=—COo 


Let us writen = ks +f with O <t < s — 1. Note that sina(ks + t)?x = sinat?x, 


since rs = 0 (mod 2). Then 


s—l © 


g(x +h?) + glx —h?) = 2g(x) — 2h? DS” > sin wt? xya(khs + he) 


t=0 k=—oo 


s—l 


h 
Sa) =o- >i sin mt?x{2!/? + O(h?)} 
S 


t=0 
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3/2 h 3 
= 2g(x) — PPS(x)— + O(H"). 


Note that Lemma 4.2 is used in the penultimate line. 
Similarly, we have 


g(x +h?) — g(x —h’) = BC)" + O(h*). 
AY 


Adding and subtracting these two equations, we obtain 


2 1/2 = h 3 
gre =e (27) 
We now assume that rs = 1 (mod 2). One can easily verify the relation 
1 
9%) = 1+ 59@x) —g@ +) 


which is then used in (27) to deduce that 


g(x £7) = g(x) — 2'{8(4x) — S(x + 1) FIC (4x) -— C+ ny" + O(n). 
(28) 


The properties of Jacobi symbols provide 


ar\ far+2s\  (4(r4+s)/2\  (+s)/2 

sj} s 7 5 7 s : 
since 4 is the square of the prime 2 and s = 1 (mod 2). This immediately simplifies 
(28) to 


g(x +h?) = g(x) + O(h°). 


Thus, whenr = s = 1 (mod 2), wesee that g’ (x) exists and is 0, since the right-hand 
derivative 
eee aia g(x +h?) — g(x) 
a h?->00 h2 


and the left-hand derivative 


Gy = tie g(x) — g(x — h’) 
g- h?->0o h2 
both exist and are 0. In this case, it follows that the symmetric derivative 


g(x +h?) — g(x — h’) 
2h2 


go(x) = lim 
h?->00 
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also exists and is 0. Whenrs = 0 (mod 2), the relation (27) shows that g'(x) is finite 
if and only if G(x) = 0. However, by Lemma 4.3, G(x) is not 0. Hence, g'(x) is not 
finite when rs even. One can easily verify that g, (x) when r = 1 (mod 4), g/ (x) 
when r = 3 (mod 4), and go(x) when s = 3 (mod 4) are all 0, but in other cases, 
these derivatives are infinite. 


4.2 Derivatives at Other Points 


At negative rationals, the results of the preceding section carry over, since g is an 
odd function. 

We now assume that x is irrational, which without loss generality we take to be 
positive. Let {g;,} be a strictly increasing sequence of positive integers, and let p,; 
be the least integer such that x, = es > x. Then, x, —x < ian and x, — x as 
k — oo. From (27) and condition (a) of Lemma 4.3, we have 


x)— g(x 1 =e 
ae sia =| da + Don -| + O((x: — x)"). 
X — Xz 2 
Therefore, 
lim inf aes Si, 
k->oo X — Xz 


_ 1 — 2petl 
Let yy = xg + Go = ag Then, yy — x as k — oo and 


i gx) = 9K) 
im —— = 


k->0o xX — Vk 


0. 


From these two equations, we obtain Hardy’s result that g does not have a finite or 
infinite derivative at the irrational point x. 
In 1981, S. Itatsu [21] gave a short proof of the differentiability as well as a finer 


estimate of the function 
2 


faye s = x 


n=1 


at points of rational multiple of 7. Namely, he proved the following result. 


Theorem 4.5 The function 


CO in? x 


e 
ae Ze in?r 


n=1 


. ' _@ ‘ sae a : 
have the following behaviour near x = ” where p is a positive integer and q is an 


integer such that ; is an irreducible fraction, 
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ir h 
F(a +h) — FQ) = Rp, gp Pe" "hl! sgn h — = + O(\al'”) 


ash — Owhere sgnh = a ifh £0, sgnh = 0ifh =0, and R(p, q) is a constant 
defined by 
Qe, if p is odd and q even, 
R(p,qg) = ae if p is even and q odd, 
0, if p and q are odd, 


with the Jacobi’s symbol (*). 


5 Quadratic Reciprocity and Riemann’s Function 


Here, we discuss the recent work of Chakraborty et al. [5] who gave a combined 
proof of both, that is, the quadratic reciprocity law and the differentiability/non- 
differentiability of Riemann’s function. 

Let p be a natural number and 3 = h + ie € 7 tending to 0. We denote the upper 
half-plane by #1. Also, let for z € HUR, 


a ' oo emin’z 1 oo emin’z 
min 2 nin 
n=—0O 


n=1 = 
n#0 


Let us denote by S(b, a) the quadratic Gauss sum defined by 
b-1 
S(b,a)= >i eis 
j=0 
for a natural number b. One extends the definition for nonzero integral values b by, 
S(b, a) = S(\b|, sgn(b)a). 


We note that $(|b|, —a) = S(|b|, a) and S(ka, kb) = S(a, b). 
We begin with the following result: 


Theorem 5.1 For any integers p > 0, q, we have 


2 2 ~ni/4 1 
F (45) F( 4 + ie) =s(p.)" J3-<h+0G2) (29) 
P p Pp 2 


where for a nonzero integer p, the coefficient is to be understood as S(|p|, sgn(p)q). 
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Proof Let b be an arbitrary real number. One can obtain by using Euler—Maclaurin 
summation formula as in Lemma 4 in [28] (the resulting integral can be evaluated as 
in [24] (pp. 20-22)): 


CO 
‘ 2 , 
Sy otto = Wem +06) (30) 


n=—COo 


where the branch of ,/3 is chosen so that it is positive for 3 > 0. 

We integrate this along the line segment parallel to the real axis, say over [3’, 3] 
with 3 — 3’ = h. Now after separating the case (b,n) = (0, 0), the integrated form 
of (30) becomes, 


e(btpny i3 oO e(bt pny i(h'+ie) 
ne > ae 
Ee i(b + pn)? + pny none  L(b+ pn) 
(n,b)A(0,0) (n,b)#(0,0) 
2/1 s 
= AE eat 5 + 0(3°). (31) 


This can be rewritten as 


2/7 


T (3) — Te) = ne —h(1 + 0(1)) + 0G). (32) 
Here m , 
e(b+pn)i3 
TG) =TG,b) = ——_.,. 
2. Shape 
(n,b)4(0,0) 


Then, by the decomposition into residue classes, 


(= ) ee aa, 
F(—+3 : 
P 


I 
N 

| 

iM 
= 
7 


n40 
pol min?3 
_ 2nib* ‘ é 
= Da, 2 ae 
n=b_ (mod q) 
(n,b)A(0,0) 
l p-1 
= : py ae “r(n3, b). 
b=0 


Now using (32), 
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p-1 


F (+ )=5 22 2nib? ¢ i om —/4 [a3 wht T (ie, ») + 0(37) 


= = 5350p, (= - el +e Ft tre b) + 0G”) 


>> 


= sir.) (e —mi/4 fe sh) + (= +ie) +00. 


In (31), the variable can be a +3 and 7 + 3/, and then instead of h, we would 
have 3 — 3/. This will be used in deriving (Theorem 5.3). 

The relation (29) in this form is essentially Theorem | of S. Itatsu [21], and 
from here, non-differentiability of Riemann’s function can be deduced. Indeed, let 
3 = h + ie and let e > 0+, in which we have to pay attention to the sign sgn h of h. 
Then 


2 2) —mi/4sgnh 1 
r (42) F (4) =se.0° : Vin] = sh+ 00). G3) 


Hence, differentiability follows only in the case S(p,q) = 0 with differential 
coefficient —5. This will be done in the next section appealing to Corollary 1. At 
the same time, this is an elaboration of [28, (47)] (on the right-hand side of which 
the factor ./7 is to be deleted). Arguing as in [28] using the theta transformation 
formula, we may deduce the Landsberg—Schaar identity, from which the quadratic 
reciprocity may be deduced. 


Remark 5.1 We would like to make a few comments on the work of J.J. Duister- 
maat [9]. In [9, p. 4, 2@. 1-2], J.J. Duistermaat says that “this self-similarity formula 
was just an integrated version of the well-known transformation formula (35)”. By 
this, [9, Theorem 4.2] is meant. The Eq. (3.4) (was already proved by Cauchy [4, pp. 
157-159] [9] for r = . becomes 


jinx) = €8™ p32 (x — ry? 
= ei p'SQp,q)a—r)? 


Incorporating this in [9, (4.1)], we see that it refers to the case S(2p,q) of our 
Theorem 5.1. Hence, by Corollary 1, differentiability of Riemann’s function can be 
read off. 

Further on [9, p. 9, € 7 from below], the relation (47) in [28] is stated in the form 


2q 1 
0 (H +c) ~ —S(2p,q), «70+. 
2p pve 
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Thus, we could say that [9] also gives material to deduce the reciprocity law. In [9, 
Theorem 3.4], Duistermaat states that 


OQ et? (=) pin? podd 


© — 
- O (yz)e Fa+) (E ‘)p -2(g—r)"? q odd 


(34) 


From (34), the reciprocity law follows. However, it is used in its proof, and thus 
unfortunately, this does not lead to the proof of reciprocity law. 


5.1 Reciprocity Law 


The well-known law of quadratic reciprocity has had numerous proofs. Gauss, who 
first discovered the law, gave several proofs in his book, Disquitiones Arithmeticae. 
We recall the statement of the law of quadratic reciprocity. For a given pair of distinct 
primes p and @ one can define the Legendre symbol (e ) to be +1 if the quadratic 


congruence x* = p (mod q) has a solution; the Sihbol to be —1 if the quadratic 
congruence has no solution. 


Theorem 5.2 (Quadratic Reciprocity Law) 


() (coe 
qa) \P 


This theorem is remarkable in many ways, the most notable being the relationship 
between the solvability of the congruence x? = g (mod p) to that of the congruence 
x? = p (mod q). Let us denote for z € H, 


oe oo 
Q(z) = p> Are a 2 erin 
aa n=1 


and then the classical theta function for Re z > 0 is 


6(z) = O(iz) = DL ew, 


n=—CO 


At this point, we note down the theta transformation formula: 


Q(z) =etto(-2). (35) 


Zz 


We now prove the reciprocity law. 
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Theorem 5.3 Let p € N and (0 A)q € Z. Then 


1/2 
S(p,q) = ek 8m (") S(4lq|, — sgn(q)p). 


Proof Let us first note that F(z) is essentially the integral of ©@(z): 


[ oi d= [ee dg 
0 0 


=z+2(F(z) — F(0)). 


(36) 


In particular, for z = x +u+ie € C (withe > 0) andu € (0, h), the above relation 


(36) becomes 


x+h x+h+ie 
/ o(¢— iu) du = | O(z) dz 


+ie 
=h+2(F(x +h+ie — F(x +ie). 


The theta transformation formula (35) with y > 0 gives 


O(y —iu) = ei! 


1 i 
0 
Ju+iy (. —) 
=e! 


1 in? 
u+ ty n=—0o 
We now make the following change of variable: 


i i 
utie x+ut+ie 


L 
T+ 
x 


€—Iv €—iv 


~ x(x +u+ ie) x? 


Now with this change, the integral in (37) becomes 


is 


x+h - st 1 1 
/ 6(€ — iu) du = —ie”™/ / . . 0(r+ ‘) dr. 
x fen h, (r+ 1;)2 x 


xt+h+ie x 


(37) 


(38) 
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The following relation is useful (which is in fact equivalent to (37)) in applying 
integration by parts: 


j 1 
[o(-+5) du=r—2iF (-L4ir) $e. 
x x 


Using this, we may evaluate (38) and it becomes 


i 


Hee I 1. 
/ z0 T+ -i) dr 
aint (rt + 4i)? ms 
j 3/2 1 ae 
=|(r+ ) (7 2iF ( +ir))] 
x Xx a 
h +ie\3/2 : ; 1 
= x+ els Il i dF 
i x+tht+ie x x+h+ie 
eeiey ¢- 4 — 1 
: : 2iF - + O(h). (39) 
l xX +1€ x xX +1€ 


At this point, we note that 


—1 
xthtie — 


1 1 
+4 GU <0). (40) 
X Xx 


Using (40), the main term in (39) is 


- 1 1 
— 2% (« +ht+ie??F (5) —(« +i?" F (-—)) 
x+h+ie X+1e€ 
=2e2'(x + ie) F +33 F + se + O(h), (41) 
ee? x x? 


where we have used 


3’ =3(1+0(1)) and e = €(1+0(1)). 


Now, we specify x = “4 and apply Theorem 5.1. Under this specification, (41) takes 
the shape 


= 2084 sid) F P+ (2)y F 4 (Pe + O(h) 
7 P aq \2q) 4 4q  \2q 


Py a me | 
= 24i!(“4 + ie) S(4q, —pye#! | | V¥ + oO) 
P Alq|'2q 
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1/24 
= ( . ) S(Alq|, — sen(q)p) V3 + OCA). 
2Iq\) p 


Now on letting « — 0, we get the desired result. 


As a corollary, we note that: 


Corollary 1 Let x = - be of the form au i.e. p,q both being odd. Then 
RQA+1,2B+1)=S(2p,q)=0 (42) 


where R is the coefficient in the forthcoming Eq. (43). 


Proof 


1/2 
S(2p, q) = e# (=) S(Alq|, 2 sgn(q)p) 


el (2) (4) Seca saa 
ail) \ 21201 


7 Vv sgn(q)S(2p, sgn(q)|q|). 


A 
e2! 


We now conclude (42) by simply noting that sgn(q)|g| = q. 


Remark 5.2 The relation in Theorem 5.3 leads to the so-called Landsberg—Schaar 
identity (see [28, (5)]) if we take p and q to be co-prime positive integers. This is 


p-l a, 2q-1 


1 ij24 e4l jj2P 
em pce eri 2G. 
Wp V4 2 


j=0 


The following result will be required to complete the proof of the differentiability 
of Riemann’s function. 


Lemma 5.1 For a natural number p, 


S(p, q) = €(p) ( ) JP 


a 
P 


where (4) indicates the Jacobi symbol and 


1 p=1mod4 
E(p) =). 
i p=3 mod4 
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We are now ready to state a seemingly more general version of oe 5.1. This 
implies differentiability of Riemann’s function at the rational point 4 55 on putting 


3 =h-+ie and e — +0. We note that similar result is also obtained in 9, Theorem 
4.2). 


Corollary 2 


q q ; ewt/4 1 " 
p(£45)-F(Z+ic) = Re, q)— peg Oa 


where 
R(p, 24) = S(p,q) = €(p) (4) VP. 
R(Qp,q) = S(4p, q) = c'' Vp (=) 
RQ2B+1,2A+1)=0. (43) 


Proof Only the case R(2p, q) needs to be considered (by Corollary 1). Now by 
Theorem 5.3, we have, 


4 1/2 
R(2p,q) = S(4p, q) = et( 7) S(4lq|, —4sgn(q)p) 
(2p 1/2 
= eti( 72) S(lq|, — sgn(q) p) 
af? 
=< (2) Vaan( 22) 
-2an(22) 


Remark 5.3 We make a historical remark on Riemann’s function. [3] contains an 
almost complete list of references up to 1986. One addition is a correction to [31] 
in 1983. After this, the review of [14] contains an almost complete list after [3] 
except for [27] (esp. 619) and [33]. Among the papers listed in the review of [14], 
we mention [19] and [22] for consideration from the point of wavelets and [9] for 
self-similarity. 
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Survey on Metric Fixed Point Theory 
and Applications 


Yeol Je Cho 


Abstract Fixed Point Theory is divided into the following three major areas: 


e Topological Fixed Point Theory, which came from Brouwer’s fixed point 
theorem in 1912; 

e Metric Fixed Point Theory, which came from Banach’s fixed point theorem 
in 1922; 

e Discrete Fixed Point Theory, which came from Tarski’s fixed point theorem 
in 1955. 


In this chapter, we focus on recent topics on metric fixed point theory and its appli- 
cations, which will be very helpful to beginners and specialists of metric fixed point 
theory and its applications. In fact, since Banach’s fixed point theorem in metric 
spaces, because of its simplicity, usefulness and applications, it has become a very 
popular tools in solving the existence problems in many branches of mathemati- 
cal analysis and applied sciences. Recently, Banach’s fixed point theorem has been 
applied to Economics, Chemical Engineering Sciences, Medicine, Image Recovery, 
Electric Engineering, Game Theory and other applied sciences by many authors. 
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1 Introduction 


In 1912, Brouwer [1] proved the following fixed point theorem, which is called 
Brouwer’s Fixed Point Theorem: 


Theorem B. Every continuous mapping from the unit ball of R" into itself has a 
fixed point. 


Since Brouwer’s fixed point theorem, some authors, Schauder [2], Tychonoff [3], 
Kakutani [4] and many others have improved and generalized this theorem in several 
ways. In fact, Schauder’s fixed point theorem is an extension of Brouwer’s fixed point 
theorem to topological vector spaces and, also, there are several entirely different 
ways to prove Brouwer’s fixed point theorem by some authors. 


In 1955, Tarski [5] proved the following fixed point theorem, which is called 
Tarski’s Fixed Point Theorem: 


Theorem T. /f F is a monotone function on a nonempty complete lattice, then the 
set of fixed points of F forms a nonempty complete lattice. 


Note that the least fixed point of the mapping /f is the least element x such 
that f(x) =x or, equivalently, such that f(x) < x and the greatest fixed point is 
the greatest element x such that f(x) = x or, equivalently, such that f(x) < x. 
Consequently, from Theorem T, f has the greatest fixed point w and the least fixed 
point wu and, moreover, for all x ¢ L, x < f(x) implies x < uw, whereas f(x) <x 
implies u < x. 


Example T1. Leta, b € Rwitha < b, where < is the usual order of real numbers. 
Since the closed interval [a, b] is a complete lattice, every monotone increasing 
mapping f : [a,b] — [a, b] has the greatest fixed point and the least fixed point. 
Here the mapping f need not be continuous. 


Since Tarski’s fixed point theorem, many authors, for example, Hayashi [6], 
Heikkila [7], Schroder [8], Jachymski et al. [9], Uhl [10], Ok [11] and many others, 
have improved and generalized this theorem in several ways. Recently, Theorem T 
has many applications in theoretical computer science and others. 


Especially, in [12], Davis proved the converse of Theorem T, that is, if every 
order preserving function f : L —> L has a fixed point, then L is a complete lattice. 
Also, Theorem T can be used for a simple proof of the Cantor-Bernstein-Schroeder 
theorem (see Example 3 in Uhl [10]) in set theory, that is, if there exist injective 
functions f : A — Band g: B — A between the sets A and B, then there exists a 
bijective functionh : A > B. 


Note that, since famous Brouwer’s and Tarski’s fixed point theorems have been 
studied by many authors, in this chapter, we don’t mention any more about these two 
theorems. 
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Now, we introduce recent results on metric fixed point theory and its applications 
as follows: 


[A] Picard’s Convergence Theorem 


In 1890, Picard [13] proved the following theorem to show the existence of solu- 
tions for nonlinear equations. 


Theorem P. Let T : [a,b] — R be a continuous function and T : (a, b) > R be 
differentiable. If there exists L < 1 such that 


IN’@)| <L (PC) 
for all x € (a, b), then the sequence {x,} in (a, b) defined by 
Xnt1 = TXn (P) 


for alln => 0 converges to a solution of the equation Tx = x. 
The iterative sequence {x,} defined by (P) is called the Picard iterative sequence. 
[B] Banach’s Fixed Point Theorem 


In 1922, Banach [14] proved a theorem, which is well known as “Banach’s fixed 
point theorem’ to establish the existence of solutions for integral equations. 


Theorem B. Let (E,d) be a complete metric space and T : E — E be a con- 
tractive mapping (that is, there exists L € [0, 1) such that 


d(Tx,Ty) < Ld(x, y) (BC) 


for all x, y € E). Then, we have the following: 


(1) T has a unique fixed point z € E; 
(2) Furthermore, for each xo € E, the sequence {x,} defined by 


Xn = TX) 


for each n => 0 converges to the fixed point z of T, that is, Tz = z. 
Note that the following conditions are equivalent: 


(1) In Picard’s theorem, there exists a number L < | such that 
T(x). < L (PC) 


for all x € (a, Db). 
(2) In Banach’s fixed point theorem, there exists L € [0, 1) such that 


d(Tx, Ty) < Ld(x, y) (BC) 


for all x, y € E (that is, T is a contractive mapping). 
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Further, since Banach’s fixed point theorem, because of its simplicity, usefulness, 
and applications, it has become a very popular tool in solving the existence problems 
in many branches of mathematical analysis. Recently, many authors have improved, 
extended, and generalized Banach’s fixed point theorem in the following ways. 

First, how to generalize Banach’s contraction? Second, how to extend Banach’s 
fixed point theorem in metric spaces to the large class of various spaces? Third, 
how to extend Banach’s fixed point theorem for single-valued mappings to multi- 
valued mappings? Fourth, how to show the existence of common fixed points for two 
nonlinear mappings? Fifth, how to improve Banach’s fixed point theorem in several 
ways? Sixth, how to generalize the Picard iterative sequence? Seventh, how to apply 
Banach’s fixed point theorem to applied mathematics and others? Eighth, dose the 
converse of Banach’s fixed point theorem hold? Ninth, we introduce a conjecture 
of Banach’s fixed point theorem, which is called Generalized Banach’s Fixed Point 
Theorem; Tenth, we introduce some relations between best proximity point theorems 
and Banach’s fixed point theorem in metric spaces; Finally, eleventh, we introduce 
some better nonlinear mappings than Banach’s contraction. 


2 Generalizations of Contractive Mappings 


Recently, many authors have introduced many kinds of contractive mappings (or 
Banach’s contraction) in metric spaces and generalized metric spaces as follows: 
(1) In 1969, Meir—Keeler’s contraction [15]: For any ¢ > 0, there exists 6 > 0 
such that 
E<d(x,y)<e+d6 = d(Tx,Ty) <e (MK) 


Note that if T satisfies Meir—Keeler’s contraction (MK), then 7 is Banach’s 
contraction, that is, 
d(Tx, Ty) < d(x, y) 


for all x, y € X with x # y. For more details, see Park and Rhoades [16, 17]. 
(2) In 1976, Caristi’s contraction [18]: 


d(x, Tx) < o(x) — o(Tx), (CC) 
where ¢ : X — [0, oc) is a lower semi-continuous function. 


Note that every Banach’s contraction T satisfies Caristi’s contraction if, for some 


Le (0, 1), ee. 
x,Tx 
A ar oy ie 


(3) Banach’s contraction (BC) can be expressed as follows: 


d(Tx, Ty) < d(x, y)—qd(x, y), 
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where L = | — q with gq € [0, 1). Thus, we can define a new contraction T, which 
is called a weakly contraction, as follows: 


d(Tx,Ty) < d(x, y)— od, y)), (WC1) 


where @:[0,0o) — [0,00) is a continuous and nondecreasing function with 
~(0) = 0, d(t) > 0 for all t € (0, co) and lim,_,9 d(t) = oo. 

Note that, in (WC1), if o(¢) = (1 — L)r, then we can get Banach’s contraction 
(BC). 

Also, Banach’s contraction (BC) can be expressed as follows: 


d(Tx,Ty) <1 +q)d(x, y)— Ud —q)d@, y), 


where L = 2g with g € [0, 5). Thus, we can define a new contraction 7, which is 
called a (@ — w)-weak contraction, as follows: 


d(Tx,Ty) < o(d(x, y)) — Pd, y)), (WC2) 


where @ : [0, 00) — [0, oo) is anupper semi-continuous and nondecreasing function 
and w : [0, co) — [0, co) is a lower semi-continuous and nonincreasing function 
satisfying the following conditions: 


(a) o(0) — ~(0) = 0; 
(b) g(t), W(t) > 0 for all t € (0, co); 
(c) @(t) — w(t) < t for all t € (0, 00). 


Note that, in the condition (WC2), if @(t) = ¢ for all t € [0, oo), then we have the 
condition (WC1). 

(4) From Banach’s contraction (BC), it follows that the mapping T is continu- 
ous. Further, we use the continuity of the mapping T to prove Banach’s fixed point 
theorem. Thus, it is natural to consider the following question: 


Do there exist some contractive conditions which do not force the mapping T to 
be continuous ? 


The answer for this question was positive by Kannan [19] in 1968 who proved 
Kannan’s fixed point theorem for the following contractive condition, which is called 
Kannan’s contraction: 


Theorem K. Let (E, d) be acomplete metric space andT : E — E beamapping 
such that there exists a number h € (0, 5) such that 


d(Tx, Ty) < h{d(Tx,x)+d(Ty, y)] (KC) 
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for allx, y € X. Then, T has a unique fixed point in E. 


Now, we give one example that a mapping T is not continuous, but the mapping 
T is Kannan’s contraction: 
Example K. Let X = R be a usual metric space and T : X — X be a mapping 
defined by 
a 0, if x € (—oo, 2], 
~ | 4, if x € (2, +00). 
Then, 7 is not continuous on R, but it satisfies Kannan’s contraction (KC) with 
1 
(5) In 1972, Chatterjea [20] introduced the following contractive condition: there 
exists a number / € [0, 5) such that, for all x, y € X, 
d(Tx,Ty) < hld(Tx, y) + d(Ty, x)]. (CHC) 
Note that Banach’s contraction (BC), Kannan’s contraction (KC), and Chatterjea’s 
contraction (CHC) are independent (see Rhoades’ paper [21]). 
(6) In 2004, Berinde [22] introduced the following contractive condition: There 
exist h € [0, 1) and L > 0 such that, for all x, y € X, 
d(Tx, Ty) < hd(x, y) + Ld(y, Tx) (VBC) 


(7) In 1971, Reich [23] introduced the following contractive condition: There 
exist nonnegative numbers q, r,s € [0, 00) such that g +r +s < 1 and 


d(Tx, Ty) < qd(x, y)+rd(x, Tx) + sd(y, Ty) (RC) 


for all x, y € X. 
(8) In 1971, Cirié [24] introduced the following contractive condition: There exist 
nonnegative numbers q, r,s, t € [0, oo) such that g +r+s-+ 2t < | and 


d(Tx, Ty) 


(CRC1) 
S qd(x, y) +rd(x, Tx) + sd(y, Ty) + tld(x, Ty) + d(y, Tx)] 


for allx, y € X. 
(9) In 1972, Zamfirescu [25] introduced the following contractive condition: 


d(Tx, Ty) 


1 \ (ZC) 
< max fac, y) sld@e, Tx) + dy. Ty) sld@e, Ty) +409. Tx)\} 


for all x, y € X. 
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(10) In 1973, Hardy and Rogers [26] introduced the following contractive 
condition: There exist nonnegative numbers aj, a2, a3, a4, as € [0, 00) such that 
a, +a) +a; +a4+ a5 < 1 and 


d(Tx, Ty) 


(HRC) 
< ajd(x, Tx) + and(y, Ty) + a3d(x, Ty) + agd(y, Tx) + asd(x, y) 


forallx, ye X. 
(11) In 1974, Cirié [27] introduced the following contractive condition: There 
exists h € [0, 1) such that 


d(Tx, Ty) 


(CRC2) 
< hmax{d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx), d(x, y)} 


for allx, y € X. 
(12) Let J be aclosed intervalin Rand T : J + I bedifferentiable with |T’(t) < 1 
for allt € J. Then, by the mean value theorem, we have 


[T@) — TQ) < |x — yl (C) 


for all x, y € J with x ¢ y. Then, the following functions satisfy the condition (C): 


(a) T(x) =x +4 onI = [1, +00); 


(b) T(x) = Vx? +1lonIJ=R; 
(c) T(x) =In(l+e*)onJ=R. 


In each case, T(x) > x and so none of these functions has a fixed point in /. 

Despite such examples, in 1962, Edelstein [28] proved fixed point theorems by 
using the following contraction, which is called Edelstein’s contraction or strictly 
contraction: 


a(f (x), f(y) < d(x, y) (EC) 


for all x, y € X with x ¥ y provided the space X is compact. 


Theorem ES. Let (X, d) be acompact metric space and T : X — X be amapping 
satisfying the following: 
d(Tx,Ty) < d(x, y) 
for allx, y € X with x & y. Then, T has a unique fixed point in X. 
Let (X, d) be a complete metric space and T : X — X be a mapping satisfying 
the following: 


d(Tx, Ty) < d(x, y) 
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for all x, y € X with x # y. Then, the mapping T has no fixed point in X as in the 
following example: 


Example EC. Let X = [1, 00) be the set of real numbers with the usual metric 
and define a mapping T : X > X by 


1 
Tx =x+- 
x 


for all x € X. Then, for all x, y € withx 4 y, 
1 1 
d(Tx, Ty) = \(« -f -) - (y + 7] < d(x, y). 


However, Tx = x + 1 # x, that is, T has no fixed point in X. 


(13) In 1965, Pre8ié [29] generalized Banach’s fixed point theorem in product 
spaces and proved the following theorem: 


Theorem P. Let (X, d) be a complete metric space, k be a positive integer, and 
T : X* — X be amapping satisfying the following contractive type condition: 


Q(T (x1, X2,..+, Xk), T (x2, 3, -- +, Xk41)) 


(PC) 

< qid(x1, X2) + gad (x2, x3) + +++ + qed (Xx, Xk+1) 
for all x1, %X2,...,Xk+1 € X, where qi, q2,---, Qk are nonnegative constants such 
that qi + q2+---+4qx <1. Then, there exists a unique point x € X such that 
T(x,x,...,x) =x. Moreover, if x1, xX2,..., x are arbitrary points in X and, for 
each n > 1, Xn4~ = T (Xn, Xn4i, +--+, Xntk—1), then the sequence {x,} is convergent 


and 
lim x, = 7T(lim x,, lim x,,..., lim x,). 
noo n—>0o noo noo 


Example PC. ((30]) Let 7 = [0, 1] be the unit interval with the usual Euclidean 
norm and f : J* — I be defined by 


2x + yt 2z 
[@Y,D= a 
for all x, y,z € I. Then, f satisfies the condition (PC). 
Note that, from (PC), we can consider the following contractions: 
(a) There exists A € (0, 1) such that 


d(T (x1, X2,---5 Xk), T (x2, XB, 0065 Xe41)) 


: (PC1) 
< Amax{d(xj, x41): 1 <i <k} 


for all x1, X2,..., X41 © X with xy < x2 < +++ < X44; 
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P(A(T (x1, X2,.-- 5 Xk), T (X2, X3, «- +5 Xk41))) 


(PC2) 
< AY(PAA1, X2)), PA (2, X3))s «++, OCA, Xk41))) 


for all x1, X2,..., X41 € X with x; < x2 <---+ < x11, where two functions ¢ and 
w satisfy some conditions. 


Recently, some authors generalized Presi¢’s fixed point theorem in several ways 
(see [3 1—36]). In particular, George et al. [37], Khan and Samanipour [38], Malhotra 
et al. [39] and Khan et al. [40] studied the cone metric version of PreSi¢é’s fixed point 
theorem, and H. Fukhar-Ud-Din et al. [30] studied fixed point approximations of 
PreSi¢ nonexpansive mappings in product of CAT(O) spaces. 


(14) Also, in 2005, Zhu et al. [41] gave some equivalent contractive conditions in 
symmetric spaces. 


3 Extensions of Banach’s Fixed Point Theorem in Metric 
Spaces to other Spaces 


Recently, some authors have introduced some generalizations of metric spaces in 
several ways and have studied fixed point theory and it applications: 

Cone metric spaces, partially ordered metric spaces, fuzzy metric spaces, complex- 
valued metric spaces, probabilistic metric spaces, random normed spaces, ordered 
Banach spaces, b-metric spaces, 2-metric spaces, G-metric spaces, M-metric spaces, 
S-metric spaces, and other spaces 

In this section, we introduce multiplicative metric spaces, partial metric spaces, 
and M-metric spaces and study fixed point theory and its applications in these metric 
spaces. 


(1) Fixed Point Theorems in Multiplicative Metric Spaces 


Let X be anonempty set. A mapping d : X x X — Rt? is called a multiplicative 
metric (see Bashirov et al. [42]) if the following conditions are satisfied: For all 
x,y,zEX, 


(MM1) d(x, y) => 1 forallx, y e X andd(x, y) = 1 if and only if x = y; 
(MM2) d(x, y) = d(y, x); 
(MM3) d(x, y) < d(x, z)- d(z, y) (: multiplicative triangle inequality). 


A set X with a multiplicative metric d is called a multiplicative metric space. 


Example M. Let IR", be the set of all n-tuples of nonnegative real numbers. Let 
d: Ri, x R4, > R be a mapping defined as follows: 


192 Y.J. Cho 
xX] x2 


y2 


Xn 


d(x, y) = 


’ 


y1 Yn 


where x = (x1, %2,.--,%n),¥ = (M1, Y2,--+s Yn) € RY and|-|: Ry > Risdefined 
by 


It is easy to see that d is a multiplicative metric on R’.. 


Remark M1. (1) It is well known that (0, +00) is not complete according to 
the usual metric d. For example, consider a sequence {x,} = {4}. Then, {7} isa 
Cauchy sequence, but 0 ¢ (0, +00) and so (0, +00) is not complete. But we know 
that (0, +00) is complete with respect to the multiplicative metric d. 

(2) The ordinary metrics and the multiplicative metrics may be different in more 
general cases. In (0, +00), the convergence in both ordinary and multiplicative met- 
rics is equivalent. 

(3) The multiplicative metrics were introduced to solve some differential and 
integral equations. 


Remark M2. (1) In 2012, Ozavsar and Cevikel [43] introduced the concept of 
multiplicative contraction mappings and proved some fixed point theorems for this 
type of mappings. 

(2) Recently, some fixed point theorems for some contractive mappings in mul- 
tiplicative metric spaces have been improved and extended in many ways by some 
authors. 

(3) In 2014, He et al. [44] proved some common fixed point theorems for weak 
commutative mappings in multiplicative metric spaces. 

A mapping T : X > X is called: 


(1) the multiplicative contraction if there exists  € [0, 1) such that, forallx, y € X, 
d(Tx, Ty) < (d(x, yl’. 


(2) multiplicative Kannan’s contraction if there exists X € [0, 5) such that, for all 
x,yEeXx, 
d(Tx, Ty) < [d(x, Tx)d(y, Ty). 


(3) multiplicative Chatterjea’s contraction if there exists \ € [0, 5) such that, for 
allx,yeX, 
d(Tx, Ty) < [d(x, Ty)d(y, Tx)I. 
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Recently, Tiammee et al. [45] proved the following: 


Theorem TSC. Let (X, d) be a complete multiplicative metric space. Suppose 
that the mappings S,T, A, B : X — X satisfy the following conditions: 


(a) S(X) C B(X) and T(X) C A(X); 

(b) the pairs A, S and B, T are compatible; 

(c) one of the mappings S,T, A, B is continuous; 

(d) there exist a, dx, 43, a4, as € [0, 00) with ay + dy +a3+d4+d5 < 1 and 
a, = a2 Or a3 = ag Such that, for all x, y € X, 


d(Sx, Ty) 
< [d(Ax, Sx)]“[d(By, Ty)]°[d(Ax, Ty)]®[d(By, Sx)]“[d(Ax, By)]®. 
(GMC) 
Then, S, T, A, and B have a unique common fixed point in X. 


Now, we give one example to illustrate Theorem TSC as follows: 


Example TSC. Let X = [0, 00) be the usual metric space. Define a mapping 
d:X x X > Rt by d(x, y) = e*~! for all x, y € X. Then, (X, d) is a complete 
multiplicative metric space. Define four mappings S$, 7, A, B: X — X by 


1 
Sx=—x, Tx=-—x, Ax=x, Br=2x. 
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Then, we have the following: 


(a) S(X) = T(X) = A(X) = B(X) = X; 

(b) S, T, A, and B are all continuous mappings; 

(c) the pairs S, A and T, B are compatible mappings; 

(d) Let x, y € X and choose a; = aa = 5.43 = i. a4 = $9 a5 = i. Then, 
we obtain 


d(Sx, Ty) 
= [d(Ax, Sx)]®[d(By, Ty)]®[d(Ax, Ty)]**[d(By, Sx)]5[d(Ax, By)]*. 


Therefore, all the conditions of Theorem TSC are satisfied. Also, we see that $(0) = 
T (0) = A(O) = B(O) = Oand so 0is aunique common fixed point of §, 7, A, and B. 


Remark M3. From our generalized multiplicative contraction GMC, we have the 
following multiplicative contractions: 

(1) If we put a; = a) = a3 = a4 = 0 and S = T in (GMC), then we have the 
multiplicative contraction, that is, for some as € [0, 1), 


d(Tx,Ty) < [d@, y)]* 


forallx, ye X. 
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(2) If we put a; = a2, a3 = a4 = as = 0 and S = T in (GMO), then we have 
multiplicative Kannan’s contraction, that is, for some a; € [0, 5), 


d(Tx, Ty) < [d(x, Tx)d(y, Ty)]" 
forallx, ye X. 


(3) If we put a; = ay = ds = 0, a3 = ag and S = T in (GMO), then we have 
multiplicative Chatterjea’s contraction, that is, for some az € [0, 5)s 


d(Tx, Ty) < [d(y, Tx)d(x, Ty)]® 


for allx, y € X. 
(4) Also, we can get some more kinds of multiplicative contractions from (GMC). 


Remark M4. For some relations between usual metric spaces and multiplicative 
metric spaces, recently, in 2016, Agarwal et al. [46] pointed out the following: 

Although the multiplicative metric was announced as a new distance notion, we 
note that composition of the multiplicative metric with a logarithmic function yields 
a usual metric. Hence all fixed point results in the context of multiplicative metric 
spaces can easily be concluded from the corresponding existing famous fixed point 
results in the context of the standard metrics. 

It is clear that all topological notions, for example, convergence, Cauchy sequence, 
completeness, and others for multiplicative metric spaces, are the consequences of 
the standard topology of metric spaces. 


In 2016, Agarwal et al. [46] proved the following: 
Theorem AKS1. Let X be a nonempty set and d* : X x X — [0, 00) be a mul- 
tiplicative metric. Then, the mapping d : X x X — [0, c) defined by 
d(x, y) = In(d*(x, y)) 


is a usual metric. 


Proof. From the definition of a multiplicative metric d*, we have the following: 


d(x, y) = In(d*(@, y)) 
< Ind*(x, y)-d*(y, 2)) 
= In(d*(x, y)) + In(d*(y, z)) 
= d(x, y) + d(y, z). 
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This completes the proof. 


In 2015, Abbas et al. [47] published the following result in multiplicative metric 
spaces: 


Theorem AAS. Let (X, d*) be a complete multiplicative metric space and f : 
X — X be amapping. Suppose that 


WME. (x, y)) 


w(d*(fx, fy)) < 
y(M4.(x, y)) 


(D1) 


for any x, y € X, where 


Mi.(x, y) 


‘ (D2) 
= max{d*(x, y),d*(fx,x),d*(y, fy), [d*(fx, y)-d*(x, fy)]7}, 


w:[1, 00) > [1, 00) is continuous and nondecreasing, w~'({1}) = {1} and y: 
[1, 00) > [1, 00) is lower semi-continuous and p~'({1}) = {1}. Then, f has a 
unique fixed point in X. 

In 2009, Dorié [48] proved the following extension of Banach’s contraction prin- 
ciple in metric spaces. 


Theorem D. Let (X, d) be acomplete metric space and f : X — X be amapping 
such that, for allx, y € X, 


w(d(fx, fy)) < WME (x, y) — p(MI (x, y)), (El) 
where 
M! (x, y) 


1 (E2) 
= max {d(x, y),d(fx.x). dQ. fy), 5ld(fx, ») + ae, AVI}, 


w :[0,00) — [0, 00) is continuous and nondecreasing, y)~'({0}) = {0} and y: 
[0, 00) — [0, 00) is lower semi-continuous and p~'({0}) = {0}. Then, f has a 
unique fixed point in X. 


Theorem AKS2. Theorem AAS is a consequence of Theorem D. 


Proof. By using d(x, y) = In(d*(x, y)), we easily see that the equation (D2) 
yields (E2). Hence, the inequality (D1) implies (E1). Consequently, Theorem D 
provides the existence and uniqueness of the fixed point of f. 


Remark M5. (1) Some authors misuse the notion of the multiplicative calculus 
since they misunderstand the place and role of this calculus like other non-Newtonian 
calculuses. 
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(2) Notice that, in Newtonian calculus, the reference function is linear, whereas 
the reference function for multiplicative calculus is exponential. Consequently, every 
definition and also every theorem of Newtonian calculus have an analogue in multi- 
plicative calculus and vice versa. 

(3) Therefore, some ordinary and multiplicative fixed point theorems are applica- 
ble to the same class of functions. 


(I) Fixed Point Theorems in M-Metric Spaces 


In 1994, Matthews [49] extended the concept of a metric to a partial metric and 
obtained many results in partial metric spaces. Indeed, the motivation for introducing 
the concept of a partial metric was to obtain appropriate mathematical models in the 
theory of computation and, in particular, to give the improvement of Banach’s fixed 
point theorem. 

Afterward, many mathematicians have studied the existence and uniqueness of a 
fixed point for nonlinear mappings satisfying various contractive conditions in the 
setting of partial metric spaces. 


Definition M. Let X be a nonempty set and p: X x X —> R, be a function 
satisfying the following condition: For all x, y, z € X, 


(Pl) p(x, x) = p(y, y) = p(x, y) if and only if x = y; 
(P2) p(x, x) < p(x, y); 

(P3) p(x, y) = pty, x); 

(P4) psy) = p@i2) + pG.¥) — pG. ®. 


Then, p is said to be a partial metric or a distance function on X, and a pair (X, p) 
is called a partial metric space. 

It is easy to see that a metric d is also a partial metric p, but the converse is not 
true in general case. 


Example P1. Let X = [0, 00) and p: X x X — R, bea function defined by 


p(x, y) = max{x, y} 

for all x, y € X. Then, p is a partial metric on X, but it is not a metric on X. Indeed, 
for any x > 0, we have p(x,x) =x £0. 

Example P2. Let X = {[a,b]: a,b €R, a <b} and p: X x X > R, bea 
function defined by 

P(la, b], [c, d]) = max{b, d} — min{a, c} 

for all [a, b], [c, d] € X. Then, p is a partial metric on X, but it is not a metric on X. 
Indeed, p({1, 2], [1, 2]) = 1. 


Recently, in 2014, Asadi et al. [50] extended the concept of a partial metric to the 
concept of an m-metric as follows: 
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For a nonempty set X and a function m : X x X > R,, the following notations 
are useful in the sequel: 


(1) mxy := min{m(x, x), m(y, y)}; 

(2) Mxy = max{m(x, x), m(y, y)}. 

Definition AKS. Let X be a nonempty set andm : X x X — R, be a function 
satisfying the following condition: For all x, y, z € X, 

(MM1) m(x, x) = m(y, y) = m(x, y) if and only if x = y; 

(MM2) my < m(x, y); 

(MM3) m(x, y) = m(y, x); 

(MM4) m(x, y) — Myy S [m(x, Z) — mxz] + [m(z, y) — Mzy]. 
Then, m is said to be an m-metric, and a pair (X, m) is called an M-metric space. 

Also, they studied topological properties in such spaces and established some 


fixed point results in M-metric spaces, which are generalizations of Banach’s and 
Kannan’s fixed point theorems in the framework of partial metric spaces as follows: 


Theorem ASKS1. Let (X, m) be a complete M-metric space and T : X — X be 
a mapping satisfying the following condition: There exists k € [0, 1) such that 


m(T x, Ty) < km(x, y) 


for all x, y € X. Then, T has a unique fixed point. 


Theorem ASKS2. Let (X, m) be a complete M-metric space and T : X — X be 
a mapping satisfying the following condition: There exists k € [0, 5) such that 


m(Tx, Ty) < k[m(x, Tx) + my, Ty)] 


for all x, y € X. Then, T has a unique fixed point. 
Remark P1. According to the definitions of a p-metric and an m-metric, 


(1) The condition (P1) in Definition M is same to the condition (MM1) in Defin- 
ition AKS. 

(2) The condition (P2) for p(x, x) is expressed by just p(y, y) = 0 (we may have 
P(y, y) € 0) and so the condition (P2) is replaced by min{p(x, x), p(y, y)} < 
P(x, y), that is, the condition (MM2). 

(3) The condition (P3) is same to the condition (MM3). 

(4) Also, we improve the condition (P4) to the form of (MM4). 


Thus, every p-metric is an m-metric, but the converse is not true as in the following 
examples. 


Let (X, m) be an M-metric space. For all x, y € X, 


(1) 0< Myy + mMyy = m(x,x)+m(y, y); 
(2) O< Myy My = |m(x, x) = my, ys 
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(3) Myy —Myy S (M,., — myz) + (My = Mzy). 


Example P3. Let X := [0, 00). Then, m(x, y) = ee on X is an m-metric. 


The next examples show that m* and m™ are metrics. 


Example P4. Let (X, m) be an m-metric space and define two functions m”, m* : 
Xx X > R, by 


m" (x, y) = m(x,y) — 2Mxy F Mxy 


and 


m(x, y) —Mxy, x x y; 
0, x=y. 


m (x,y) i= 

Then, m” and m* are metrics on X. 

Let (X, m) be an M-metric space. For all x, y € X, 

(1) m(x, y) — Myy < m”(x, y) S mx, y) + Myy; 

(2) m(x, y) — my < mx, y) Sm, y) + my; 

(3) From (1) and (2), we have 

|m" (x, y) = mx, y)| < Myy 
and 


|m* (x, y) —m(x, y)| = Myy- 


In the following example, we give an example of an m-metric which is not a 
p-metric: 


Example PS. Let X = {1, 2, 3} and define 
mi,l=1, m2,2)=9, m(3,3)=5, 
m(1,2) =m(2,1)= 10, m(1,3) =m@G, 1) =7, 
m(3,2) = m(2,3) =7. 
Then, m is an m-metric, but it is not a p-metric. 
Example P6. Let X = [0, 00) andm : X x X — R, bea function defined by 


x+y 
ae) caer Tae 


for all x, y € X. Then, m is an m-metric, but it is not a p-metric. Indeed, m(3, 3) = 
3>2=m(l,3). 


Example P7. Let X = {1, 2,3} andm: X x X — R, bea function defined by 
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Ll, x= y= 1, 
9, x=y=2, 
of Sy Hs: 


WOT = 10.4. ea Ce indy ey 
7, x,y €{l,3}andx Ay, 
8, x,y €{2,3}andx Fy. 
Then, m is an m-metric but it is not a p-metric. Indeed, m(2, 2) = 9 > 8 = m(2, 3). 


Thus, we obtain the following relation: 


metric | => | partial metric | => | m-metric 


Next, we show the relation between the Banach contraction in an m-metric space 
and the Banach contraction in a metric space (X, d). 


Example P8. Let (X, d) be a metric space and ¢: [0, c©) — [(0), co) be a 
one-to-one and nondecreasing or strictly increasing mapping with @(0) defined such 
that 

Ox + y) S O) + o(y) — 6) 


for all x, y > 0. Then, m(x, y) = o(d(x, y)) is an m-metric. 


Example P9. Let (X, d) be a metric space. Then, m(x, y) = ad(x, y) +b, where 
a,b > 0 is an m-metric, since we can put ¢(t) = at +b. 

According to Example P9 and the Banach contraction (BC), since there exists 
k € [0, 1) such that, for all x, y € X, 


m(Tx, Ty) < km(x, y) 
it follows that if m(Tx, Ty) = ad(Tx, Ty) +b < kad(x, y) + kb, 


b(k — 1) 
d(Tx, Ty) < kd(x, y) + ———_, 
a 


which does not imply the ordinary Banach contraction in a metric space (X, d), that 
is, there exists k € [0, 1) such that 


d(Tx, Ty) < kd(x, y) 


for all x, y € X, where T : X — X is a mapping. 

Thus, this states that even if the m-metric m and the ordinary metric d have the 
same topology, then the Banach contraction of the m-metric does not imply the 
Banach contraction of the ordinary metric d. 


Now, we give the concepts of a convergent sequence, a Cauchy sequence, and the 
completeness in M-metric spaces. 
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Let (X, m) be an m-metric space. 


(1) A sequence {x,} in X is said to be convergent to a point x € X if 
lim [m (x, x) — mx, x] = 0; 
noo 

(2) A sequence {x,} in X is called an m-Cauchy sequence if 


lim [m (Xn, Xm) = Mx, xX, ], lim [My x, ~~ My, x,, | 
,m—> Oo 


n n,m—> oo 


exist (and are finite); 
(3) Aspace X is said to be complete if every m-Cauchy sequence {x,} in X converges 
to a point x € X such that 


lim [m(Xn, x) — mx, x] = 0, lim [M,.,x = mx, x| = 0. 
noo noo 


Example P10. Let X = [0, co) andm: X x X — R, bea function defined by 


x+y 
2 


m(x,y)= 


for all x, y e X. Then, (X,m) is a complete M-metric space since (X,m”) = 
({0, co), 3| - |) is acomplete metric space. 


On the other hand, a basic question in the stability of functional equations is as 
follows: 


When is it true that a function that approximately satisfies a functional equation 
must be close to an exact solution of the equation? 


The stability problem of functional equations was initially studied from a question 
of Ulam [51] in 1940 on the stability of group homomorphisms: 


Let G, be a group and Gz be a metric group with a metric d(-,-). Given € > 0, 
does there exist 6 > 0 such that if a function h : G, — G2 satisfies the inequality 


d(h(xy), h@)h(y)) < 6 


for all x,y € Gi, then there is a homomorphism H : G, — G2 with d(h(x), 
H(x)) <eforallx € G,? 


If the answer is affirmative, then we say that the equation of homomorphism 
A(x-y) = H(x)- H(y) is stable. 

In next year, Hyers [52] first gives some partial answer of Ulam’s question for 
Banach spaces and then this type of stability is called the Ulam—Hyers stability. 
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This opened an avenue for further study and development of analysis in this field. 
Subsequently, many researchers have studied and extended the Ulam—Hyers stability 
in many ways (see [53, 54]). 


Also, the notion of the well-posedness and the limit shadowing property of the 
fixed point problem has evoked much interest to many researchers, for example, 
De Blassi and Myjak [55], Reich and Zaslavski [56], Lahiri and Das [57], and Popa 
[58, 59]. 


Now, we show the following: 

First, we define some types of the Ulam—Hyers stability, the well-posedness, and 
the limit shadowing property of the fixed point problem in an M-metric space which 
is a generalization of a metric space. 

Second, we deal with the Ulam—Hyers stability, the well-posedness, and the limit 
shadowing property of the fixed point problem for Banach’s and Kannan’s contraction 
mappings in M-metric spaces. 


Finally, we furnish two examples to illustrate our main results in this section. 
The following lemma is useful to prove the main results in this paper: 


Lemma AKS1. (Asadi et al. [50]) Let (X,m) be an M-metric space. Then, we 
have the following: 


(1) {xn} is an m-Cauchy sequence in(X, m) if and only if it is a Cauchy sequence 
in the metric space (X,m"“). 

(2) (X, m) is complete if and only if the metric space (X, m") is complete. Further- 
more, for a sequence {x,} in X andx € X, we have 


lim m” (X,,x) =O = > lim [m(x,, x) — my,x] = 0, 
n—>Co n—>oo 


lim [M,,. — my,x] = 0. 


noo 


Moreover, two above assertions hold for m*. 


Now, we introduce the concepts of Ulam—Hyers stability, well-posedness, and the 
limit shadowing property of the fixed point problem in M-metric spaces. Also, we 
study the Ulam—Hyers stability, the well-posedness, and the limit shadowing property 
results for the fixed point problem of Banach’s contractive mappings in M-metric 
spaces. Finally, we furnish one example to illustrate the first main result. 


Definition SPL. Let (X, m) be an M-metric space and T : X — X be amapping. 
(1) The fixed point problem 
x=Tx (FPP) 


is said to be Ulam—Hyers stable if there exists c > 0 such that for any « > 0 and 
for each w* € X which is an e-solution of the fixed point problem (FPP), i.e., w* 
satisfies the inequality 
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m(w*, Tw*) <e, 

there exists a solution x* € X of the problem (FPP) such that 
m(x*, w") < ce. 


(2) The fixed point problem (FPP) of T is said to be well-posed if the following 
conditions hold: 


(a) T has a unique fixed point x* in X; 
(b) For any sequence {x,} in X with limm(x,,Tx,) =0, we have 
n—->oo 


lim m(x,, x*) = 0. 
noo 


(3) The fixed point problem (FPP) of T is said to have the limit shadowing property 
in X if, for any sequence {x,} in X with lim m(x,, Tx,) = 0, there exists 
no 
z € X such that 
lim m(T"z, X)) = 0. 
no 


Now, we give some results on Ulam—Hyers stability, well-posedness, and the limit 
shadowing property of the fixed point problem in M-metric spaces (see [60]): 


Theorem PSCC1. Let (X, m) be a complete M-metric space and T : X — X be 
Banach’s contractive mapping satisfying the condition (FPP). Then, the following 
assertions hold: 


(1) The fixed point problem of T is Ulam—Hyers stable; 
(2) The fixed point problem of T is well-posed; 
(3) The fixed point problem of T has the limit shadowing property in X. 


Now, we give one example to illustrate Theorem PSCC1. 


Example PSCC1. Let X = [0, 00) andm : X x X — R, bea function defined 
by 
aaa 


m(x,y)= 5 


for all x, y € X. Then, (X,m) is a complete M-metric space. Define a mapping 
T:X > X by Tx = 5 forall x € X. For each x, y € X, we obtain 


(T ty =5 (542) =5 (x, y) 
Hee NaS a gees 
and so T is Banach’s contractive mapping. 
First, we claim that the fixed point problem of T is Ulam—Hyers stable. Assume 
that « > 0 and w* € X is an e-solution of the fixed point problem of 7, that is, 


(w*, Tw") < ee ME oe a ee 
m(w", Tw") <e€ au 5 <e 7 = 35% 
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It is easy to see that x* = 0 is a solution of the fixed point of T and 


ae” 
m(x*, w*) = m(0, w*) = < 3° 
and so the fixed point problem of T is Ulam—Hyers stable. 
Second, we prove that the fixed point problem of T is well-posed. We can see that 
x* = 0 is a unique fixed point of T. Now, we assume that {x,} is a sequence in X 
such that im m(Xn, 7 Xn) = O, that is, 


ee | Xn : 
lim = (a +=) =0 => limx, =0. 


n>oo2 2 noo 


Then, we obtain 


. . . Xn 
lim m(x,,x*) = lim m(x,,0) = lim — =0 
n—>0o n—>0o n>oo 2. 


and so the fixed point problem of T is well-posed. 
Finally, we show that the fixed point problem of T has the limit shadowing property 
in X. Suppose that {x,,} is any sequence in X so that lim m(x,, Tx,) = 0. It follows 
n—>oo 


that lim x, = 0. We can see that there is z = 0 € X such that 
noo 


Xx. 
lim m(T"z, xn) = lim m(O, x,) = lim = =0, 
noo n—->0o n>oco 2 


which implies that the fixed point problem of T has the limit shadowing property 
in X. 


Next, we introduce another types of the Ulam—Hyers stability, the well-posedness, 
and the limit shadowing property of the fixed point problem in M-metric spaces. By 
using these concepts, we give the main result for the fixed point problem of Kannan’s 
contractive mappings in M-metric spaces. 


Definition PSCC. Let (X,m) be an M-metric space and T: X > X bea 
mapping. 
(1) The fixed point problem 
x=Tx (FPP) 


is said to be Ulam—Hyers stable type (K) if there exists c > O such that for each 
€ > 0, for each w* € X which is an e-solution of the fixed point equation (FPP), 
Le., w* satisfies the inequality 


m(w’, Tw") <€, 


there exists a solution x* € X of the equation (FPP) such that 
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m(x*, w*) — cm(x*, x*) < ce. 


(2) The fixed point problem of T is said to be well-posed type (K) if the following 
conditions hold: 


(a) T has a unique fixed point x* in X; 
(b) There exists c > 0 such that for any sequence {x,}in X such that lim m(x,, 
noo 


TX,) = 0, we have 
lim m(x,, x*) = cm(x*, x*). 
n—->>oo 


(3) The fixed point problem of T is said to have the limit shadowing property 
type (K) in X if there exists c > 0 such that for any sequence {x,} in X with 
lim m(x,, Tx,) = 0, there exists z € X such that 
n->oo 


lim m(T"z, Xn) = cm(z, Z). 
no 


Note that it is easy to see that the Ulam—Hyers stability of the fixed point problem 
implies the Ulam—Hyers stability type (K). 


Now, we give the following result on another types of the Ulam—Hyers stability, 
the well-posedness, and the limit shadowing property of the fixed point problem in 
M-metric spaces: 


Theorem PSCC2. Let (X, m) be a complete M-metric space and T : X — X be 
Kannan’s contractive mapping satisfying the condition (FPP). Then, the following 
assertions hold: 


(1) The fixed point problem of T is Ulam—Hyers stable type (K); 
(2) The fixed point problem of T is well-posed type (K); 
(3) The fixed point problem of T has the limit shadowing property type (K) in X. 


Remark P2. In this survey, based on the fixed point results of Asadi [61], we 
have studied the Ulam—Hyers stability, the well-posedness, and the limit shadowing 
property for the fixed point problems of Banach’s and Kannan’s contractive map- 
pings in M-metric spaces. We gave some examples to illustrate our results. However, 
several fixed point results established in M-metric spaces and other spaces have been 
studied by many mathematicians, for example, see Asadi’s results in [50, 61]. 

Therefore, the author suggests to study the Ulam—Hyers stability, well-posedness, 
and limit shadowing of fixed point problems for various kinds of nonlinear mappings 
in many distance spaces. 
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4 Extensions of Banach’s Fixed Point Theorem 
to Multi-valued Mappings 


In 1969, Nadler, Jr. [62] extended Banach’s fixed point theorem for a single-valued 
mapping in a complete metric space (X,d) to a multi-valued mapping in metric 
spaces. Since Nadler’s theorem, many authors have improved, extended, and gener- 
alized this theorem in several ways. 

In particular, in 1996, Kada et al. [63] proved the following theorem (nonconvex 
minimization theorem), which is very useful to prove Ekeland’s variational principle 
and Caristi’s fixed point theorem which generalize Banach’s fixed point theorem for 
multi-valued mappings in metric spaces. 


Theorem KST. Let (X, d) be a complete metric space and f : X — (—oo, +00) 
be a proper bounded below and lower semi-continuous function. Suppose that, for 
allu € X with 

inf f(x) < f@), 
xex 


there exists v € X such that u € v and 


fv) +dtu,v) < fu). 


Then, there exists xy € X such that f (xo) = infyex f(x). 


By using Theorem KST, we can prove the following Ekeland’s variational prin- 
ciple, which was proved by Ekeland [64] in 1979. 


Theorem E. Let (X, d) be a complete metric space and f : X — (—o, +00) be 
a proper bounded below and lower semi-continuous function. Then, for any ¢ > 0 
and u € X with 
f@) < inf fx) +, 
xeX 


there exists v € X such that 
(a) f(v) < fw); 
(b) dtu, v) < 1; 
(c) f(w) > f(v) — edu, w) forall w € X withw 4 v. 


By using Ekeland’s variational principle, we can prove the following: 


Corollary E1. Let (X, d) be a complete metric space and f : X + (—o, +00) 
be a proper bounded below and lower semi-continuous function. Then, for any € > 0, 
there exists v € X such that 


(a) f(v) < inf,ex te > 0, 
(b) f(w) > f(v) — edtu, w) forall w € X. 


By using Corollary El, we can prove Banach’s fixed point theorem. In fact, let 
f(w) = d(w, T(w)) andchoose e withO < ¢ < 1 — L. By Corollary E1, there exists 
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uv € X such that 
f(w) > f(v) — edtv, w) 


for all w € X. Putting w = T(v), we have 
d(v, T(v)) < d(T(v), T(T(v))) + edu, T(v)) 
< Ld(v, T(v)) + ed(v, T(v)) 
= (L+e)d(v, T(v)). 
If v A T(v), then we have | < L + ¢, which contradicts L + ¢ < 1. Therefore, we 


have v = T(v), that is, v is a fixed point of 7. The uniqueness of the fixed point v 
follows easily. 


By using Theorem KST, we can prove the following Caristi’s fixed point theorem, 
which was proved by Caristi [18] in 1976: 


Theorem C. Let (X, d) be acomplete metric space and T : X — X be amapping 
such that 


d(x, T(x)) + fT@)) < fF) 


for all x € X, where f : X — (—oo, +00] be a proper bounded below and lower 
semi-continuous function. Then, there exists z€ X such that T(z) =z and 
f(z) < +00. 


By using Caristi’s fixed point theorem, we can prove a fixed point theorem for a 
multi-valued mapping in metric spaces. 


Theorem C1. Let (X, d) be a complete metric space and T be a mapping from X 
into 2*, the power set of X, such that, for all x € X, there exists y € T(x) satisfying 


f(y) + dQ, y) s f(), 


where f : X — (—oo, +00] be a proper bounded below and lower semi-continuous 
function. Then, there exists z © X such that z € T(z) and f(z) < +o. 


Let (X, d) be a metric space and C B(X) be a family of all nonempty bounded 
closed subsets of X. For all A, B € CB(X), define the Hausdorff metric as follows: 


H(A, B) = max{d(A, B), 6(B, A)}, 


where 
6(A, B) = sup{d(x, B): x € A} 


for all A, B € CB(X) and 


d(x, B) = inf{d(x, y): y € B} 
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for all x € X and B € CB(X). 


By using Theorem KST, we can prove the following Nadler’s fixed point theorem 
for a multi-valued mapping in a complete metric space (X, d): 


Theorem N. Let (X, d) be a complete metric space and T : X + CB(X) bea 
L-contractive mapping, that is, there exists L € (0, 1) such that 


H(Tx, Ty) < Ld(x, y) 


for all x, y € X. Then, there exists x9 € X such that xy € T Xo. 
Now, we give one example to illustrate Nadler’s fixed point theorem. 


Example N1. Let X = [0, 1] be a metric space with the usual metric and define 
a function f : X — X by 


Define a mapping T : X — CB(X) by 


T(x) = {0} U{f(x)} 


for all x € X. Then, T is a multi-valued contraction and the fixed points of T are 0 
and 2, 
3 


Next, we consider to show the existence of fixed points of multi-valued nonself- 
mappings in a metric space (X, d). 

In 1972, Assad and Kirk [65] first gave some sufficient conditions for a multi- 
valued nonself-mapping to have a fixed point. 

Recall that a metric space (X, d) is called a convex metric space in the sense of 
Menger if, for all x, y © X with x # y, there exists z € X, z A x and z # y, such 
that 

d(x, 7) +d(z, y) = d(x, y). 


Further, they showed that if K is a nonempty closed subset of X, x € K and 
y ¢ K, then there exists a point z € OK (OK denotes the boundary of K) such that 


d(x,z)+d(z, vy) =d(x, y). 


Also, they proved the following: 


Theorem AK. Let (X, d) be a complete and convex metric space, K be a closed 
subset of X,and T : K — CB(X) be a multi-valued mapping such that there exists 
d € (0, 1) such that 

H(Tx, Ty) < Ad(x, y) 
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forallx,y € K.IfTx CK forall x € OK, then T has a fixed point in K. 


5 Existence of Common Fixed Points for Two Nonlinear 
Mappings 


Let (X, d) be a metric space and S, T : X — X be two mappings. 


(1) Two mappings S and T are said to be commuting on X (Jungck, [66]) if, for 
allx € X, 
STx = TSx. 


Example J. Let X = R? be a Euclidean two-dimensional space with the usual 
metric d. Define two mappings S$, T : X > X 


= y = y 
S(p) = (7, ; +4), T(p) = (11x, ; +3) 
for all p = (x, y) € X. Then, we have 


T(S(p)) = (77x, +5) = ST 


and so S and T are commuting on X. 
In 1976, Jungck [66] proved the following theorem: 


Theorem J. Let T be a continuous mapping from a complete metric space (X, d) 
into itself. Then, T has a fixed point in X if and only if there exist a € (0, 1) anda 
mapping S : X — X such that 


(a) S and T are commuting on X; 
(b) S(X) C T(X); 
(c) d(S(x), S(Qy)) < ad(T (x), T(y)) forall x,y € X. 


Indeed, T and S have a unique common fixed point in X if the conditions (b) and (c) 
hold. 


In 1982, Sessa [67] introduced the concept of weakly commuting mappings in a 
metric space (X, d) as follows: 
(II) Two mappings T and S are said to be weakly commuting if 


d(T Sx, STx) < d(Tx, Sx) 
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for all x € X. 


Note that commuting mappings are weakly commuting, but the converse is not 
true. 


Example J2. Let X = [0, 1] with the usual metric d. Define two mappings S, T : 
X — X by 


oS ee 
ge UG is 
for all x, y € X, respectively. Then, we have 
d(STx, TSy) = — “ ‘ 
XxX, — — 
44x 442x 440442) 
x? x x 


= d(Sx, Tx) 


< = 
~ 4+4+2x 2. 2s 


for all x € X and so S and T are weakly commuting, but they are not commuting 
because, for all x € X, we have 


xX 


TSx = a 
7 2x +4 


x ST x. 


x 
x+4 
In 1986, Jungck [68] introduced the concept of compatible mappings in a metric 
space (X, d) as follows: 
(II) Two mappings S, T : X — X are said to be compatible on X if 


lim d(T Sx, STx,) = 0 


noo 


when there is a sequence {x,} in X such that lim,_,.5 Tx, = limy_... Sx, = t for 
some t € X. 


Remark COM. (1) The weak commutativity does not imply the existence of a 
sequence of points satisfying the condition of compatibility. 

(2) If S and T are compatible mappings, then d($Tx, TSx) =0 whenever 
d(Sx, Tx) = 0 for some x € X. 

(3) Weakly commuting mappings are compatible, but the converse is not true. 


Example J3. Let X = (—oo, +00) be the set of real numbers with the usual 
metric d. Define two mappings S$, T : X — X by 


Sx =x), Tx =2-x 
for all x, y € X, respectively. From 


d(Sxn,TXn) = [Xn — 1 \|x2 +4 +2| 20 > x > 1, 
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we have 
lim d(STx,, TSx,) = lim 6|x, — i =0 
n—Co noo 


as x, — 1. Thus, S and T are compatible, but they are not weakly commuting 
because, if x = 0 in X, we have 


d(S$Tx,TSx) =6>2=d(Ax, Bx). 


In 1998, Jungck and Rhoades [69] introduced the concept of weakly compatible 
mappings in a metric space (X, d) as follows: 

(IV) Two mappings S and T are said to be weakly compatible if they are commut- 
ing at their coincident points, that is, if Su = Tu forsomeu € X, then STu = T Su. 


Note that compatible mappings are weakly compatible, but the converse is not 
true. 


Example J4. Let X = (—oo, +00) be the set of real numbers with the usual 
metric d and E = [0, 1]. Define two mappings S, T : E > E by 


0, U<x<2, 
Sx= 44 2 : 
3%, zx <1, 
and 
Ss sas, 
a ee 
— 9%; 33x58 : 


Then, S' and T are weakly compatible on EF, but they are not compatible on E. 


In 1993, Jungck et al. [70] introduced the concept of compatible mappings of type 
(A) in a metric space (X, d) as follows: 
(V) Two mappings S, T : X — X are said to be compatible of type (A) on X if 


lim d(T Sx,,SSx,)=0, lim d($Tx,, TTx,) =0 

n->0o n> Oo 
when there is a sequence {x,} in X such that limp, TX, = limy+o0 Sx, = t for 
some t € X. 


Remark COM1. (1) If S and T are continuous, then S$ and T are compatible if 
and only if they are compatible of type (A). 
(2) If S and T are not continuous, (1) is not true. 


In 1994, Pant [71] introduced the following: 


(VI) Two mappings S and T are said to be R-weakly commuting if there exists a 
real number R > 0 such that 


d(STx, TSx) < Rd(Sx, Tx) 


Survey on Metric Fixed Point Theory and Applications 211 


for all x € X. 
Note that If R = 1, then S and T are weakly commuting. 


Under the assumption of R-weak commutativity, Pant [71] proved the following 
common fixed point theorem: 


Theorem P. Let (X, d) be a complete metric space, S and T be R-weakly com- 
muting self-mappings of X satisfying the condition: 


(a) d(Sx, Sy) < y(d(Tx, Ty)) for all x, y € X, where y : R > Ris a continu- 
ous function such that y(t) < t for eacht > O; 

(b) S(X) C T(X); 

(c) either S or T is continuous. 


Then, S and T have a unique common fixed point in X. 


Simple statements and elegant proofs of Theorem P reveal the fact that Theorem 
P does not hold if we allow both the mappings S and T to be discontinuous on X or 
the space X is not complete. 

To this end, we have the following example: 


Example PCK. Let X = {O, 1, 5 oon ...} be a metric space with the usual metric 


d. Define two mappings S, T : X > X by 


s(0) = = s(;.) = Es. MOS r(5) = : 
~ 22° Qn ~ Qnt+2° — 2’ Qn a Qntl 


for each n > 0, respectively. Clearly, (X, d) is complete and S(X) C T(X). Since 
S and T are commuting on X, they are R-weakly commuting for R > 0. Define 
y(t) = st for all t > 0. Then, S and T both are not continuous at 0. Hence, all the 
conditions of Theorem P are satisfied except the continuity of either S or T, but 
neither S nor T have a common fixed point in X. 


Now, there arises a natural question: 


“How Theorem P can be improved to the setting of noncomplete metric spaces 
and without the continuity of S and T over the whole space X?” 


In 1997, Pathak et al. [72] gave the partial answer. It seems that Theorem P can 
be improved in two ways: 

Either imposing certain restrictions on the space X or by replacing the notion of 
R-weakly commutativity of mappings with certain improved notion. 


Here, we chosen the second option. In this perspective, we introduced the follow- 
ing definitions: 

(VII) (1) Two mappings S and T are said to be R-weakly commuting of type (A f) 
if there exists a real number R > 0 such that 


d(STx,TTx) < Rd(Sx, Tx) 
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for all x € X. 
(2) Two mappings S and T are said to be R-weakly commuting of type (Ag) if 
there exists a real number R > O such that 


d(T Sx, SSx) < Rd(Sx, Tx) 


for all x € X. 

In [72], we can find suitable examples which show that R-weakly commuting 
mappings are not necessarily R-weakly commuting of type (A /) (see an example of 
Pant’s paper [71]). 


Also, we proved the following: 


Theorem PCK. Let (X, d) be a metric space, C be a subset of X, S, and T be 
R-weakly commuting self-mappings of type (Aq) or type (Ayr) of X satisfying the 
following condition: 


(a) d(Sx, Sy) < y(d(Tx, Ty)) for all x, YinC, where y : Rt > Rt is a con- 
tinuous function such that y(t) < t for each t > 0; 

(b) S(C) C TC); 

(c) S(C) is complete; 

(d) either S or T is continuous. 
Then, S and T have a unique common fixed point in X. 


In [72], we can find some examples to illustrate Theorem PCK, and Theorem PCK 
improves, extends, and generalizes the corresponding fixed point theorems given by 
some authors. 


6 Improvement of Banach’s Fixed Point Theorem 


In 1922, since Banach’s fixed point theorem, most of fixed point theorems for non- 
linear mappings in a metric space (X, d) proved by many authors have required the 
following conditions: 


(1) the completeness of the given space X; 

(2) the closedness and convexity of a subset C of X; 

(3) the continuity of one mapping or more mappings; 

(4) the containments of the range of the given mappings in metric spaces. 


Recently, by using the following properties, some authors have obtained some 
fixed point theorems without using the conditions mentioned above. 


(1) Two mappings S and T are said to satisfy the (E, A)-property (Aamri and 
Moutawakil, [73]) if there exists a sequence {x,}in X such that 


lim Sx, = lim Tx, =t 
noo noo 
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for some t € X. 

(II) Two mappings S and T are said to satisfy the common limit in the range of S 
(shortly, the (CLR — S)-property) (Sintunavarat and Kumam, [74]) if there exists a 
sequence {x,} in X such that 


lim Sx, = lim Tx, = Su 
n—O©o n—>Oo 


for some u € X. 
Now, we give one example satisfying the (CLR — S)-property as follows: 


Example CLR. Let X = [0, 00) be the set of real numbers with the usual metric 
d(x, y) = |x — y| for all x, y € X. Define two mappings S, T : X — X by 


for all x € X. Consider a sequence {x,,} defined by x, = 1 for eachn > 1. Then, we 
have 

lim Sx, = lim Tx, = 0= S(0). 

n->co n—-> oo 


Therefore, S and T satisfy the (CLR — S)-property. 
If two mappings S, T : X — X are noncompatible, then there exists at least one 


sequence {x,} in X such that 


lim Sx, = lim Tx, =t 
noo noo 


for some t € X, but lim,-...d(STx,, TSx,) is nonzero or nonexistent. Thus, two 
noncompatible mappings S and T satisfy the (E, A)-property. 

(III) Two mappings S and T are said to be occasionally weakly compatible (shortly, 
(owc)-property) (Bouhadjera, [75]) if there exists a point u € X such that 


Su=Tu, STu=TSu. 


Now, we give one example of occasionally weakly compatible mappings as 
follows: 


Example OWC. Let X = [0, 00) be the set of real numbers with the usual metric 
d(x, y) = |x — y| for all x, y € X. Define two mappings S, T : X — X by 


and 
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Then, S(1) = T(1) = 1 and ST(1) = 1 = TS(1) and so the mappings S and T are 
occasionally weakly compatible mappings. 


7 Extensions of the Picard Iterative Sequence 


[A] Recently, many authors introduced the following iterations, which are general- 
izations of Picard iteration: 


Let X be a normed linear space and S$, T : X — X be two nonlinear mappings. 
(1) The Picard iteration (Picard 1890): The sequence {x,} is defined by 


Xn+1 = TX 


for each n > 0; 
(2) The Jungck iteration (Jungck 1976): The sequence {x,} is defined by 


SXn41 =TXp 


for each n > 0; 
(3) The Mann iteration (Mann 1953): The sequence {x,,} is defined by 


Xn+1 = d— An) Xn + AnT Xn 


for each n > 0, where {A,,} is a real sequence satisfying 0 < A, < 1 foreachn > 0; 
(4) The Krasnoselskij iteration (Krasnoselskij 1955): The sequence {x,,} is defined 
by 
1 1 1 
Xn+1 = Ti Xn _ Dine ar reas = 7 On + TXxn) 


for each n > 0; 
(5) The Schdefer iteration (Schaefer 1957): The sequence {x,} is defined by 


x0 EC, 
Xng1 = UA — A)xy, + AT Xp 


for each n > 0, where A € (0, 1). 
(6) The Halpern iteration (Halpern 1967): For any fixed u, x9 € X, the sequence 
{x,} is defined by 
tn = Anu +d - An)T Xp 
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for each n > O, where {,,} is a real sequence satisfying 0 < A, < 1 foreachn > 0; 
(7) The Ishikawa iteration (Ishikawa 1974): The sequence {x,,} is defined by 


{* = qd —_— Bn) Xn ae BnT Xn, 


Xn = d = Qn)Xn + AnT Yn 


for each n > 0, where {a,,} and {@,,} are the sequences of real numbers satisfying 
O< an, Br <1; 
(8) The Noor iteration (Noor 2000): The sequence {x,,} is defined by 


gn = el = Yn) Xn + YnT Xn, 
Yn = el = Bn) Xn + BnT Zn, 
Xn41 = 1 — an)xn + OnT Yn 


for each n > 0, where {7}, {an}, and {3,,} are the sequences of real numbers satis- 
fying 0 < Yn,Qn, Bn < 1; 
(9) The Moudafi viscosity iteration (Moudafi 2000): The sequence {x,,} is defined 
by 
xn = An f (Xn) + el = An)T Xn 


foreachn > 0,where f : X — X isacontractive mapping and {,,,} is areal sequence 
satisfying 0 < A, < 1 for eachn > 0; 
(10) The Singh-Bhatnagar—Mishra iteration (Singh et al. 2005): The sequence 
{x,} is defined by 
SXn41 = dd — An) SXn F An TXp 


for each n > 0, where {A,,} is a real sequence satisfying 0 < A, < 1 foreachn > 0; 
(11) The Ishikawa-type iteration (Agarwal et al. 2007): The sequence {x,} is 
defined by 


Yn = d— Bn) Xn = ByT Xn, 
Xn = qd = On) T Xp + An TYn 


for each n > 0, where {a,,} and {@,,} are the sequences of real numbers satisfying 
O< an, Br <1; 

(12) The Jungck—Ishikawa iteration (Olatinwo 2008): The sequence {x,} is 
defined by 


SYn = a _ Bn) SXp ot BnT Xn, 
SXn41 = ad = On) SXp + Onl Yn 
for each n > 0, where {a,,} and {@,,} are the sequences of real numbers satisfying 
0 < Qn, Bn < i 
(13) The Jungck—Noor iteration (Olatinwo 2008): The sequence {x,,} is defined 
by 
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SZn _ el — Yn) SXn + YnT Xn, 
SYn = d — Bn)SXn + BnT Zn, 
SXn41 = ad = On) SXp + Qn TYn 


for each n > 0, where {7,}, {a}, and {{,,} are the sequences of real numbers satis- 
fying 0 < Yn, Qn, Bn < 1; 
(14) The Kirk—Mann iteration (Olatinwo 2009): The sequence {x,} is defined by 


k 
i 
Xn = > On iT Xn 
i=] 


foreachn > 0, where a,,; € [0, 1], Qn.9 4 0, yj Qn; = 1, andk isa fixed number. 
(15) The Kirk—Ishikawa iteration (Olatinwo 2009): The sequence {x,} is defined 
by 
E = 4 Bn, iT! Xn, 


k 
Xp $1 = An,0Xn + pam Oni T' Yn 


for eachn > 0, where k, s are fixed integers withk > s,Qn,i, Bn,j € 10, 1], ano A 9, 


Qn. % O and 
k Ss 
Don = Dba 
i=1 j=0 


(16) The S P-iteration (Suantai 2011): The sequence {x,} is defined by 


Ln = (1 _ Yn) Xn + nT Xn, 
yn = qd = Bn)Zn a BnT Zn; 
Xn = d _ On) Xn + OnT Yn 


for each n > 0, where {7,}, {a}, and {(,,} are the sequences of real numbers satis- 
fying O< Yn> Ons Bn <1; 
(17) The Jungck- S P-iteration (Chugh and Kumar 2011): The sequence {x,} is 
defined by 
SZn = (1 = Yn)SYn + YnT Xn, 
Syn = (1 — By) SZn + BnT Zn, 
SxXn41 = A — Qn) SXn + nT Yn 


for each n > 0, where {7}, {an}, and {(,,} are the sequences of real numbers satis- 
fying 0 < Yn, Qn, Bn < 1; 

(18) The Jungck—Kirk—Noor iteration (Chugh and Kumar 2012): The sequence 
{x,} is defined by 


Survey on Metric Fixed Point Theory and Applications 217 


SZn = Yn,0SXn ae pa mee The. 
SYn = BnoSXn 1 Doi Bag Tl tu 
SxXn41 = Ano SXn + yy QniT' Yn 


for each n > 0, where k,s,f are fixed integers with k > s >t, Qj, Bn,j. Yak € 
[0, 1], Ano FO, Bro #9, Yn,.o A and 


k 5 t 
> ani = » Bn, j = > Yn,k = 1; 
i=0 j=0 


k=0 


(19) The Jungck-C R-iteration (Hussain et al. 2013): The sequence {x,,} is defined 
by 
SZn = (1 = Yn) SXn + nT Xn, 
SYn =(1- Bn) SXn a BnT Zn; 
SxXn41 = A — An) SYn + nT Yn 


for each n > 0, where {7}, {a}, and {{,,} are the sequences of real numbers satis- 
fying 0 < Yn, Qn, Bn < 1; 
(20) The Noor-type iteration (1) (Thakur et al. 2014): The sequence {x,,} is defined 
by 
an = d —_ Yn) Xn + YnT Xn, 
Ya = qd _ Bn)Zn + Bal Zn; 
Xn41 = (1 = On)T Vp + AnT Yn 


for each n > 0, where {7}, {an}, and {(,,} are the sequences of real numbers satis- 
fying 0 < Yn, On, Bn < 1; 
(21) The Picard S-iteration (Thakur et al. 2014): The sequence {x,} is defined by 


Sn = (1 = Yn) Xn + YnT Xn, 
Yn = (= Br)T Xn + BrT Zn, 
Xn+1 = TYn 


for each n > 0, where {7,} and {3@,} are the sequences of real numbers satisfying 
O< Yn, Br <1; 
(22) The Noor-type iteration (II) (Abbas et al. 2014): The sequence {x,,} is defined 
by 
Zn =U - Yn) Xn + %nTXn, 
Ya = A = By)T Xn + BnT Zn, 
Xnt1 = (1 — an)T yn + OnT yn 
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for each n > 0, where {7}, {an}, and {(,,} are the sequences of real numbers satis- 
fying 0 < Yn, Qn, Bn < 1. 

Recently, many authors have proved strong and weak convergence theorems in 
Hilbert spaces and Banach spaces for many kinds of nonlinear mappings. 


[B] Comparing the Convergence Rates of the Iterations to a Fixed Point 


Recently, some authors have compared the rates of the convergence of some kinds 
of the iterations. First, we give the definitions of the convergence rates as follows: 


Definition CR1. Let {a,} and {b,} be two sequences of real numbers which 
converge to a and b, respectively. Assume that there exists a real number / such that 


lan — al 
lim =. 
=O [Dn > bl 


(1) If/ = 0, then we say that {a,} converges faster to a than {b,} to b; 
(2) If0 <7 < 1, then we say that {a,} and {b,} have the same rate of convergence. 


Definition CR2. Let {u,,} and {v,} be two fixed point iterations converging to the 
same fixed point p (say) with error estimates: 


lun — pll <a, lu, — Pll <b, 


foreachn > 0, where {a,} and {b,,} are two sequences of positive numbers converging 
to 0. If {a,} converges faster than {b,,}, then we say that {u,} converges faster than 
{u,} to p. 


For more details on the convergence rates of the iterations mentioned above, see 
the following papers: 


(1) B.E. Rhoades and Z. Xue, Comparison of the rate of convergence among Picard, 
Mann, Ishikawa, and Noor iterations applied to quasi-contractive maps, Fixed 
Point Theory Appl. 2010, 2010:169062. 

(2) N. Hussain, A. Rafiq and B. Damjanovic¢, R. Lazovié, On rate of convergence 
of various iterative schemes, Fixed Point Theory Appl. 2010, 2010:169062. 

(3) W. Phuengrattana and S. Suantai, Strong convergence theorems and rate of 
convergence of multi-step iterative methods for continuous mappings on an 
arbitrary interval, Fixed Point Theory Appl. 2012, 2012:9. 

(4) W. Phuengrattana and S. Suantai, On the rate of convergence of Mann, Ishikawa, 
Noor and SP-iterations for continuous mappings on an arbitrary interval, J. 
Comput. Appl. Math. 235(2011), 3006-3014. 

(5) Y. Song and X. Liu, Convergence comparison of several iteration algorithms 
for the common fixed point problems, Fixed Point Theory Appl. 2009, 2009: 
824374. 

(6) A. Alotaibi, V. Kumar and N. Hussain, Convergence comparison and stability 
of Jungck-Kirk-type algorithms for common fixed point problems, Fixed Point 
Theory Appl. 2013, 2013:173. 
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(7) S. L. Singh, C. Bhatnagar and S. N. Mishra, Stability of Jungck-type iterative 
procedures, Internat. J. Math. Math. Sci. 19(2005), 3035-3043. 

(8) M. O. Olatinwo and C. O. Imoru, Some convergence results for the Jungck- 

Mann and the Jungck-Ishikawa iteration processes in the class of generalized 

Zamfirescu operators, Acta Math. Univ. Comen. LXX VII(2008), 299-304. 

(9) M. O. Olatinwo, A generalization of some convergence results using the 

Jungck-Noor three-step iteration process in an arbitrary Banach space, Fasc. 

Math. 40(2008), 37-43. 

(10) M. O. Olatinwo, Some stability results for two hybrid fixed point iterative 
algorithms in normed linear space, Mat. Vesnik 61(2009), 247-256. 

(11) R. Chugh and V. Kumar, Stability of hybrid fixed point iterative algorithms of 
Kirk-Noor type in normed linear space for self and nonself operators, Internat. 
J. Contemp. Math. Sci. 7(24)(2012), 1165-1184. 

(12) R. Chugh and V. Kumar, Strong convergence and stability results for Jungck-SP 
iterative scheme, Internat. J. Comput. Appl. 36(12)(2011), 40-46. 

(13) R. Chugh and V. Kumar, On the rate of convergence of some new modified 
iterative schemes, Amer. J. Comput. Math. 3(2013), 270-290. 

(14) N. Hussain, R. Chugh, V. Kumar and A. Rafiq, On the rate of convergence of 
Kirk-type iterative schemes, J. Appl. Math. 2012, Article ID 526503 (2012). 

(15) N. Hussain, V. Kumar and M.A. Kutbi, On the rate of convergence of Jungck- 
type iterative schemes, Abstr. Appl. Anal. 2013, Article ID 132626 (2013). 

(16) Y. Qing and B. E. Rhoades, Comments on the rate of convergence between 
Mann and Ishikawa iterations applied to Zamfirescu operators, Fixed Point 
Theory Appl. 2008, Article ID 387504 (2008). 

(17) V. Berinde, Picard iteration converges faster than Mann iteration for a class of 
quasi-contractive operators, Fixed Point Theory Appl. 2(2004), 97-105. 

(18) V. Berinde and M. Berinde, The fastest Krasnoselskij iteration for approxi- 
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21(2005), 13-20. 
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of modified Picard, modified Mann, and modified Ishikawa iterations, Math. 
Comput. Model. 37(2003), 985-991. 

(21) S.S. Chang, J. K. Kim and Y. J. Cho, On the equivalence for the convergence of 
Mann iteration and Ishikawa iteration with mixed errors for Lipschitz strongly 
pseudo-contractive mappings, Comm. Appl. Nonlinear Anal. 12(2005), 79-88. 

(22) O. Popescu, Picard iteration converges faster than Mann iteration for a class of 
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(25) S. Fathollahi, A. Ghiura, M. Postolache and S. Rezapour, A comparative study 
on the convergence rate of some iteration methods involving contractive map- 
pings, Fixed Point Theory Appl. 2015, 2015:234. 

(26) S. Akbulut and M. Ozdemir, Picard iteration converges faster than Noor iteration 
for a class of quasi-contractive operators, Chiang Mai J. Sci. 39(2012), 688- 
692. 

(27) M. Abbas and T. Nazir, A new faster iteration process applied to constrained 
minimization and feasibility problems, Mat. Vesnik 66(2014), 223-234. 

(28) O. Olaleru, On the convergence rates of Picard, Mann, and Ishikawa itera- 
tions of generalized contractive operators, Studia Univ., “Babes Bolyai”, Math. 
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Noor iterations for continuous functions on an arbitrary interval, J. Inequal. 
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[C] Some Results on Comparisons of the Convergence Rates of the Iterations 
mentioned above 


(1) We know that, in general, the speed of some kinds of iterations depends on the 
control conditions by numerical examples (see A. Alotaibi, V. Kumar and N. 
Hussain, Fixed Point Theory Appl., 2013); 

(2) Picard iteration converges faster than Mann iteration for a class of quasi- 
contractive operators (see V. Brinde, Fixed Point Theory Appl. 2004); 

(3) Picard iteration converges faster than Noor iteration for a class of quasi- 
contractive operators (see S. Akbulut and M. Ozdemir, Chiang Mai J. Sci., 
2012); 

(4) Some examples to show that Ishikawa iteration is faster than Mann iteration for 
a certain class of quasi-contractive operators (see Y. Qing and B. E. Rhoades, 
Fixed Point Theory Appl., 2008); 

(5) The SP-iterative scheme with error terms converges faster than Ishikawa 
and Noor iterative schemes for accretive type mappings (see R. Chugh and 
V. Kumar, Internat. J. Comput. Math., 2013); 

(6) The SP-iteration converges faster than the Mann, Ishikawa and Noor iterations 
(see W. Phuengrattana and S. Suantai, J. Comput. Appl. Math., 2011); 

(7) The Jungck-Kirk iteration converge faster than the corresponding Jungck iter- 
ation to the common fixed point of T and S (see A. Alotaibi, V. Kumar and N. 
Hussain, Fixed Point Theory Appl., 2013); 

(8) We can see the convergence rates of some iterations mentioned above in the 
paper by A. Alotaibi, V. Kumar and N. Hussain, Fixed Point Theory Appl., 
2013; 
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(9) The Krasnoselskij iteration converges faster than the Mann, Ishikawa and Noor 
iterations (see B. E. Rhoades and Z. Xue, Fixed Point Theory Appl., 2010); 
(10) A new faster iteration process applied to constrained minimization and feasi- 
bility problems (see M. Abbas and T. Nazir, Mat. Vesnik, 2014); 
(11) In some papers, we can show some Open Problems and Nice Examples on 
comparisons of the convergence rates. 


In particular, in the following papers, we can see very nice examples and some open 
problems on comparisons of the convergence rates of some kinds of iterations: 


(1) A. Alotaibi, V. Kumar and N. Hussain, Convergence comparison and stability 
of Jungck-Kirk-type algorithms for common fixed point problems, Fixed Point 
Theory Appl. 2013, 2013:173; 

(2) W. Phuengrattana and S. Suantai, On the rate of convergence of Mann, Ishikawa, 
Noor and SP-iterations for continuous mappings on an arbitrary interval, 
J. Comput. Appl. Math. 235(2011), 3006-3014. 


8 Applications of Banach’s Fixed Point Theorem 


[A] Consider an usual equation F(x) = 0. 
Let F(a) < 0, F(b) > 0, and 0 < C; < F’(x) < C> for all x € [a, b]. Define a 
function f : [a, b] > [a, b] by 
f(x) =x —aF(x) 


for allx € [a, b] anda € Rwitha # 0. Then, the equations f(x) = x and F(x) = 0 
are equivalent. Since f’(x) = 1 — aF’(x), it follows that 


1—aC < f'(x) <1-ac, 


for all x € [a, b]. So, we can choose a such that | f’(x)| < A for some  < 1 and 
f(x) € [a, b] for all x € [a, b]. Then, we have 


| f (x2) — f(x1)| S< Alx2 — x1 


for all x;, x2 € [a, b]. Hence, it follows that f is a Banach contraction and so, by 
Banach’s fixed point theorem, a sequence {x,} defined by, for any xo € [a, b], 


x1 = f (Xo), x2 = f(r1), ---, Xng1 = Fn), --- 


converges to a unique solution of the equation f(x) = x, that is, to a solution of the 
equation F(x) = 0. 
[B] Consider the m x n system Ax = b for all m,n > 1, that is, 
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a1 a2 +8 Ain Xx] by 
a2) 22, +++ Am | | X2 by 
am1 Am2 ene Amn Xn bn 


From the m x n system Ax = b for all m,n > 1, we can consider the following 
cases: 


(1) If m <n, that is, in the system Ax = b, the unknowns are more than the 
equations, then the system Ax = b has many solutions; 

(2) If m = n, that is, in the system Ax = b, the unknowns and the equations are 
same, then the system has a unique solution; 

(3) If m > n, that is, in the system Ax = b, the equations are more than the 
unknowns, then the system is usually inconsistent. 


Thus, in general, we cannot expect to find a vector (solution) x € R” for which 
Ax = b. But we can look for a vector x for which Ax is “closest” to b by using the 
linear least squares. 

For the case (3), consider the m x n system of the equations Ax = b. For each 
x € R"”, we can form a residual 


r(x) =b— Ax. 
The distance between b and ax is given by 
|b — Axl] = Ilr@)IL. 


Now, we wish to find a vector x € R” for which ||r(x)|| will be a minimum. In 
fact, 
Minimizing ||r(x)|| 1s equivalent to Minimizing ||r(x) \|? 


A vector x that accomplishes this is called a least squares solution to the system 
Ax = b. 


For the case (3), we will discuss some minimum-norm problems again. 


Now, we consider the case (2) by applying Banach’s fixed point theorem. 
The m x n system of the equations Ax = b can be written as follows: 


xy = (1 = a1) x1 — G12X2 — +++ — AtnXn + dy 

X2 = —Az1X1 + (1 — ag2)x2 — 93%3 — +++ — ArnXn + bo 
X3 = —31X1 — A32X2 + (1 — 433)x3 — +++ — A3nX_ + 3 
Xn = —Qy1X] an2X2 an3X3 i (1 = Ann) Xn + bn. 


Put Qi = —aiyj + Oijs where 
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1, ifi=yj, 
bij = Dis ges 
0, if i Aj. 


Then, the above system is equivalent to the following: 


x; = >) a4jx; +; (i =1,2,3,...,n). 


j=l 


Thus, if x = (41, X2,...,X%n), D = (1, bo, ..., bn) € R", then the above system is 
equivalent to the following: 
x=Ax+t+b. 


In other words, the problem x = Ax + bis to find the fixed point of the mapping 
T : R" > R’ defined by 
T(x) =Ax+b 


for all x = (x1, X2,...,%,) € R”. 
If T is a contractive mapping, then we can use Banach’s fixed point theorem and 
obtain the unique solution of T(x) = x by the method of successive approximation. 
The conditions under which T is a contractive mapping depend on the choice of 
the metric on X = R”. 


Theorem SE. Let X =R” be a metric space with the metric d(x, y) = 
MaXx;<j<n Xx; ~ yil- If 


n 
leg Se <1 C5123 .54.0) 
j=l 
then the n x n system of the equations Ax = b has a unique solution. 


[C] Consider the following (ordinary) differential equation: 


& = f(x,y), (DE) 
y(X%o) = Yo. 


By using Banach’s fixed point theorem, we can show the following: 
Theorem DE. Let f(x,y) be a continuous function on A= {(x,y):a< 
x <b, c< y <d} satisfies the following: 


If@,y)-f@,y)| <aly—y’ 
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for all y, y’ € [c, d]. Further, let (xo, yo) be an interior point of A. Then, the differ- 
ential equation (DE) with the given initial condition has a unique solution. 


[D] Let K(x, y) be a continuous function on [a, b] x [a, b] and ¢(x) be a con- 
tinuous function on [a, b]. Consider the following integral equation: 


fx) = 60) +A / K(x, yf ()dy (VE) 


a 


for all x € [a, b], where \ is a parameter, which is called the Volterra equation. 
By using Banach’s fixed point theorem, we can show the following: 


Theorem IE. For each \ € R, the Volterra equation (VE) has a unique solution 
Ff which is continuous on [a, b]. 


Proof. Let X = C[a, b] be the set of all continuous functions on [a, b] with the 
uniform metric. Since K is continuous, there exists k > O such that 


IK@,y)| sk 


for all x, y € [a, b]. Define a mapping T : f +> T(f) on X by 


T (f(x) = oz) +2 / K(x, 9) f()dy. 


For all f, g € X, we have 


IT( F(x) — Tg@))| = af K(x, yf) — gO) ldy 
< IAIK(Q@ — a)d(f, 9) 


for all x € [a, b]. Since T*(f) _ T?(g) = T(T(f) — T(g)), we have 


ITF) = PD = [Af KE. ITO - T@Olay 


a 


< nif [K(x, yIIAlk(y — ad (f, g)dy 


< |AI2R? | ‘C= ae 


222, _ 72 
— ALK = 4) 


= 5 d(f, 9). 


Continuing this iterative process, we have 
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‘i |A|"k" (x _ a)" 
IT" (f(x) — T"(g(x))| S = d(f,g) 
for all x € [a, b]. Therefore, we have 
; ; |A|k(x — a)|" 
IT"(f) —T Oa d(f, 9). 


Since - — 0 as n > o~ for any r € R, we conclude that there exists a positive 


integer n such that 7” is a Banach contraction. For sufficiently large n, we have 


|Alk(@w — a)|" 
—_—— < 


n! 


1, 


Therefore, by Banach’s fixed point theorem, there exists a unique solution f € X 
such that T(f) = f. Obviously, if T(f) = f, then f solves the integral equation 
(VE). This completes the proof. 


9 Converses of Banach’s Fixed Point Theorem 


Now, we consider the converse problem of Banach’s fixed point theorem. The most 
elegant result in this diction is due to Bessaga [76] in 1959. 


Theorem BE. Suppose that M is an arbitrary nonempty setandT : M — M has 
the property that T and each of its iterates T" have a unique fixed point in M. Then, 
for each X € (0, 1), there exists a metric d, on M such that (M, dy) is complete and 


d\(Tx, Ty) < Ad,(, y) 


forallx,yeM. 


In 1975, Subrahmanyam [77] proved that Kannan’s contraction (KC) characterizes 
the metric completeness, that is, 


Theorem SU. A metric space (X, d) is complete if and only if every Kannan’s 
contraction on X has a fixed point. 


Recall that a metric space (M, d) is ultrametric if and only if, for all x, y,z € M, 
d(x, y) < max{d(x, z), d(y, z)}. 
An ultrametric space (M, d) is said to be spherically complete if every descending 


sequence of closed balls in M has the nonempty intersection. Thus, a spherically 
complete ultrametric space (M, d) is complete. 
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In 1990, Priess-Crampe [78] proved an analogue to Banach’s fixed point theorem 
in ultrametric spaces. 


Theorem PC. An ultrametric space (M, d) is spherically complete if and only 
if every strictly contractive mapping T : M —> M has a unique fixed point in M, 
where a mapping T : M —> M is strictly contractive if 


d(Tx, Ty) < d(x, y) 


forallx,yeM. 


In 1993, Park and Kang [79] gave some characterizations of metric completeness 
by using Caristi’s contraction (CC). 


Theorem PK. A metric space (X,d) is complete if and only if, for every self- 
mapping T of X with a uniformly continuous function @ : X — [0, 00) such that 


d(x, Tx) < o(x) — o(Tx) 


forall x € X,T has a fixed point in X. 


In 1996, Suzuki and Takahashi [80] gave some characterizations of metric com- 
pleteness by using weakly contractive mapping in metric spaces. 

Let X be a metric space with a metric d. Then, a function p: X x X — [0, oo) 
is called a w-distance on X if the following are satisfied: 


(a) p(x, Z) S p@, y) + p(y, z) for any x, y,z € X; 

(b) For any x € X, p(x,-) : X — [0, oo) is lower semi-continuous; 

(c) For any € > 0, there exists 6 > 0 such that p(z, x) < 6 and p(z, y) < 6 imply 

d(x, y) <€. 

Note that the metric d is a w-distance on X. Some other examples of w-distances 
are given in [63]. 

A mapping T : X — X is said to be weakly contractive or p-contractive if there 
exists a w-distance p on X and a € [0, 1) such that 


p(Tx, Ty) < ap(x, y) 


for all x, y € X. In the case of p = d, the mapping T is said to be contractive. 
They proved the following: 


Theorem ST1. A metric space X,d) is complete if and only if every weakly 
contractive mapping T : X — X has a fixed point in X. 
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Theorem ST2. Let X be a normed linear space and D be a convex subset of X. 
Then, D is complete if and only if every contractive mapping T : D — D has a fixed 
point in D. 


From Theorem ST2, we have the following: 


Corollary ST. Let X be anormed linear space. Then, X is a Banach space if and 
only if every contractive mapping T : X — X has a fixed point in X. 


On the other hand, in 2014, Ansari [81] gave some characterizations of metric 
completeness (the converse of Ekeland’s variational principle) in metric spaces. 

Theorem A. A metric space (X,d) is complete if, for every functional f : X > 
RU {+00} which is proper, bounded below, and low semi-continuous on X and, for 
any € > 0, there exists x € X such that, for all x € X, 


F(R) Sink fate fH) < f@) +(x. 


10 Conjectures of Banach’s Fixed Point Theorem 


The following theorem was one of the interesting conjecture connected with Banach’s 
fixed point theorem, which was suggested by Jachymski et al. [82] in 1999: 


Theorem GBC. (Generalized Banach’s fixed point theorem Conjecture) Let 
(E,d) be a complete metric space and T : E > E be a mapping. Suppose that 
there exist an integer p and a number L ¢€ [0, 1) such that 


min{d(T'x, T'y):1<i < p} < Ld(x, y) (GCM) 
for allx, y € E. Then, T has exactly one fixed point z € E ? 
min{d(T'x, T'y):1<i < p} < Ld(, y) (GCM) 


Remark BGC. (1) The condition (GCM) does not imply the continuity of T. 

(2) If p = 1 in the condition (GCM), then T is a contractive mapping on E. 

(3) If T* is a contractive mapping, then the condition (GCM) holds for all p > k. 

(4) In 1999, if p = 2, then, without any additional assumption on 7, Jachymski 
et al. [82] showed that Theorem GBC is true. Moreover, Theorem GBC is true if 
p = 3 with the additional assumption that T is continuous on E. 

(5) In 1999, Jachymski and Stein [83] showed that Theorem GBC is true for any 
p if T is uniformly continuous. 

(6) In 2000, Stein [84] showed that Theorem GBC is true for any p if T is strongly 
continuous, where we say that a mapping T : E — E is strongly continuous if, for 
any € > 0, there exists 6 > 0 such that 
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n n 


Dare. He) <6 => Di d(Txp, Tye) <e. 
k=1 k=1 


(7) In 2001, Merryfield et al. [85] showed that Theorem GBC is true if T is contin- 
uous. Moreover, Theorem GBC is true for p = 3 without any additional assumption 
on T. 

(8) In fact, Theorem GBC is not true for all p € N (see [84]). 


Example S. Let E = [0, 00) with the usual metric d(x, y) = |x — y| for all x, 
y € E. Define a mapping T : E > E by 


Tx =vVx74+1 


for all x € E. It is easy to show that T’x = /x? +n for all x € E and, for all 
x,y € Ewithx < y, 


min{d(T'x, T'y) : i € N} < Ld(x, y). 


However, it is clear that T has no fixed point in E. 


11 Relations Between Banach’s Fixed Point Theorem 
and Best Proximity Point Theorems 


Banach’s fixed point theorem plays an important role in showing the existence of 
solutions of various equations of the form Tx = x for a self-mapping T: A— A 
defined on a subset A of a metric space E. 

Now, if T : A — B is anonself-mapping, where A and B are subsets of FE, then 
the equation Tx = x does not necessarily have a solution, which is known as a 
fixed point of the mapping T. Thus, in such circumstance, it may be considered to 
determine an element x for which the error d(x, Tx) is minimum, in which case x 
and Tx are in close proximity to each other. 

In this perspective, best approximation theorems and best proximity point theorems 
are very relevant. 


One of the most interesting results, best approximation theorem, in this direction 
is due to Ky Fan [86]: 


Theorem KF. Let K be a nonempty compact convex subset of a normed space 
E andT : K — E be acontinuous nonself-mapping. Then, there exists x € K such 
that 
|x — Tx|| = d(K, Tx) = inf{||Tx —ul|: ue K}. 


Let A and B be nonempty subsets of a metric space E. Then, we recall the 
following: 
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d(A, B) = inf{d(x, y):x € A, ye B}. 
It is clear that if T : A — B is a nonself-mapping, then, for all x € A, 
d(x, Tx) > d(A, B). 


When a nonself-mapping T : A > B has no fixed point, it is quite natural to find 
an element x* such that d(x*, Tx*) is minimum. The best proximity point theorems 
assure the existence of an element x* such that 


d(x*, Tx*) = d(A, B). 


This element x* is called the best proximity point of T. 

Moreover, if the mapping T under discussion is a self-mapping, then a best prox- 
imity point theorem becomes to a fixed point result. In fact, the best proximity point 
evolves as a generalization of the idea of the best approximation. 

The best approximation results provide an approximate solution to the fixed 
point equation 7x = x, when the nonself-mapping T has no fixed point, that is, 
the best approximation theorem assures the existence of an approximate solution 
(see Theorem KF). But such solution need not yield an optimal solution. But the best 
proximity point theorem is considered for solving the problem to find an approximate 
solution which is optimal. 

Indeed, if there is no exact solution of the fixed point equation Tx = x for a 
nonself-mapping T : A — B, then a best proximity theorem offers sufficient condi- 
tions for the existence of an optimal approximate solution x, which is called a best 
proximity point of the mapping T, satisfying the following condition: 


d(x,Tx) =d(A, B). 


Let (E, d) be a metric space and A, B be subsets of E. LetT: AUB—> AUB 
be a mapping such that T(A) C B and T(B) C A, where the mapping T is said to 
be cyclic. 


(1) A point x € AU B is called a best proximity point of T if 
d(x,Tx)=d(A, B); 
(2) T is called a cyclic proximity contraction if there exists a € (0, 1) such that, for 
allx,y eX, 
d(Tx, Ty) < ad(x, y) + Ud —a)d(A, B); 


Let A and B be nonempty subsets of a complete metric space (E,d) and T : 
AUB-— AUB beacyclic proximity contraction. If AN B ~ Y, thend(A, B) = 0 
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and so T is the Banach contraction on a complete metric space (AM B, d). Thus, 
applying Banach’s fixed point theorem, T has a unique fixed point in AM B. 


In 2013, Yadav et al. [87] introduced the following: 
(3) T is called a generalized cyclic proximity contraction if there exists 
0 < Qj, 2, a3 With a; + a2 + a3 < 1 such that, for all x, y € X, 
d(Tx, Ty) < ajd(x, y) + and(x, Tx) + agd(y, Ty) 
+ [1 — (a1 + a2 + a3)]d(A, B). 


Example YTS. Let E = R be a complete metric space with the usual metric and 
let A = [0, 3], B = [1, 5]. Define a mapping T:AUB—> AUB by 


>2 
1, if 
Tx =} : xeéA, 
0, if yeB. 


Ifa; = 5 and az = i and a3 = 5 then T is a generalized cyclic proximity contrac- 
tion. 


(4) Let S$, T: AU B— AUB be two mappings such that T(A) C B and T(B) Cc 
A. Then, a pair of mappings S, T is called a T S-cyclic proximity contraction if there 
exists 0 < a), Q2, a3 With a; + a2 + a3 < | such that 
d(Tx, Sy) < ad(x, y) + agd(x, Tx) + azd(y, Sy) 
+ [1 — (a1 + a2 + a3)]d(A, B) 


for all x, y € X. 


In 2003, Kirk et al. [88] proved the following: 


Theorem KSV. Let A and B be two nonempty closed subsets of a complete metric 
space (E, d). Suppose that a mapping T : AU B > AUB satisfies the following: 


(a) T(A) C Band T(B) C A; 
(b) There exists a € (0,1) such that 
d(Tx, Ty) < ad(x, y) 
forallx ¢ Aandy eB. 
Then, T has a unique fixed point in AN B. 


Note that, if A = B in Theorem KSV, we have Banach’s fixed point theorem. 
Recently, in 2013, Yadav et al. proved the following [87]: 
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Theorem YTS1. Let A, B be two nonempty closed subsets of a complete metric 
space (E,d) andT : AUB — AUB be a generalized cyclic proximity contrac- 
tion. For any xo € A, define Xn4,; = TX, for each n = 1. If {x2} has a convergent 
subsequence to x* € A, then x* is a best proximity point of T. 


Theorem YTS2. Let A, B be two nonempty closed subsets of a complete metric 
space (E,d) and §,T : AU B + AU B beaTS-cyclic proximity contraction. For 
any xo € A, define X24, = TX2 aNd Xx = SX2,_\ for each n > 1. If {x2,} has a 
convergent subsequence to x* € A U B, then x* is a best proximity point of T and S. 


Recently, some authors have considered the following problems: 


(1) How to find more generalized cyclic proximity contractions than a generalized 
cyclic proximity contraction? 

(2) How to show the existence of a common best proximity point of two mappings? 

(3) How to extend best proximity point theorems in metric spaces to the classes 
of probabilistic metric spaces, fuzzy metric spaces, ordered metric spaces, and 
other spaces? 


12 Some Better Nonlinear Mappings than Banach’s 
Contraction 


In particular, Banach’s fixed point theorem is a widely applied tool for an itera- 
tive approximation of fixed points, but, unfortunately, its application is restricted to 
contractive mappings. Thus, we need appropriate, nice nonlinear mappings for some 
iterative approximations of fixed points, for example, nonexpansive mappings, firmly 
nonexpansive mappings, and other nonlinear mappings. 

Let C be a nonempty subset of a normed linear space FE. A mapping T : C > C 
is said to be nonexpansive if, for allx, y € C, 


|x — Tyll S llx — y}). 


Note that if a nonexpansive mapping T : E —> E has a fixed point in E, then it 
need not be unique (for example, the identity mapping) and the sequence {x,,} defined 
by 


Xn+1 = TXy 
for alln > 0 may fail to converge to a fixed point of T. For example, define a mapping 
T:R—Rby 

Tx =1-x 


for all x € R. Then, for xo = 1, 
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x) =Tx9=0, 2 =Tx, =1, 14 =Tx.=0, ..., 


Xan = TX) = 1, Xone = T Xan = 0, 
Then, the sequence {x,,} defined by 
Xnt1 = TXn 


for all n > 0 does not converge to the fixed point 5 even if the mapping T has a 
unique fixed point 5 ER. 
Further, if T is a nonexpansive mapping on R, then T need not have a fixed point 
as the example 
Tx=x+1 
for allx € R. 


In 1973, Bruck [89] introduced a class of nonexpansive mappings which he called 
firmly nonexpansive mappings as follows: 


Let C be a nonempty closed convex subset of a Banach space X. A mapping 
T :C > X is said to be firmly nonexpansive if, for all x, y € C and for t > 0, 


|x — Tyl| < lIt@—y) +d —1)(7x — Ty)Il. 


Remark B1. (1) Firmly nonexpansive mappings are nonexpansive; 

(2) The resolvent of an accretive mapping is firmly nonexpansive; 

(3) In some sense, the class of firmly nonexpansive mappings is quite restrictive. 
For example, the identity mapping [y : By — By is trivially firmly nonexpansive, 
but —Jy fails to be firmly nonexpansive, where By the closed unit ball of a Banach 
space X. 


Recently, some authors introduced the concept of a firmly nonexpansive mapping 
has been widely studied and generalized in several ways as follows: 


Definition FNM1. A mapping T : c > X is said to be: 
(1) A-firmly nonexpansive [90] if there exists \ € (0, 1) such that, for all x, y € C, 


7x — Tyll| = | -AV@ — y) +A x — Ty) IL. 
(2) nonspreading [91] if, for all x, y € C, 
2\|Tx — Ty|? < |x — Ty|? + lly — TxI?. 
(3) hybrid [92] if, for all x, y € C, 


3(Te= Ty? = |x —T yl? + y= Toi + a= I". 
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(4) T J\-mapping [93] if, for all x, y EC, 
2|Tx — Tyl? < |x — yl? + Ix — yl. 
(5) T Jo-mapping [93] if, for allx, y € C, 
3|Tx — Tyll? < 27x — yll? + Ty — x1). 
Remark B2. (1) The class of A-firmly nonexpansive mappings is wider than the 


class of firmly nonexpansive mappings; 
(2) Every \-firmly nonexpansive mapping is nonexpansive. 


Definition FNM2. Let C be anonempty closed convex subset of a Hilbert space H 
and let A € R. A mapping T : C > X is said to be A-hybrid [94] if, for all x, y € C, 


Tx — Tyll* < llx — yl? +20 — A(x — Tx, y- Ty). 


Definition FNM3. A mapping T : C > X is said to be a-nonexpansive [95] if, 
forallx, ye Canda <1, 


7x — Ty|? < allTx — yl? + allTy — x? + A — 2a)I|x — yl’. 


Remark B3. (1) Every firmly nonexpansive mapping is a-nonexpansive for all 
a € [0, 5]; 

(2) For any 2 € [0, 1), ifa mappine T :C > X is 4-firmly nonexpansive, then 
T is a-nonexpansive with a = j 4 ae 

(3) For all A € [0, $], if a mapping T : C > X is \-firmly nonexpansive, then T 
is @-nonexpansive with a = X. 


The following properties between a-nonexpansive mappings and other nonlinear 
mappings can be found in Ariza-Ruiz et al. [96]: 


Remark B4. (1) The identity mapping /y is a-nonexpansive for all a < 1; 

(2) A mapping T : C — X is 0-nonexpansive if and only if T is nonexpansive; 

(3) q HouEKpaINe mappings are nonspreading; 

(4) 4 -nonexpansive mappings are hybrid; 

a: For all a < 0, the unique a-nonexpansive mapping is the identity mapping 

: C — C. In fact, taking y = x in the definition of the a-nonexpansive mapping, 
we ae the following: For all x € C, 


0 < 2al|Tx — x|l’. 


So, since a < 0, it follows that Tx = x forall x EC. 
In [96], we can see that there exists a constant mapping failing to be 


a-nonexpansive for a > z 


(6) ForallO <a< z, every constant mapping T : C — C is a-nonexpansive. 
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(7) Every T J,-mapping is ;-Nonexpansive; 
(8) Every T J2-mapping is nonspreading and so 5-nonexpansive. 


Now, we give some relations between Banach’s contraction and a-nonexpansive 
mappings as follows: 


(1) Let C be a nonempty subset of a Banach space X. If T:C —> X is k- 
contractive for some k € (i, 1), then T is a-nonexpansive for all a € [0, ith 
(2) If T : C > X is k-contractive for some k € [0, +], then T is a-nonexpansive 


for all a € [0, 5]. 


Recall that a mapping T : C — X is said to be generalized nonexpansive if there 
exist nonnegative constants a1, d2,..., a5 witha, +d. +--++ a5 < | such that, for 
allx,y EC, 


|x — Ty|| 


< ai||x — yl] + ae|lx — Tx|| + a3lly — Ty] + ag|lx — Ty|| + as|ly — Tx|]. 
(GNM1) 


Since the distance function is symmetric, we can replace az, a3 with and 
a4, a5 with “+ and so the generalized nonexpansive mapping (GNM 1) is equivalent 
to the following: There exist nonnegative constants a, b, c witha + 2b + 2c < 1 such 
that, for allx, y EC, 


a2+a3 


Tx — Ty|| 
<allx — yl| + d(x — Tx] + lly — Ty|)D + e(lx — Ty|l + lly — Tx\). 
(GNM2) 


Remark B5. Every generalized nonexpansive mapping T : C > X withb =0 
is c-nonexpansive. 


In 2007, Pineda and Goebel [97] introduced the new class of mappings called 
a-mean nonexpansive mappings, which is wider the class of nonexpansive mappings, 
as follows: 


Definition PG1. A mapping T : C > C is said to be a-mean nonexpansive if, 
forallx, y EC, 


n 


> aillT'x — T'yll < lx - yl, 


i=1 


where a; > 0 for alli = 1,2,...,n and \)_, a; = 1. 
Shortly, we consider the following a-mean nonexpansive mapping: 
Definition PG2. Let a € (0, 1] and C be a nonempty subset of a normed space 


X. A mapping T : C — C is said to be a-mean nonexpansive if, for all x, y € C, 


a\|Tx — Ty|| + (1—a)||T*x — T7y|| < |x — yl. 
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Remark B6. (1) Every a-mean nonexpansive mapping T is continuous since 
a>0; 

(2) For any a € (0, 1), there exists an a-nonexpansive mapping which is not an 
a-mean nonexpansive mapping; 

(3) In fact, none of the classes of a-mean nonexpansive mappings and 
a-nonexpansive mappings is included in the other one. 


Now, we can consider the following problems: 


(1) How to study the structures of the fixed point sets of the mappings introduced 
above? 

(2) How to find approximating fixed point sequences {x,} for the mappings intro- 
duced above? 

(3) How to prove some classic fixed point theorems, demiclosedness principles, 
Pazy’s fixed point theorems, ergodic theorems for the mappings introduced 
above? 


Next, we introduce the concept of asymptotically nonexpansive mappings on a 
normed linear space E. 


Let C be a nonempty subset of a normed linear space FE. A mapping T : C > C 
is said to be asymptotically nonexpansive [98] if there exists a sequence {k;} of real 
numbers with k; — 1 asi — oo such that 


|T'x — T'yl| < killx — yl 


for all x, y EC. 
Note that every nonexpansive mapping is an asymptotically nonexpansive map- 


ping. 


Example GK. Let By = {x € X : ||x|| < 1} be the closed unit ball in a Hilbert 
space X = /,, where 


CO 
2 
b= fe Chi asap), Dail < co}, 
i=l 


and T : By — By be a mapping defined by 


2 
T(x, x2, ee .) = (0, x ’ a2X2, a3X3, om ), 


i) teed 


where {a;} is a sequence of real numbers such that 0 < a; < 1 and [];2, 4; = 
Then, we have 
[Tx — Tyl] < 2\lx — yl 


forall x, y € By, that is, T is a Lipschitz mapping, but not a nonexpansive mapping. 
Note that 
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[oe] 
7"x — T"yll <2] Jaillx — yl 
i=2 


for all x, y € By and n > 2, where ra been dj — 1 asn-—> oo. Therefore, T is an 
asymptotically nonexpansive mapping, but not a nonexpansive mapping. 


Now, we consider the class of multi-valued asymptotically nonexpansive map- 
pings. 

Let C be a nonempty subset of a metric space E and C B(C) denote the family of 
nonempty bounded closed subsets of C. The Hausdorff metric on C B(C) is defined 
by 

H(A, B) = max{supd(u, B), supd(v, A)} 
ucA veB 
for all A, B € CB(C), where d(u, A) = infye,4 du, v). 

Definition GK. (1) A multi-valued mapping T : C > CB(C) is said nonexpan- 

sive if 
H(Tx, Ty) < |lx — yl 


for all x, y € E. 
(2) A multi-valued mapping T : K — CB(C) is said to be asymptotically quasi- 
nonexpansive if F(T) is nonempty and there exists a sequence {k,} with lim k, = 0 
n> Co 
such that 
O(Xn, z) < (kn =F de, z) 

for allx, € T"x,z € F(T),x € Candn > 1. 

Here, we have one question: What means x, € T"x? 

Let E be areal Banach space and C be a nonempty closed convex subset of E. Let 
T : K — CB(C) bea multi-valued mapping. For any z € C, define the following: 

Tz = {z1: 2 € Tz}, 


Tz =TTz= Uwer:T wi, 


T?z = TT?z = UyperrzT wr, 


/ ae =TT"z= Uy, er"zT Wn, 
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Then, by using this new definition, 


Can we extend the corresponding results for the class of single-valued asymptoti- 
cally nonexpansive mappings to the class of multi-valued asymptotically nonexpan- 
sive mappings? 


Let E be a Banach space with the norm || - || and the dual space E * and (-,-) be 
the paring between E and E*. Let A: E > 2*° bea multi-valued mapping and the 
graph of A, G(A) is defined by 


G(A) = {(x, x*): x € E, x* € E*}. 


In 2007, Bartz et al. [99] introduced the following: 


Definition BB1. (1) A mapping A : E — 2°" is said to be n-cyclically monotone 
if, for alln € {2,3,...}, 


(a1, aj) € G(A) 
(az, a3) € G(A) 


=> (dis. — qj, a; ) <0. 


(Ans an) € G(A) 


Gn+1 = a 


(2) A mapping A : E — 2*” is said to be monotone if T is 2-cyclically monotone, 
equivalently, 


=> = yy; A ies > 0. 
(y, y*) € G(A) ie coca 


(\ x*) € G(A) 
(3) Amapping A : E — 2" issaid tobe cyclically monotone if, for alln € {2,3,...}, 
A is n-cyclically monotone. 
(4) A mapping A : E — 2°” is said to be maximal n-cyclically monotone if, for all 
n € {2,3,...}, Ais monotone and no proper extension of A is n-cyclically monotone. 
(5) A mapping A: E — 2*° is said to be maximal cyclically monotone if A is 
cyclically monotone and no proper extension of A is cyclically monotone. 
(6) A mapping A: E — 2*” is said to be maximal monotone if A is maximal 2- 
cyclically monotone. 


Remark BB. (1) There exists a maximal 3-cyclically monotone mappings on R? 
which is not maximal monotone. 

(2) We can find some examples of mappings which are n-cyclically monotone, 
but not (7 + 1)-cyclically monotone. 
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(3) For some more details on n-cyclically monotone and maximal n-cyclically 
monotone mappings, see the paper [99]. 


In 2007, Bartz et al. [99] also introduced the following in a Hilbert space H: 


Definition BB3. A mapping A : H — A is said to be cyclically firmly nonexpan- 
sive if, for alln € {2,3,...}, 


n 


i —Tx;,,Tx; - T x;+41) >0 


i=l 
for all set {x1, X2,...,X,} Of x1, .%0,...,X, € A with x,4) = x1. 
Now, we can consider the following problems: 


How to solve some nonlinear equation, fixed point theorems, equilibrium prob- 
lems, variational inequality problems, optimization problems, and some other nonlin- 
ear problems in Banach spaces, and Hilbert spaces by using n-cyclically monotone, 
maximal n-cyclically monotone and cyclically firmly nonexpansive mappings? 


References 


L. Brouwer, Uber abbildungen von mannigfaltigkeiten. Math. Ann. 71, 97-115 (1912) 
J. Schauder, Der fixpunktsatz in funktionalrumen. Studia Math. 2, 171-180 (1930) 
A. Tychonoff, Ein Fixpunktsatz. Math. Ann. 111,767—776 (1935) 
S. Kakutani, A gneralization of Tychonoffs fixed point theorem. Duck Math. J. 8, 457-459 
(1968) 
5. A. Tarski, A lattice theoretical fixpoint theorem and its applications. Pacific J. Math. 5, 285-309 
(1955) 
6. S. Hayashi, Self-similar sets as Tarski’s fixed points. Publ. RIMS Kyoto Univ. 21, 1059-1066 
(1985) 
7. S. Heikkila, On fixed points through a generalized iteration method with applications to differ- 
ential and integral equations involving discontinuities. Nonlinear Anal. 14, 413-426 (1990) 
8. B.S. W. Schroder, Algorithms for the fixed point property. Theoret. Comput. Sci. 217, 301-358 
(1999) 
9. J. Jachymski, L. Gajek and K. Pokarowski, The Tarski-Kantorovitch principle and the theory 
of iterated function systems. Bull. Austral. Math. Soc. 61, 247-261 (2000) 
10. R. Uhl, Smallest and greatest fixed points of quasimonotone increasing mappings. Math. Nachr. 
248-249, 204—210 (2003) 
11. E. A. Ok, Fixed set theory for closed correspondences with applications to self-similarity and 
games. Nonlinear Anal. 56, 309-330 (2004) 
12. A.C. Davis, A characterization of complete lattices. Pacific J. Math. 5, 311-319 (1955) 
13. E. Picard, Memoire sur la theorie des equations aux derivees partielles et la methode des 
approximations successives. J. Math. Pures et Appl. 6, 145-210 (1890) 
14. S. Banach, Sur les operations dans les ensembles abstraits et leur applications aux equations 
integrales. Fund. Math. 3, 133-181 (1922) 
15. A. Meir, E. Keeler, A theorem on contraction mappings. J. Math. Anal. Appl. 28, 326-329 
(1969) 
16. S. Park, B.E. Rhoades, Meir-Keeler type contractive conditions. Math. Japon. 26, 13-20 (1981) 


Ot 


Survey on Metric Fixed Point Theory and Applications 239 


17. 
18. 
19. 
20. 
21. 
22. 
2335 
24. 


25: 
26. 


27. 


28. 


29. 
30. 


31. 


32. 


33. 


34. 


39; 


36. 


7. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


B.E. Rhoades, S. Park, On generalizations of the Meir-Keeler type contraction maps. J. Math. 
Anal. Appl. 146, 482-494 (1990) 

J. Caristi, Fixed point theorems for mappings satisfying inwardness conditions. Trans. Amer. 
Math. Soc. 215, 241-251 (1976) 

R. Kannan, Some results on fixed points. Bull. Cal. Math. Soc. 62, 71-76 (1968) 

S.K. Chatterjea, Fixed point theorems. C.R. Acad. Bulgare Sci. 25, 727-730 (1972) 

B.E. Rhoades, A comparison of various definitions of contractive mappings. Trans. Amer. 
Math. Soc 226, 257-290 (1977) 

V. Berinde, Approximating fixed points of weak contractions using the Picard iteration. Non- 
linear Anal. Forum 9, 45—53 (2004) 

S. Reich, Some remarks concerning contraction mappings. Canad. Math. Bull. 14, 121-124 
(1971) 

Lj.B. Cirié, Generalized contractions and fixed-point theorems. Publ. Inst. Math. (Belgr.) 
12(26), 19-26 (1971) 

T. Zamfirescu, Fixed point theorems in metric spaces. Arch. Math. (Basel) 23, 292-298 (1972) 
G.E. Hary, T.D. Rogers, A generalization of a fixed point theorem of Reich. Canad. Math. Bull. 
16, 201-206 (1973) 

Lj.B. Ciric, A generalization of Banach’s contraction principle. Proc. Amer. Math. Soc. 45, 
267-273 (1974) 

M. Edelstein, On fixed and periodic points under contraction mappings. J. London Math. Soc. 
37, 74-79 (1962) 

S. Presi¢, Sur la convergence des suites. C.R. Acad. Paris 260, 3828-3830 (1965) 

H. Fukhar-Ud-Din, V. Berinde, A.R. Khan, Fixed point approximation of Presi¢é nonexpansive 
mappings in product of CAT(0) spaces. Carpathian J. Math. 32, 315-322 (2016) 

P. Boriwan, N. Petrot, S. Suantai, Fixed point theorems for PreSi¢ almost contraction mappings 
in orbitally complete metric spaces endowed with directed graphs. Carpathian J. Math. 32, 
303-313 (2016) 

M.S. Khan, M. Berzig, B. Samet, Some convergence results for iterative sequences of Presic 
type and applications. Advan. Differ. Equ. 2012(38), 12 pp (2012) 

M. Pacurar, Approximating common fixed points of Presi¢-Kannan type operators by a multi- 
step iterative method. An. St. Univ. Ovidius Constanta Ser. Mat. 17, 153-168 (2009) 

M. Pacurar, A multi-step iterative method for approximating common fixed points of Presic-Rus 
type operators on metric spaces. Studia Univ. Babes-Bolyai Math. 55, 149-162 (2010) 

M. Pacurar, Common fixed points for almost PreSi¢é type operators. Carpathian J. Math. 28, 
117-126 (2012) 

S. Shukla, B. Fisher, A generalization of PreSi¢ type mappings in metric-like spaces. J. Oper. 
2013, Article ID 368501, 5 pp (2013) 

R. George, K.P. Reshma, R. Rajagopalan, A generalized fixed point theorem of PreSi¢ type in 
cone metric spaces and application to morkov process. Fixed Point Theory Appl. 2011(85), 8 
pp (2011) 

M.S. Khan, M. Samanipour, PreSi¢ type extension in cone metric space. Int. J. Math. Anal. 
7(36), 1795-1802 (2013) 

S.K. Malhotra, S. Shukla, R. Sen, A generalization of Banach contraction principle in ordered 
cone metric spaces. J. Adv. Math. Stud. 5, 59-67 (2012) 

M.S. Khan, S. Shukla, S.M. Kang, Fixed point theorems of weakly monotone Presi¢ type 
mappings in ordered cone metric spaces. Bull. Korean Math. Soc. 52, 881-893 (2015) 

J. Zhu, Y.J. Cho, S.M. Kang, Equivalent contraction conditions in symmetric spaces. Comput. 
Math. Appl. 50, 1621-1628 (2005) 

A.E. Bashirov, E.M. Kurplnara, A. Ozyaplcl, Multiplicative calculus and its applications. J. 
Math. Anal. Appl. 337, 36-48 (2008) 

M. Ozavsar, A.C. Cevikel, Fixed point of multiplicative contractions on multiplicative metric 
space, arXiv:1205.5131v1 [mathGN] 

X. He, M. Song, D. Chen, Common fixed points for weak commutative mappings on a multi- 
plicative metric space. Fixed Point Theory Appl. 2014, 48 (2014) 


240 YJ. Cho 


45. J. Tiammee, S. Suantai, Y.J. Cho, Common fixed point theorems for generalized multiplicative 
contractions in multiplicative metric spaces, submitted (2016) 

46. R.P. Agarwal, E. Karapinar, B. Samet, An essential remark on fixed point results on multiplica- 
tive metric spaces. Fixed Point Theory Appl. 2016, 21 (2016) 

47. M. Abbas, B. Ali, Y.I. Suleiman, Common fixed points of locally contractive mappings in 
multiplicative metric spaces with applications, Int. J. Math. Math. Sci. 2015, Article ID 218683 
(2015) 

48. D. Dorié, Common fixed point for generalized (~, @)-weak contractions. Appl. Math. Lett. 22, 
1896-1900 (2009) 

49. S. Matthews, Partial metric topology. Ann. N.Y. Acad. Sci. 728, 183-197 (1994) 

50. M. Asadi, E. Karapinar, P. Salimi, New extension of p-metric spaces with some fixed-point 
results on M-metric spaces. J. Inequal. Appl. 2014, 18 (2014) 

51. S.M. Ulam, Problems in Modern Mathematics (Wiley, New York, 1964) 

52. D.H. Hyers, On the stability of the linear functional equation. Proceedings of National Academy 
of Sciences, USA 27, 222-224 (1941) 

53. Y.J. Cho, ThM Rassias, R. Saadati, Stability of Functional Equations in Random Normed 
Spaces (Springer, New York, 2013) 

54. YJ. Cho, C. Park, ThM Rassias, R. Saadati, Stability of Functional Equations in Banach 
Algebras (Springer, New York, 2015) 

55. ES. de Blassi, J. Myjak, Sur la porosite des contractions sans point fixe. Comptes Rendus de 
1’ Academie des Sciences Paris 308, 51-54 (1989) 

56. S. Reich, A.J. Zaslavski, Well-posedness of fixed point problems. Far East J. Math. Sci. 3, 
393-401 (2001) 

57. B.K. Lahiri, P. Das, Well-posednes and porosity of certain classes of operators. Demonstratio 
Math. 38, 170-176 (2005) 

58. V. Popa, Well posedness of fixed point problem in orbitally complete metric spaces, Studii si 
Cercetari Stiintifice, Seria Matematic, Department of Mathematics and Informatics, Faculty 
of Sciences, University of Bacau, Romania, 16(2006), 209-214, 2006, Proceedings ICMI 45, 
Bacau, September 18—20 (2006) 

59. V.Popa, Well posedness of fixed point problem in compact metric spaces, Buletinul Universitatii 
Petrol-Gaze din Ploiesti. Seria Matematica—Informatica—Fizica 60, 1-4 (2008) 

60. A. Pansuwan, W. Sintunavarat, J.Y. Choi, Y.J. Cho, Ulam-Hyers stability, well-posedness and 
limit shadowing property of the fixed point problem in M-metric spaces. J. Nonlinear Sci. 
Appl. 9, 4489-4499 (2016) 

61. M. Asadi, Fixed point theorems for Meir-Keeler type mappings in M-metric spaces with 
applications. Fixed Point Theory Appl. 2015, 210 (2015) 

62. S.B. Nadler Jr., Multi-valued contraction mappings. Pacific J. Math. 30, 474-487 (1969) 

63. O. Kada, T. Suzuki, W. Takahashi, Nonconvex minimization theorems and fixed point theorems 
in complete metric spaces. Math. Japon. 44, 381-391 (1996) 

64. I. Ekeland, Nonconvex minimization problems. Bull. Amer. Math. Soc. 1, 443-474 (1979) 

65. N.A. Assad, W.A. Kirk, Fixed point theorems for set-valued mappings of contractive type. 
Pacific J. Math. 43, 553-562 (1972) 

66. G. Jungck, Commuting mappings and fixed points. Amer. Math. Monthly 83, 261-263 (1976) 

67. S. Sessa, On a weak commutativity condition of mappings in fixed point consideration. Publ. 
Inst. Math. (Belg.) 32, 149-153 (1982) 

68. G.Jungck, Compatible mappings and common fixed points. Int. J. Math. Math. Sci. 9, 771-779 
(1986) 

69. G. Jungck, B.E. Rhoades, Fixed points for set-valued functions without continuity. Indian J. 
Pure Appl. Math. 29, 227-238 (1998) 

70. G. Jungck, P.P. Murthy, Y.J. Cho, Compatible mappings of type (A) and common fixed points. 
Math. Japon. 38, 381-390 (1993) 

71. R.P. Pant, Common fixed points of noncommuting mappings. J. Math. Anal. Appl. 188, 436- 
440 (1994) 


Survey on Metric Fixed Point Theory and Applications 241 


72. 
135 
74. 
Ds 
76. 
77. 
78. 
79. 
80. 
81. 
82. 
83. 
84. 


85. 


86. 
87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


H.K. Pathak, Y.J. Cho, S.M. Kang, Remarks on R-weakly commuting mappings and common 
fixed point theorems. Bull. Korean Math. Soc. 34, 247-257 (1997) 

M. Aamri, D. El Moutawakil, Some new common fixed points theorems under strict contractive 
conditions. J. Math. Anal. Appl. 270, 181-188 (2002) 

W. Sintunavarat, P. Kumam, Common fixed point theorems for a pair of weakly compatible 
mappings in fuzzy metric spaces. J. Appl. Math. 2011, Art. ID 637958, 14 pp (2011) 

H. Bouhadjera, On common fixed point theorems for three and four self-mappings satisfying 
contractive conditions. Acta Univ. Palscki. Olomuc., Fac. rer. nat., Math. 49, 25-31 (2010) 
C. Bessaga, On the converse of Banach fixed-point principle. Collog. Math. 7, 41-43 (1959) 
V. Subrahmanyam, Completeness and fixed-points. Monatsh. Math. 80, 325-330 (1975) 

S. Priess-Crampe, Der Banachsche Fixpunkstaz fur ultrametrische Raume. Results Math. 18, 
178-186 (1990) 

S. Park, G. Kang, Generalizations of the Ekeland type variational principle. Chinese J. Math. 
21, 313-325 (1993) 

T. Suzuki, W. Takahashi, Fixed point theorems and characterizations of metric completeness. 
Top. Methods in Nonlinear Anal. 8, 371-382 (1996) 

Q.H. Ansari, Ekeland’s variational principle and its extensions with applications, in Topics in 
Fixed Point Theory, ed. by S. Almezel, Q.H. Ansari, M.A. Khamsi (Springer, Berlin, 2014) 
J.R. Jachymski, B. Schroder, J.D. Stein Jr., A connection between fixed point theorems and 
tiling problems. J. Combin. Theory Ser. A 87, 273-286 (1999) 

J.R. Jachymski, J.D. Stein Jr., A minimum condition and some related fixed-point theorems. J. 
Austral. Math. Soc. Ser. A 66, 224-243 (1999) 

J.D. Stein Jr., A systematic generalization procedure for fixed-point theorems. Rocky Mountain 
J. Math. 30, 735-754 (2000) 

J. Merryfield, B. Rothschild, J.D. Stein Jr., An application of Ramsey’s Theorem to the Banach 
contraction principle. Proc. Am. Math. Soc. 130, 927-933 (2001) 

Ky Fan, Extensions of two fixed point theorems of F E. Browder. Math. Z. 112, 234-240 (1969) 
MLR. Yadav, B.S. Thakur, A.K. Sharma, Best proximity points for generalized proximity con- 
traction in complete metric spaces. Adv. Fixed Point Theory 3, 393-405 (2013) 

W.A. Kirk, P.S. Srinvasan, P. Veeramani, Fixed points for mappings satisfying cyclical con- 
tractive conditions. Fixed Point Theory 4, 79-89 (2003) 

R.E. Bruck, Nonexpansive projections on subsets of Banach spaces. Pacific J. Math. 47, 341- 
355 (1973) 

Y.M. Hong, Y.Y. Huang, On A-firmly nonexpansive mappings in nonconvex sets. Bull. Inst. 
Math. Acad. Sinica 21, 35-42 (1993) 

F. Kohsaka, W. Takahashi, Fixed point theorems for a class of nonlinear mappings related to 
maximal monotone operators in Banach spaces. Arch. Math. (Basel) 91, 166-177 (2008) 

W. Takahashi, Fixed point theorems for new nonlinear mappings in a Hilbert space. J. Nonlinear 
Convex Anal. 11, 79-88 (2010) 

W. Takahashi, J.C. Yao, Fixed point theorems and ergodic theorems for nonlinear mappings in 
Hilbert spaces. Taiwan. J. Math. 15, 457-472 (2011) 

K. Aoyama, S. Iemoto, F. Kohsaka, W. Takahashi, Fixed point and ergodic theorems for A- 
hybrid mappings in Hilbert spaces. J. Nonlinear Convex Anal. 11, 335-343 (2010) 

K. Aoyama, F. Kohsaka, Fixed point theorem for a-nonlinear mappings in Banach spaces. 
Nonlinear Anal. 74, 4387-4391 (2011) 

D. Ariza-Ruiz, C.H. Linares, E. Llorens-Fuster, E. Moreno-Galvez, On a-nonexpansive map- 
pings in Banach spaces. Carpathian J. Math. 32, 13-28 (2016) 

M.A. Japon-Pineda, K. Goebel, On a type of generalized nonexpansiveness, in Proceedings 
of the 8th International Conference of Fixed Point Theory and its Application (Yokohama 
Publishers, 2008), pp. 71-82 

K. Goebel, W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings. Proc. 
Amer. Math. Soc. 35, 171-174 (1972) 

S. Bartz, H.H. Bauschke, J.M. Borwein, S. Reich, X.F. Wang, Fitzpatrick functions, cyclic 
monotonicity and Rockafellar’s antiderivative. Nonlinear Anal. 66, 1198—1223 (2007) 


Sums of Finite Products of Euler Functions 


Taekyun Kim, Dae San Kim, Gwan Woo Jang and Jongkyum Kwon 


Abstract In this paper, we consider three types of functions given by sums of finite 
products of Euler functions and derive their Fourier series expansions. In addition, 


we express each of them in terms of Bernoulli functions. 
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1 Introduction 


Let E,, (x) be the Euler polynomials given by the generating function 


2 
e+ 


oe) 
i 
=> En(x)—, (see [1-3,7,12,13,15,19)). 
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When x = 0, E,, = E,,(0) are called Euler numbers. For any real number x, we let 
<x >=x- [x] € [0, 1) (2) 


denote the fractional part of x. 

Fourier series expansion of higher-order Bernoulli functions was treated in the 
recent paper [14]. Here we will consider the following three types of functions 
given by sums of finite products of Euler functions and derive their Fourier series 
expansions. In addition, we will express each of them in terms of Bernoulli functions. 


(1) an ((x)) = pe eae Tae eee Ee, ((x)) Ee, ((x)) ake E, ((x)), 
(m > 1); 

(2) Bm (x)) = Dahan aleimet Ber ((x)) Ee, ((x)) aoe E., ((x)), 
(m > 1); 

3) Ym (2) = Dos tertentoemere erst Soe Bey (Ux) Boy (Hx) ++ Be, (QD), 
(m =r). 


For elementary facts about Fourier analysis, the reader may refer to any book (e.g., 
see [16, 20]). 

As to §,(< x >), we note that the next polynomial identity follows immediately 
from Theorems 3.1 and 3.2, which is in turn derived from the Fourier series expansion 
of Bn(< x >): 


Se. (x) +--+ Ee (x) 
-c,! i 


!e5! 
cy te.++-+¢,=m C1-€2: 
m - 
1 rio} 
= -Qin41 i > 2m j+1 Bi), 
r 1 J: 
J= 


where 


r anr-—a 1 
= + (“Jen 2 > Gla Baba Ba 


O<a<r ey teg++eg=l 
1 
= 2 Soe 
Cy -C2.° °° Cpe 


(3) 


aid 


cy tegt+-+¢,=1 


The obvious polynomial identities can be derived also for ay,(< x >) and Yn(< 
x >) from Theorems 2.1 and 2.2, and Remark 4.1 and Theorem 4.2, respectively. It is 
remarkable that from the Fourier series expansion of the function ey Tm By(< 
x >)Bmn—x(< x >), we can derive the Faber—-Pandharipande—Zagier identity (see [5, 
8—11]) and the Miki’s identity (see [4, 6, 8-11, 17, 18]). 
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Let Om(*) = Does tept-tepam Ee 4) Ee, (x) +++ Ee, (x), (m = 1). Here the sum runs 
+c, =m, (r = 1). 


over all nonnegative integers c),c2,...,¢, with c) +c2+ 
Then, we will consider the function 


Am(< x >) = > Eu (< x >)Eo(< x >): 


cy +c. ++++¢,=m 


defined on R, which is periodic with period 1. 
The Fourier series of a,(< x >) 1s 


fore) 
> A (m) 42minx 
n , 


n=—CO 


where 


1 
A”) -| Qin (< x ye On dx 
0 


1 
= i Cin (xe ot dx. 
0 


Eo (<x >), 


Before proceeding further, we need to observe the following. 


A= (eB aile)Ba (0) Be.) 


Cy +eg+++¢,=m 


+-+++c,Eo, (x) Eo, (x) ++: E,,-1(#)) 


= » C1 Ee—1(%) Eo, (x) +++ Ec, (%) 


cytegt+¢e,=m,c;>1 


spats > Cr Eo, —-1(X) Ee, (x) +++ Eo, (x) 


Cy +eg+:+ce,=m,c->1 


=(m+r—1) 2 Eo, (4) Eo, (2) +++ Ee, (X) 


cy+en+++¢e,=m—1 
= (m a 1)Qm—1 (x). 


From this, we obtain 


(a) = Om (x) 


m+r 


(4) 


(5) 


(6) 


(7) 


(8) 
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: 1 
: ie Si Gl See (9) 
0 m+r 
For m > 1, we put 
Am = Qm(1) — Am (0) 
= > (EaQ@ Fa) +++ Be) - BeBe *+ Ee) 
Cy teg++¢c,=m 
= DY (CB + 260.01) +++ (Ee, + 260.) — Ee, Bes + Ee) 
Cy teg++¢c,=m 


= > (") 1)? >» E«, E., ses Ee > E Eo, Ne 


O<a<r Cy +e2 ++ +Cg=m cytegt--+¢,=m 


(10) 


Observe here that the sum over all c; + cz +--+: +c, =m of any term with a of 


—E,, and b of 260,c55 (<e, f <r,a+b=r), all give the same sum 


D(H Ba) +++ (Fe) (28 0,6041) + ++ (250,ce40) 


cytceg++-+¢,=m 


=. > Conf Ek, 


a 


Cy teg+:+cg=m 


Note here that, for a = 0, the sum in (11) is 2”d0, = 0. 
Also, 


Qn (1) = Om (0) <=> An = 0, 


and 


1 
1 
| Amn (x)dx = rar 


Now, we would like to determine the Fourier coefficients A”), 
Casel:n #0. 


(m) 
A, 


1 
| Om (x)e-2™"™* dx 
0 


1 —2ninx : ; / —2ninx 
= ——|an(x)e | + a, (x)e *dx 
0 


(11) 


(12) 


(13) 


2rin 0 2nin 
I mar = 1 ; —2ninx 
= —>— (amQ) — am (0)) + ——— ] am-i(x)e dx 
2nin 2nin 0 
DE eet 1 
2rin " Qnin 
-—1 —2 1 1 
= aes = Ar?) zi Am-1 = =—— Am (14) 
27in 2rin 27in 27in 
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(m +7 — Vo en) 3 (mtr—Djar, | 

(2nin)2 °" Onin) cae 

_ (mtr—Vm 40) 5p ud 
(2min)™ : (27in)i 


m—jt+l 


where A® = f e~2"nxdy = 0, 
Case2:n=0. 


Ay” = i oe ah, 
0 m+r 


As to Bernoulli functions B,,(< x >), we recall the following facts: 


(a) form > 2, 


e2minx 
Bin(< x > —m! 
m( = SS (Qriny"’ 
n=—0o 
nA~0 


(b) form = 1, 


00 2minx _ | Bi(<x >), for x ¢Z, 
nin ~ 10, for x € Z. 


n40 
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(15) 


(16) 


(17) 


Qin(< x >), (m => 1) is piecewise C®. Moreover, a,(< x >) is continuous for 
those positive integers m with A,, = 0 and discontinuous with jump discontinuities 


at integers for those positive integers m with A,, 4 0. 


Assume first that 7 is a positive integer with A,, = 0. Then a, (1) = a,(0). Hence 
Qm(< x >) 1s piecewise C® and continuous. Thus, the Fourier series of aj,(< x >) 


converges uniformly to a,(< x >), and 


Om(< x >) = ——_An+1 
m 


iy 2ninx 
" 2, > (2rin)/ Am-j+1 | é 


n=—COo jal 


1 1 “(m+r 
= — Am . De 
m+r nt > ) a 
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oo e2minx 
|i! 2 Grim me 
n=—CO 
n40 
1 1 " (m+r 
— Am * Am-j B; 
arms re j ) j41Bj(< x >) 
Suk By(<x>), for x ¢Z, 
m x 
0, for x € Z. 


We are now ready to state our first result. 


Theorem 2.1 For each positive integer l, let 


Al = 2 ({)-per~ > Be Biiie Be = > Eo Boy +++ Ey: 


O<a<r cy teg+-+eq=l ey teg+e-+e-=l 


Assume that A, = 0, for a positive integer m. Then we have the following. 


(a) pe ee Eo (< x >)Eo(< x >)-+++ Eo,(< x >) has the Fourier series 
expansion 


= E.,(< x >)Eo,(< x >)-++ Eo,(< x >) 
ei +eg+--+¢-=m 


1 m 


CO 
1 (m+1r)j maine 
=—— An ; Hi Am-j ae 
m+r sas 2D eps (27in)J ad ial 


n=—0oo j=l 


n40 


for all x € R, where the convergence is uniform. 


(b) 
© Eo (< x >)Ee,(< x >)-++ Ee (<x >) 


Cy +c2++-+c,=m 


1 1 "(m+r 
= Am Am—j+1Bj(< x >), 
Paes nt a> j ) j+1Bj(< x >) 


for all x € IR, where Bj(< x >) is the Bernoulli function. 


Assume next that A,, 4 0, for a positive integer m. Then a,,(1) 4 a, (0). Hence 
Qin(< x >) is piecewise C~ and discontinuous with jump discontinuities at integers. 


The Fourier series of a,,(< x >) converges pointwise to Q,(< x >), forx ¢ Z, and 
converges to 
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1 1 
3 (1m) + Om (1) = Om (0) + 5 Am, (19) 


for x € Z. 
Now, we are going to state our second result. 
Theorem 2.2 For each positive integer l, let 


O<a<r ey te2+ -+¢g=l cy teog+-+e,-=l 


Assume that A, 4 0, for a positive integer m. Then we have the following. 


1 
a —— An 
( Vince +1 


(m + ")in 2ninx 
ee m-+r =o Qninyi mit! Je 
n#0 ~ 
- ae Hivtgan Hale * SEK eS) Blea >), for xg Z, 
hae Cote +c-=m Ec, Ee, ead Eo, + 5 Am, for xeEZ. 
1 1 m 


m+r 
a ‘ Am—j+i Bj(< x >) 
a J 


= * Eu (<x >)Eg(<x >)-++ Eg (<x >), forx €Z; 
ey +eg+--+¢c-=m 


1 1 m+r 
— An Am-j By(< > 
Ans + are | FY oni B= x >) 


1 
= > E., Ee, +++ Ec, + =Am, for x € Z. 
ey +e2+--+¢e-=m 2 


3 The Function G,,(< x >) 


1 

Let BOD > 5 tease algtel Bet (x) Eo, (x)-+++ E.(x), (m > 1). Here the 
sum runs over all nonnegative integers cj, ¢2,...,¢, with cy +c2+--- +c, = 
m, (r => 1). Then we will investigate the function 


1 
Bn(< x >)= > Eu, (< x >)Eo(< x >)-:+ Eo (<x >), 
ci!c2!-+-¢,! ° ’ 
cy+c2+++¢e-=m 


(20) 
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defined on R, which is periodic with period 1. The Fourier series of 3,,(< x >) is 


ior) 
> Ree rn (21) 
n=—0o 
where ; 
Be a Bn (< x ee dy -| Bleye Or dx, (22) 
0 0 


/ _ Cl 
Bi, (x) = > - (prea) Ba) Be) 
citer t-+e,=m 
Cr 


fet OB, (0) ++ By, 0) E1009) 
cy !c2!---c,! 


1 
> Best) Bes (8) ++ Ee, (X) 


c, — Wleg!---¢ 
nase eet lea 7 


th daaeth y 


cy +tegt+:+ce-=m,c->1 


ci !co! a (c; = 1)! Ee, (x) ol E.,_, (x) E¢,-1(*) 


1 
= Yo = E(x) Ee (x) +++ Ec, (x) 
c!c2!---c,! 
ey tegt+c,=m—1 


fame 


ri Ec, (x) E(x) nie E,, (x) 
cite2+---+¢c,=m—1 es 


ci !C2!+-- 


= rBm—1(X). 
(23) 
From (23), we obtain (222) = B(x), 
and 
: 1 
J Bnxrae = ~(Bn21(1) — Bns(0)). 24) 
0) r 
Let 
Qm = Bn (1) — Bm(0) 
- ee hy ee ee 
sia emem CHOU Pe! 
_ 1 E,, Ep, «++ Ey (25) 
ci!c2!-+-c;! 7 ’ 


Cy +e. +++, =m 


1 
———~(— Ee, + 260,¢,) +++ (—Ee, + 260.6) 
ci toate +¢-=m C}-C2- c;! 
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1 
a 2 Bini te ne 
cytente team © 1C2: re 


Observe here that the sum over all cj +c2+---+c, =m of any term with a of 


—E,, and b of 260,c72 (<e, f <r,a+b=r), all give the same sum 


1 
Sa (Ee) ++ (H Ee (280,441) *** (250,605) 


lool... e,! 
= C1 -C2: Cy: 


Circa ey 


1 
= > ————— (-1)°2"* Ea, Ee, +++ Ee,- 
Cy!Cg!+++C,! 


Cy +rc2 Te +Cg=mN 


(26) 


Thus 


Qn= > ("Joe > Baka E., 


Cc 
O<a<r Cy Heat +cg=m 


1 
7 > ia ee 
cy tea + +¢,=m 1-C2- - 


(27) 


et 


In addition, 
Bm (1) = Bm (O) & Qn = 9, 


7 1 (28) 
: Bm (x)dx = -Qm4t- 
9) r 


Next, we would like to determine the Fourier coefficients Be, 


Case 1: n £0. 


1 
<OniAx 
ey Bn (x)e mI dX 


1 —2rinx ’ 
Onin [* We iF - 


1 : ae 
| Baie" dx 
2rin Jo 
1 r : : 
= — ——. ih i= ig 0) a ie —2rinx gq 
sig (Bm (1) — BOD) + = f° Byaatader tas 


1 


2rin 


— _" pir-) 
2rin ” 


m 


r r (m—2) 1 1 
; ( : n zi Qn-1) Qin (29) 
2rin \27in 27in 27in 


j=l 


2 
r \2 r 
Bin?) = ~ Qj 
Cae n by (2rin)/ a 


j=l 
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m j-1 


r m r 
= BO = ao Qin j 
Cr m 2 (2rin)/ a 


j=l 


m pe 
rio} 
aes > (2nin)i Qm—j41; 
j=l 


where BO = f e~?7indx = 0, 
Case 2:n = 0. 


1 
m 1 
Bo” = | Bo (2) = =O. (30) 
0 


Bn(< x >), (m > 1) is piecewise C®. Moreover, 3,(< x >) is continuous for 
those positive integers m with Q,, = 0 and discontinuous with jump discontinuities 
at integers for those positive integers m with Q,, 4 0. 

Assume first that m is a positive integer with Q,, = 0. Then @, (1) = G,,(0). Hence 
Bn(< x >) is piecewise C® and continuous. Thus, the Fourier series of 3,,(< x >) 
converges uniformly to 3,,(< x >), and 


Bn(< x >) 
1 = . es 2ninx 
i Qin + 2 eo» (2nin)i m jie 
i 
1 m rit} 00 e2minx 
= —Qm41 + ——— Qin- ji x (-i! : -) 
: - i 2) ao (31) 
n40 
1 " rinl 
= m+ + > Gy ms Bil x >) 
j=. °" 


be x Bi(<x>), for x ¢Z, 
0, for x € Z. 


Now, we can state our first result. 
Theorem 3.1 For each positive integer l, let 


r anr—a 1 
r= > (“Jn 2 om cleghe | bBo Be 


O<a<r 


Cy teg te +eg=l (32) 


_ p> — |e Ses 


1o5! 
Elegie sa 
eyteyt=te,at 1"? : 
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Assume that Qj), = 0, for a positive integer m. Then we have the following. 


1 
(a) Doi Sry Sit ve (<x SJE. (<x >):++ Ey (<x >) has the 
Fourier series expansion 


> 1 
Jaton Xx >) Eo (< A >) oe E,,(< ae = 
eben +e-=m Cy -CQ+0 °° Cpe 
3 5 = 2mi (33) 
~r - sb ee . minx 
= r Qin + pai 7 (2rin)i Qn-jri)e ; 
n#0 In 


for all x € R, where the convergence is uniform. 


1 

b) DY RR Ey(K x >) Ee, (< x >) ++ Ee, (< 2 >) 
Cy Cares + Cpt 

cyte2+--+¢,=m 


; a (34) 
= 7 2m+1 + os mae x >) 
jar 


for all x € IR, where Bj(< x >) is the Bernoulli function. 


Assume next that m is a positive integer with Q,, 4 0. Then, Gn(1) 4 Gn (0). 
Hence (,(< x >) is piecewise C® and discontinuous with jump discontinuities at 
integers. Thus, the Fourier series of 3,,(< x >) converges pointwise to B,(< x >), 
for x ¢ Z, and converges to 


1 1 
5 Fm (0) = Bm()) = Bm (0) a 5m 


1 1 (35) 
cy teg++c,=m C1CQ++ ++ Crs 
for x € Z. 
Now, we can state our second result. 
Theorem 3.2 For each positive integer l, let 
r 1 
TS 5 (") (24D oF Bae Be 
O<a<r Cy +eot+++¢g=l a Se 
36 
' (36) 


= 


ey tegte+e-=l 


et 


ii E., -++ EF. 
Cy -C2-° °° Cy: 


Assume that Qy, 4 0, for a positive integer m. Then we have the following. 


T. Kim et al. 


254 
ly 1 - “ rit Q 2ninx 
(a)- m+1 4 pi on (2nin)d m-j+1)e 
n#0 a= 
_ De; tp eh ein aiginet Ea (< X >)Eo (<x >)--+ Eg (<x >), for x ¢Z, 
Doi cote -+ce,-=m aleinet En Ee ee Ec, + 52m. for x eZ. 
(b) 
l m yin} 
| 2m+1 a > Qn j41 By (< x >) 
Ae 
1 
= Po ———E,,(< x >)-::E, («<x >), for x EZ; 
cy!co!---c,! 


cytea fete, 


1 "rit! 
 2m+1 + = Gp ini By (< x >) 
jae 
il 
=Qmn, for x EZ, 


1 
E,, Eo, +++ Eo, + 5) 


2 c!c2!---c,! 


citent--+e,=m 


4 The Function 7;,m(< x >) 
eel Gare Beit) Ee (4) +++ Bo, (x), (m =r > 1), 
,cy With cy +c) +---+ 


Let Yr.mQ)= DA eatin, < 
where the sum runs over all positive integers cj, C2, 


Cc =m. 
1 
Vg) = 2 Ep, -1() Ees(8) ++» Eo, () 
ey teg te +e,=m, C17 C= 1 o = 
1 
+ » (2) Eey-1(") Ea (2) «++ Eo, (x) 
C1C3°°*C, 
cr terte +e,=m, C1, ,cr>1 
1 
re ee 
peat —m.cC a a 
C1 Fert FCPS, C1y~ Cr2 1 
1 
. Se ee 
C2 4++-+¢,-=m—1,¢2,-" c= 1 eo 
1 
ih > —__— E,, (x) --+ E,, (x) 
C2°°+ Cp 
cyte te-=m—1,c1,+++ ,¢p>1 
1 
Ppa pa re Has) + Bes) 
Pa CjC2 °° * Cp] 


cy +egt+-+e,-;=m—1,c1,- 
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1 
+ >» —___E,,(x)-++ E.,(x) 
C1CQ ++ ° Cp—] 
ete +¢=m—1egy cal 
1 
S97 ai Oe 1) y; ——— E,, (x) Ee, (x) 
Cl ee Cr 
cy t+egt++¢,=m—1,c1,-°,¢->1 
bind a) 
= 1 Yr-1,m-1(X) + (m = 1) r,m-1 4). (37) 
Thus, 
ae (x) = r'Yr—1,m—1(X) oe (m — 1)¥m-1(X), (m = r), (38) 


with 7;,,--1(x) = 0. 
From this, we obtain. 


r 1 
Vrm (x) = orl am) So oy dame): 


Let Ayn = YrmC) — Ym (0). Denoting te Yr,m(x)dx by am, we have 


r 1 
aym = ——4r—-1,m + —Apm4t- (39) 
m m 
From (39), we can easily obtain 
1 r j—1 
SOHO 
a Yram(X)dx = 2 A iat (40) 
Here we note that 
1 1 1 
Aim = i vim(xdx = a En(xdx, (41) 
0 m Jo 
1 1 
Aim+i = a ae (Em4iC) _ Em+1(0)) = i En (x)dx. (42) 
m + 1 0 
Arm = Yr,m (1) — Vr,m (0) 
1 
= ~ ——— (Eq, (1) +++ E,,(1) — Ee, +++ Ee,) 
Cl ie. ase Cy 
Cy tea +: +¢-=M,C1 50° Cp > 1 
= P> (—Ee, + 260,01) +++ (— Ee, + 260,¢,) 
cy toate +e,-=m,¢1,°° Cp = 1 CL eseGy 
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_ 3 a ee (43) 


Cc eae Cc 
cr tertete=m,ci¢-21 ’ 


1 
= ((-)’ - 1) » —— Eg, +++ Eg, 


eytegte-+e-=m,c1,- 21 


1 
— i pO Ee ne anes i Ec, for r odd, 


0, for r even. 


Remark 4.1 (a) We note here that A,.,, = 0, and hence 7;,.,(1) = 7m (0), for any 
even positive integer r and any integer m with m > r. 
(b) For r even, 


1 z 2j-1 
(-1)4@)aj- 
i Yam @)dx = YI Ay apt (44) 
0 . 
j=l 
for r odd, 
r+l 
1 2 
(r)2j-2 

fi Yrm(x)dx = >, Syapat Mr-2it2amdl- (45) 

j=! 


Also, rm (1) = Vr,m (0) ? Ay = 0. 
Now, we are going to consider the function 


1 
Irm(< x >) = > Ea l< ¥ >) Eo (< * >)+++ Eo. (<*>), 
C1C2 +++ Cp 
Cy teg te +p =m, C1 °° Cr=1 
(46) 
defined on R, which is periodic with period 1. 
The Fourier series of ¥,,(< x >) is 
CO 
> COM errs, (47) 
n=—oOo 
where : ; 
cre = - Vn m(< x sje rds = | Apo (oe 2" dx. (48) 
0 0 


Now, we would like to determine the Fourier coefficients Com, 
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Case 1: n £0. 
1 * 
cm = gl Ge ae 
0 
1 2ni ? 1 : / 2Qni 
—— ee —LZTINX : : = HES 
2Qnin [> (xe \, 2nin i Tran OE 7 
1 1 : —2rinx 
= —~— Arm ie ee + (m —_ Dinm109)e dx 
27in 27in 
m— 1 1 
= can 1) crim) _ Ay 
2rin ” a 2rin ” 27in 
m—lrm—2 r 1 
= (r,m—2) Co-hm-2) _ Aen ) 
2rin ( Q2rin ” ~ 2rin " 27in : 
cele = : rem 
2nin ” Qnin 
2 2 
(m — 1)2 9 r(m— 1)j-1 —1); Ly 
= can ) 4 I~ ce l,m—j) Wee Do 
(Qrin)2 ~" 2, (2Qrin)i Cr ear (Qnin)i ot 
(m — 1)m—r cn = + r(m — 1) j-1 1 Corbn-i) SS (m= 1)j-1 
6 See ae r—l,m : A, a8 
Cant? 21 Grin Qninyi 2, ie a 
_ m—r+l 
=F Dit gata "Fr MaDe 
= (Qrin)i am (27in)s en 
(49) 
Here we need to note that 
1 1 r : 
con =) (: = ;) eT 2TINx dy 
. 1 1\’ 1\" (50) 
= ( ) ie r Ccor-ir-D 
27min \\2 2 2rin " ‘ 
1. 1. 
Arr = YrrC) = Yr,r (0) = (5) = >) . (51) 
In addition, we can show that, for n 4 0, 
(1,m) 1 —2ninx 
CS Em(x)e “dx 
m Jo 
(52) 


= 3 (m) j- 1 : 
— (Qnin)i Em jt+1> 


For n 4 0, (49) together with (52) determines all Cr recursively. 
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Case 2:n = 0. 


1 fi j—1 
rm (-)! (") (= 
G -| Ym (X)dx = a A, itm (53) 
0 


mJ 
j=! 


Yrm(<x >), (m >r > 1) is piecewise C™. In addition, 7,,(< x >) is contin- 
uous for those integers r, m with A,.», = 0 and discontinuous with jump discontinu- 
ities at integers for those integers r, m with A,.., 4 0. We recall here that A,.,, = 0, 
and hence 7¥;,m(1) = 7,.m(0), for any even positive integer r and any integer m with 
m >r. Assume first that A,.,, = 0, for some integers r,m with m > r > 1. Then 
Yr.m(1) = Yr,m(O).Hence +7,.™(< x >) is piecewise C® and continuous. Thus, the 
Fourier series of y,(< x >) converges uniformly to 7,(< x >), and 


lone) 
Yin (< x >)= = ce ae >> Cen 


n=—CO 


n#0 


where C$””” is given by (53), and C’"”, for each n ¥ 0, are determined recursively 
from the relations (49) and (52). 
Now, we are ready to state our first theorem. 


Theorem 4.2 For all integers s,1 withl > s > 1, we let 


1 
Asi = (-1* - 1) > —— E,,- ++ Ez,. 


Cc eee CG 
citote+e=her 621) : 


Assume that A; = 0, for some integers r,m withm > r > 1. Then we have the 
following. 

> oe ree Po = z —— E.,(< x >)-++ Ec, (< x >) has the Fourier series 
expansion 


1 
> —— E.,(« x >)--- Ep,(< x >) 
Cl eee Cr 
Cig +e +C,-=M,C1,-* Cr 1 
ai m) a > c& MM) 6 a 
n=—0o 
n40 


- —1)i (ry) ' 
where Cn =>" A esate and C", for eachn # 0, are deter- 


j=l m/ 
mined recursively from 


m—r+l 


r(m—1);-1 74, _, (m — 1);-1 
cm = > gm Sy: Pai. GA 
7 = (27in)/ " j=l ae we 
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and 


Hi 2 (m) j— 
c = an. » ee (55) 


Here the convergence is uniform. 


Next, assume that A,,, 40, for some integers r,m with m>r > 1. Then 
rm) 4 Yr.m(O). Hence ¥;.n(< x >) is piecewise C® and discontinuous with jump 
discontinuities at integers. Then the Fourier series of 7,,.,(< x >) converges point- 
wise to Y;,m(< x >), for x ¢ Z, and converges to 


1 1 
5 rm (0) + Yrm(1)) = rm (0) a zn 


1 1 (56) 
= » —— E,, ee Ee + <Arm, 


Cy Heo +e +¢-=M,C],°° C= 1 


for x € Z. 
Hence we can now state our second theorem. 
Theorem 4.3 For all integers s,1 with| > s > 1, we get 
P 1 
As = (-1)' — 1) ee ———E,,--- Eg,. 


GC eee Cc 
eytegt--+¢s=1,c1,- cs=1 ! > 


Assume that A;.m 4 0, for some integers r,m with m > r > 1. Then we have the 
following. 


Let c= Cc" (n # 0) be as in Theorem 4.2. Then we have the following. 


ce cee sy Come 2ninx 


n=—00 
n40 
1 

_ ba cote +e-=m,c1,°° .Cr=1 Cyc, Eo (< x >) a Eo, (< x >), for x ¢ Z, 
i 1 1 

us Cot FCM, C1 0 Cr E1 Cpt, Ec, ane Ec, + +5Arnm for xeZ. 

(57) 
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On a New Extension of Caputo Fractional 
Derivative Operator 


1.0. Kiymaz, P. Agarwal, S. Jain and A. Cetinkaya 


Abstract In this paper, by using a generalization of beta function we introduced a 
new extension of Caputo fractional derivative operator and obtained some of its prop- 
erties. With the help of this extended fractional derivative operator, we also defined 
new extensions of some hypergeometric functions and determined their integral rep- 
resentations, linear and bilinear generating relations. 


Keywords Caputo fractional derivative - Hypergeometric functions - Generating 
functions - Integral representations 
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1 Introduction 
In [2], Chaudhry et al. presented the following extension of Euler’s beta function 
I = 
Bor yyi= fra = nptelet ay, () 
0 


where ‘t(p) > 0. Then in [4], Chaudhry et al. used B, (x, y) to extend the hyperge- 
ometric functions as 
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(oe) 


n Byp(b+n,c—b 
F,(a,b;e32):= >, p(b-+n,c Vp 


“a Bbc °? 


where p > 0, ‘t(c) > H(b) > O, and | z |< 1. Here, the symbol (a), denotes the 
Pochhammer’s symbol which defined by 


(a +n) 
——— = 1. 
(a) r@ (a)o 

Afterward, in [8] Ozarslan and Ozergin obtained linear and bilinear generating 
relations for extended hypergeometric functions by defining the extension of the 
Riemann—Liouville fractional derivative (RLFD) operator by using the similar para- 
meter with (1) as 


a” a 
De? f= pe fee 
Z dzm * 
q™ 1 . es 
_ pet l (5) t ar| ; 
a= Torem f eo 


where i(p) > Oandm — 1 < R(u) < m. 
Very recently, in [6] Kiymaz et al. used the same parameter to define the extended 
Caputo fractional derivative (ECFD) operator as 


1 z =p d™ 
DEP F(z) = Paes i, (z pmwtelies) o f (t)dt, (2) 


where i(p) > Oandm — 1 < (uz) < m. Inthe case p = 0, ECFD reduces to clas- 
sical Caputo fractional derivative (CFD), and also when pp = m € No and p = 0, 
pee f(2) := f(z). It is obvious that these extensions given above coincide with 
original ones when p = 0. 

Another extension of Beta function which is given by Choi et al. in [5] is 


1 
Ces =) ra pear, (3) 
0 


where min{#t(p), 3t(q)} > 0. Note that when p = q and p = q = 0, the extension 
of Beta function (3) reduces to the extended Beta function (1) and the classical Beta 
function, respectively. 

Finally in [1], Beleanu et al. defined a new extension of RLFD operator, by using 
the similar parameter in the definition of generalized Beta function (2) as 
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m 


d 
DEF]: Pa) = Fa 


d™ 1 =pr_ ae 
= —p+m—1 (-2-£) 
oe [roy f eo FB pends 


DE" Lf (2); p. g] 


where min{%i(p), (g)} > Oandm — 1 < R(t) < m. They also studied their prop- 
erties in a same way with [8]. 

Motivated by the above works, in this paper we give a new extension of CFD 
operator, by using the similar parameter in the definition of generalized Beta function 
(3) and calculate the extended fractional derivatives of some elementary functions. 
Furthermore, we present extensions of some hypergeometric functions and their 
integral representations, and obtained linear and bilinear generating relations for 
extended hypergeometric functions. 


2 New Extensions of Hypergeometric Functions 


In this section, we introduce the new extensions of Gauss hypergeometric func- 
tion 2 F;, the Appell hypergeometric functions F;, F>, and the Lauricella hypergeo- 
metric function F;,. Throughout this paper, we assume that m € N and min{)i(p), 
Xt(q)} > 0. The reader also should note that 


(i) when p = q, the following definitions (4)-(7) and (8) reduce to the correspond- 
ing definitions (2.1), (2.2), (2.5), (2.6) and (3.1) which is given in [6], respectively, 
(ii) when p = q = 0, the following definitions (4)—-(7) and (8) reduce to well-known 
Gauss hypergeometric function 2 F;, Appell functions F), Fy, Lauricella function 

F ps and CFD operator, respectively. 


Definition 1 The extended Gauss hypergeometric function is defined for all | z |< 1 
as 


(oe) 


Fi @,b; ez; pq) = > 


n=0 


(a)n(D)n Byg(b —m +n, c— b +m) zn 
(b—m)n B(ib—m,c—b+m) nl? 


(4) 


where m < N(b) < Rc). 


Definition 2. The extended Appell hypergeometric function is defined for all | x |< 
1,| y|< las 


F(a, b,c; d; x,y; p,q)i= 


> (@)nsn(b)n(C)k Bp. q(a—m+n+k,d—atm) x" yk 2 
n,k=0 (a — mM)n+k Bia—m,d—a+m) n! kl? 


where m < Ni(a) < R(d). 


264 1.0. Kiymaz et al. 


Definition 3 The extended Appell hypergeometric function is defined for all | x | + 
| y |< Las 


Fy(a, b,c; d,e; x,y; p,q) = 


3 ()nsk(b)n(Ck Bpg(b—m+n,d—b+m) 


LsL4| b—m),(c—m, Bb—m,d—b +m) 


fete (6) 


B(c—m,e—c+m) nik! 
where m < K(b) < N(d), andm < R(c) < Re). 


Definition 4 The extended Lauricella hypergeometric function is defined for all 
|x| < 1, |y| < 1, |z| < Las 


CO 
haiegennzcngi=s > 
n,k,r=0 


(A) n+k+r(D)n(C)x(d)r 


(4 — M)n+k+r 


fot es (7) 


Bia-—m,e-—a+m) n! k\ r! 


where m < Ii(a) < VR(e). 


3 A New Extension of CFD Operator 


The classical CFD operator is defined in [7] as 


1 Zz d™ 
D f(z) = Tao | (z yr fdr, 


where m — 1 < R(t) < m. 
Inspired by the same idea in [1, 6], we introduce a new extension of Caputo 
fractional derivative (NECFD) operator as 


LL 1 : m—u-1 (-2-=& d™ 
DEF: Pal = pe f GO FE feodt, 8) 


dt 


where m — 1 < R(t) < m. 
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Now, we begin our investigation by calculating the NECFD’s of some elementary 

functions. 

Theorem 1 Letm— 1 < K(s) < m, and R(p) < RA) then 


PA+ DB g(A—m+1,m-— p) 


zoe. 
TA-pt+DBA-—m+1,m-— p) 


Die pq} = 


Proof With direct calculation, we get 


mapa ,(=2E= dq” 
Diles pg} = Tim — arn 2 er 


1 T(\ 1 : =Pz_ 4 
= ( a ) } (z i" 1 1A m o( : Dat 
Tim — p) TA-—m+1) Jo 


ge T(A + 1) ! =p_ 4g 

= 1 m—pi—1,,\—m (= Dad 
eo Ee : 

DA+ 1I)Byg(A-—m+1,m— p) 

TA—p+DBA—m+1,m—,)- 


A= [L 


Remark I Note that Df {z*; p,q} =0 for \=0,1,...,m—1. 
The next theorem expresses the NECFD of an analytic function. 


Theorem 2 /f f(z) is an analytic function on the disk | z |< p with its power series 
expansion f(z) = ae Anz", then 


[oe] 
Di (f(z); p,q} = > 07 Tag DP, qh 
n=0 
where m — 1 < ‘R(w) < m. 
Proof Using the power series expansion of f, we get 


vt Foo pal =a —— | (z—t)y" PE) Yay arat 


n=0 


Since the power series converges uniformly and the integral converges absolutely, 
then the order of the integration and the summation can be changed. So we get, 
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[o.@) 5. 
1 Zz =pe_ ae d™ ‘ 
| fo P; i| = Yala _ Ll) [ (z greek F zat aim’ ar) 


n=0 


CO 
= > a,De {2"; DP, q}. 


n=0 


The proof of the following theorem is obvious from Theorems | and 2. 


Theorem 3 /f f(z) is an analytic function on the disk | z |< p with its power series 
< oe) n 
expansion f(z) = >- 7-9 Gnz", then 


CO 
DE eo FO) pa} = > a fer pat 
n=0 


TA et (Nn Bog(A—m+n,m—p) , 
an Zz 
PA-b) “4 Abn BA-m+n,m— p) 


TA)! S O)n Bpg(A-—mt+n,m—p)_, 
an 
TA- Q—m, BA-mm—p) ~ 


n=0 
wherem — 1 < #(u) <m < RA). 
The following theorems will be useful for finding the generating function relations. 


Theorem 4 Letm—1 < H(A — yp) < m < H(A), then 


PAAR (nn Bp.g(A-m+n,—A+m) 2" 
~  P(p) A= m)n — BA-m,~—A+m) nh 


pela =e, (| 


= PA) u-l © ys 2 
= Tu)” 2Fi (a, A; Ly Z; P.9) (9) 


for|z|< 1. 


Proof Yf we use the power series expansion of (1 — z)~° and (4), we get 


oo n 
=p - = =i = Zz 
Do "{z*"1(1 — z)7%; p,q} = Dd {e P oe ral 
n=0 


fore) 
= > (Q)n pee ae p,q} 
=0 


7 > (on TAM) BpgA= m+ 1,m=AFH) psn 
i nm! T(wtn) B(A—-m+n,m—+ p) 
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_TO > (Q)nQ)n Bpg(A —m +n, m — d+ p) 2" 
P(w) (Wn B(A-—m+n,m—2A+ yp) 2! 


= PO) Oy (Q)n(A)n By (A —m+n, h— A +m) z" 
“Tw? SO—m, BA-mp—Atm) Wl 


PO) 4 


FQ “IL Fi(a, A; Ms 25 p,q): 


Theorem 5 Letm—1 < H(A — yp) < m < H(A), then 


peta — az) “(1 — bz)*; p, | 


_ FO) 1 3 O)n+k(@)n(B)k Bp.g a= m+n tk, w= A+m) (az)" (bz)h 


Pip)” pet (A-m)n+k B(A-—m, w-—A+m) n!} k! 
r 
= a ) 10, a, Bs ps. azs bz: ps9) (10) 


for | az |< land | bz |< 1. 


Proof Using the power series expansion of (1 — az)~°, (1 — bz)~®, and (5), we get 
peta — az) “(1 = bz); p, | 


=p "SS See (Bk a bkz A+n+k-1. DP, | 


n=0 k=0 


a 3 Cn Bk angle p> aoe dagvicd, 


mk > P aj 


= 3 (Cn Dk ange AtN+ Beg A= m+ntkm—AFB) pen th-1 
n! k! TA-m+n+k)l(m—A+t+ p) 


_ TO) 1 > nte(@)n(B)k Bp.g(A—m +n+k,m—X+ p) (azy" (beh 
~ (A= m)n+k B(A-—m,m—A+p) n! k! 
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Theorem 6 Letm—1 < R(A— pw) < m < H(A), then 


ya came — az)~*(1 — bz)~F(1 — cz)~7; pg 


_ TO 1 > Nntktr(@n(De Dr BpgA-mtntkt+rp-A+m) 


P(u) n.be=0 (A = M)ntk+r BY =m, jb A+m) 
(az)" (bz)* (cz)" 
a ar ae 
= ame zh! FB (A, a, B, Ys os az; bz; cz; p,q) (11) 


for |az |< 1,| bz |< land | cz |< 1. 


Proof Using the power series expansion of (1 — az)~°, (1 — bz)~", (1 — ez)~7, and 
(7), we get 


pyre — az) “(1 — bz) "(1 — ez); p, | 


= pe [ pspaps (Q)n Ox Mr a" bk er zAtntktr— 1. = 98: 7 


! 
n=0k=07=07 7" r 


_ 3 Qn Ox Mr a"bke rp at: Atn+k+r—1, 


> ~P, | 
al ! a 
n,k,r=0 a ok ve 


=F WOK gpe 
aaa ! rt 
DA+an+k+r)BypgA-mt+tn+k+rm—A+p) gietntktrol 


TA-m+n+k+r)l(m—A+t+p) 
_ FO 1 3 Nntktr(On(DeMr BpgA-mtntk+rm—A+p) 


T(yu) Pian (A — M)n+k+r B(A=—m,m— A+ p) 
(az)” (bz)* (cz)" 
n! k! r! 
TO 
= 2 HT BRA, a, By; Us az3 bz; cz; p,q). 


Theorem 7 Letm—1 < R(A— pp) < m < H(A) andm < KR(B) < Ry), then 


Xx 
Do Fame! =z) °F; («. Bs toe DP; ‘) +D, | 
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_TAWaceT (neue Byg(B—m+n,y—B+m) 
rq 2, (G—m),A—m,  B(B—m,y— B+m) 
foe 
B(A-—m,u—A+m) nik! 


TO 
ma ) 1 Ba, B, 28. zi pug): (12) 
Pu) 


for|x|+ |z|l<l. 


Proof Using the power series expansion of (1 — z)~° and Eqs. (4) and (6), we get 
py. Ald — 7% F (« Bo; ai ian a): p.| 


— pref A-1 _ pay (Q)n(B)n Bpg(B-mt+n,y—B+m) . " 
=D; |: (=z) 2G mye B(B—m,y—B+m) I-z ies 


Are an (@n(B)n Bp,g(B—m+n,7—G+m) x" 
— pr-e J A-lq _ a-—n Pd ‘ 
=D |: =) Gm. B(G—m,y—-@+m) n\’ 


_ > (a)n(B)n Byqg(B- mp nyy B+m) x" 


A-p J ,A-1¢7 _ yarn. 
(B-—m), B(B-—m,y—-G+m) nl D; {z ad Z) : pa} 


n=0 


_ TA aie pip a| (n+k(BnXe Byg(GB-—mt+n,y—8+m) 


“TQ SLL G=mnA-m_ BG —m,7—F+m) 


By gA-mt+k, w— A+ m) x"zk 
B(A-—m, w—-A+m) nik! 


_ TO) 


Zl Fo (a, BAS Ys ME Xs Gi Ps Q): 
r@ YU P.4 


4 Generating Function Relations 


In this section, we use the equalities (9), (10), and (12) for obtaining linear and 
bilinear generating relations for the extension of hypergeometric function > F). 


Theorem 8 Letm— 1 < R(A — yp) < m < H(A), then 


(Wn n z 
pS , Fila tn, A; us zp, ae =(l=1) Fi (a, A; i 773 Po 
n=0 

(13) 
where |z| < min{1, |1 — t\}. 
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Proof Taking the identity 


id=] S09 (1 = oy) 


1-t 
in [12] and expanding the left-hand side, we get 


= (Q)n -—a t os a z oa 
2 (+) ane G-5) 


n=0 


when |t| < |1 — z|. If we multiply both sides with z*~! and apply the NECFD oper- 
ator, we get 


— (Q)nt” 
pe [> - ae _ ze: P, | 


n=0 


z\* 
= or [aor (1-2) sna} 


Since |f| < |1 — z| and N(A) > H(z) > O, it is possible to change the order of the 
summation and the derivative as 


— (a) 
> Sd {1d = 3s pg} = 
na Nn: 


pe [_" (1 = —) =D; | : 


So we get the result after using Theorem 4 on both sides. 


Theorem 9 Letm—1 < R(A— pw) < m < H(A), then 


(oe) 


An n —a x 
> 2F\(G—n, A Ms p.gt" = 1-1 Fi (8.0% ue pa) 


5 n! 1—f’ 


where |t| < Tae 
Proof Taking the identity 


eee ee eae 
[1- (1-2? = (1-2) (+4) 
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in [12] and expanding the left hand side, we get 


= (Q)n nyn __ —a at en 
a mee = (1-1) (.-=) 


n=0 


when |t| < |1 — z| over minus 1. If we multiply both sides with z*~!(1 — z)~° and 
apply the NECFD operator, we get 


py-# (> eee aay (ley tp 7 


n=0 


—zt \® 
aD {c =1) 21 = 2)? (: - =) Ds | : 


Since |zt| < |1 — t| and N(A) > R(z) > O, it is possible to change the order of the 
summation and the derivative as 


— (a) 
~, oe Camere _ zy). DP, q} t” 


n=0 
=a \" 
S17" oe —z)? (1 = —*) > P, 7 . 


So we get the result after using Theorems 4 and 5. 


Theorem 10 Letm— 1 < #(G—~y) <m < R(8) andm < RA) < Ry), then 


(oe) 


(a) 
~ 2 Fila +n, X; bs 25 p,g)2Fi(—n, B; ¥; us p,q) 
n=0 , 


Z =r 
=1-1t °F »A, Bs bs Yi ——, —— Pg}. 
a(a Bs bh YT =a) 


Proof If we take t > (1 — u)t in (13) and then multiply both sides with u?!, we 
get 


(oe) 


(Q)n B- nyn 
Dy 2 Fila tn, As pi zs pe gue" = w)"t 
n=0 , 


B-1 —a VG 
=u" [(1l-—(_-w)t F , A; uy —————_: pq). 
wu" t1— 1 — w)t] F(a Hi na) 
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Applying the NECFD Di)” to both sides and changing the order, we find 


py (an Cee Te ees oe T{ub1 1 — wy"; pg} 
n=0 


B- B- _ z 
=D; rT it —(l aie] 4 Fy (0. au Ena) reg] 


xt < 1 and S| + | 4 | < 1. If we write the equality like 


(Q)n B-y §.,6 n n 
xo 2Fi(a tn, ds 1% P.QDy {u?'(1 — uy"; p,q}t 


n=0 
: - —ut | ° aes 
= Dp yu 1 =a 2F (6. Ais 5 [- =P i): Pq 


and using Theorems 4 and 7, we get the desired result. 


5 Further Results and Observations 


In this section, we apply the NECFD operator (8) to familiar functions e* and 
2 F(a, b; c; z). We also obtain the Mellin transforms of some NECFD, and we give 
the integral representations of extended hypergeometric functions. 


Theorem 11 The NECFD of f(z) = & is 


P gok S a" B 
Die; P, 4) = =~ (n+ 1,m—p) 
: P(m — y1) + Qi as 
for all z. 


Proof Using the power series expansion of e* and Theorem 2, we get 


(oe) 


. thech 
Dife®; p.gh= 1 pDilz": Psa) 


aa 
-d5 T(in+ 1)Bpga-—m+1,m—p) z"* 
= Ta-pt+)Ba-—m+1,m— p) 2! 
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_ > Tantm+1)Byg(a+1,m-— p) gitm—p. 
Pantm—pt+lBan+1,m—p) (n+m)! 


n=0 
zm 00 zn 
= ——___. —B,,n+1,m— p). 
toe a al pg + H) 


Theorem 12 The NECFD of 2 F(a, b; c; z) is 


; ee —_ @)m(b)m 

D! {2a Cc; Z)5 p.a| = (C)in rad — +m) 

3 (at+m)nb+mM)n  Byg(n+1,m—p) 2” 
(c+ m)nl—p+m)n Bon —p,n +1) 


n=0 


for|z|< 1. 


Proof Using the power series expansion of 9 F(a, b; c; z) and making similar cal- 
culations, we get 


— (a)n(b)n 2" 
DiHoFi (a, b; c; 2); pg} = oe P| 
2, (Cc), n! 
(a)n(b)n Di! {z"; P, qh 


(A)n(D)n Taa+ 1I)Byp.g(n —m+ l,m _ LL) 
(c)nn! Ta—-pt+DBam—-pn-m-+1) 


zi-H 


ioe) 
n=0 

ioe) 
n=m 


OS @nimb)ntm Pa+mt 1)By gat lm —p) 


- = (C\ntm(n +m) T(n +m — p+ 1)B(m — pn + 1) 


= (a)m(b)m gut 
Om Td-n+m) 4 


zitm—p 


(atm)n(b+m)n Byga+1,m— p) 2" 
4(e+m),(l—p+m), Bon—pn +1) 


The following theorem is about the integral representations of new extensions of 
hypergeometric functions. 


Theorem 13 The following integral representations are valid 


1 1 
F ,b; 323 DP, = pool 1—pooern-t 
ge epee tay Cee | | oe) 


#14), F(a, bs b— m: an|ar, (14) 
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F, iO b, & di 4.9) Bi i = 1 [ amen fl = Dice 
Bia—m,d—a+m) Jo 
e( 7-15) Fi(a, b, cra = mt, 99 far, (15) 
1 


Fy(a, b,c, d,e5 x,y; p,q) = 
DGD, Cyd, es RY iD) Bib—m,d—b+m)B(c—m,e—c+m) 


1 fl 
| i ae G 7 pdb tm—-1 iy = aye etl 
0 JO 


(2-4-4-74) 
Ys a ae A oar Faas bycib— m6; xt, yu)| ded. 


(16) 


Proof The integral representations (14)—(16) can be obtained directly by replacing 
the function B, , with its integral representation in (4)—(6), respectively. 
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An Extension of the Shannon Wavelets 
for Numerical Solution of 
Integro-Differential Equations 


Maryam Attary 


Abstract In this work, an extension of the algebraic formulation of the Shannon 
wavelets for the numerical solution of a class of Volterra integro-differential equation 
is proposed. Our approach is based on the connection coefficients of the Shannon 
wavelet and collocation method for constructing the algebraic equivalent represen- 
tation of the problem. Also, the Shannon approximation is applied to solve one type 
of nonlinear integral equation arising from chemical phenomenon. An analysis of 
error for the problem is given. The obtained numerical results show the accuracy of 
the presented method. 


Keywords Integro-differential equations - Shannon wavelet - Numerical 
approximation of solutions 


2010 AMS Math. Subject Classification Primary 45J05 - Secondary 34K28 


1 Introduction 


Integral, integro-differential, ordinary and fractional differential equations are used 
in modelling problems of engineering and science fields, including mathematical 
biology, electromagnetic theory, potential theory and chemical engineering, see 
{1, 2, 5, 7, 8, 11, 14] and references therein. 

The main purpose in this article is to develop and to provide a numerical algorithm 
based on the coefficients of the Shannon wavelets for the following form of integro- 
differential equation 


1 x 
Sra = Foyt f k(x, t)u(t)dt, (1) 
i=0 
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u(a) = ao, 


where I’; are constants, k and f are given functions and u(x) is a solution to be 
determined. Noting that for I; = 0, (1) be transformed to integral equation. 

Over the past few decades, the numerical solvability of these type of equations 
has been studied intensively by many authors, such as Chebyshev spectral solution 
[6], rationalized Haar functions [12] and Sinc-Legendre collocation method [13]. 

Wavelets are very powerful and useful tool in data compression, signal and oper- 
ator analysis. The real part of the harmonic wavelets is Shannon wavelets. These 
wavelets can be used to study frequency changes as well as oscillations in a small 
range time interval [4]. 

This paper is organized as follows: Sect. 2 introduces some basic definitions and 
preliminaries of the Shannon wavelets. We derive formulas for a class of IDEs and 
give a numerical scheme based on proposed method in Sect.3. Error analysis of 
our method is considered in Sect. 4. Finally, in Sect.5, we report several numerical 
experiments to clarify the efficiency and accuracy of the proposed method. 


2 Preliminary Definitions 


Here, we give some basic definitions of the Shannon wavelets family [4, 9]. The Sinc 
function is defined on the whole real line by: 


sin(7x) 
ax? x # 0, 


Sinc(x) = I ‘eat 


The Shannon scaling functions and mother wavelets can be defined as: 


5 sin 7(2/x — k) 


: = 24/295 jy — = 2// j 
Pja(x) = 2//*Sinc(2/x —k) =2 nQix—k” Lk€Z, 
_,sinm(2/x — k — 4) — sin2a(2ix —k — 3) 
g(x) = 24/2 2 Se I SZ; 
Wik ) mix —k—1} J 
we recall the following theorem from [3]: 
Theorem 2.1 /f u(x) € L2(R), then 
CO CO oe) 
u(x) = >) axpow) + >) Do Biabin@), (2) 
k=—0o j=0 k=—oo 
with 
[o,@) 
OK =< U, Yo. | U(X) Yo," (x)dx, (3) 
—0o 
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lo.e) 

bya ade / w(x) Wiad. (4) 
—0o 


Using a finite truncated series of the above theorem, we can define an approxi- 
mation function of the exact solution u(x) as follows: 


n= > my. ay Bi eDi x(x). (5) 
j=0 k=- 


The nth derivatives of u(x) in terms of the Shannon wavelets can be written as 
(see e.g. [9] for further details): 


M N M 
uM a)~ DS) a+ >) dD) BGR), (6) 
k=—M 


j=0 k=-M 


on the other hand, we have the following relations [4]: 


M 
PL) = Do AP von) (7) 
h=—M 
(a= > Ven Di n(x). (8) 
h=—M 
Therefore, (6) rewritten as: 
M 
u™ (x) x > ap > Moat y Bit x fb (a), (9) 
k=—M j=0 k=—M 
where 
Ci 3 [((-1)°— 1], k#h 
(n) an <“8=1 sHi(k — h)]r-st! ' ; 
ih = jet (10) 
1+ (-1)" k=h, 
are ae e 
j2Qin ib 1 nla™(2™ — 1) 7 is ne ; 
(n) jj a m\[i(h — k)y-™+! pal 
Ven = (11) 
kh je Qingntl 
[1+ (—1)")[2"*' — 1] k=h 
27(n + 1) , : 


(nis 


which a and ¥,;, °° are known as the connection coefficients. 
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Moreover, it is 


Men = MID, (12) 


3 Numerical Treatment of the Problem 


In this section, we will obtain formulas for numerical solvability of (1), based on the 
previous results. We define an approximation function u (x) as follows: 


u(x) > OY, = Aponte) +> y Bix 2 Yen dine). (13) 
—M j=0 k=-M 


By taking n = 1 in(10), (11) and using simple computations, we obtain the following 
relations for \\)) and y()”7: 


—~Co™ kth of, RAL 
yd _— kh? # > Oii _ J the” ’ 14 
kh 0, as Vih 0, bak, (14) 
and due to (12), we can write {7 = 20-D,O" for j > 1. 


Now, we are ready to apply the Seated coils for constructing the algebraic 
equivalent presentation of (1). Equation (1) can be rewritten as: 


moar oes i k(x, tu(tdt, 


by substituting (5), (13) and (14) in the above equation, we have: 


J > nee > BiaWj n(x) 


j=0 k=- 


M M 
+n] DoD noes > aay hie) 
k= h= h=—M 


— = j=0 k=—M 


x M N M 
= f(x)+ / k(x.t)| >) axgvor + >> D2 Bhd | at, 
a k 


=-M j=0 k=—-M 
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and by rearranging the above equation based on unknowns a, and 3;,., we get 
M M Ba 
() _ 
DY x [Poem +T1 >) Xn o,n(x) / k(x, deouou| (15) 
k=—-M h=—M 7 


Sy 3 is |Fooiat +r 2 Yee) Bi,nle) — | Kon neat Sfx): 
j=0k=-—M ¢ 
We may set 


M x 
G(x) =Poeoae) +01 Meats) — fhe. deat 


h=—M ¢ 


M x 
Via) =Povgal) PL Dae! dgate) — f° kx. Oujetat 


h=—M 
therefore, we can write (15) as: 
= ones 3) BieVi x) = F(X). (16) 
j=0 k=— 


For obtaining (2N + 1)(2M + 2) unknowns a, and 6;;,, we take x = x; fori = 
., (2N + 1)QM + 2) — 1, where x; be collocation points. So, we have 


> ees: oy Bj cYj a(xi) = f (2). (17) 
j=0 k=— 
On the other hand, u(a) = dp can be written as 
> ery 3 Bie) (a) = ao. (18) 
j=0 k=—M 


According to above equations, a system of (2N + 1)(2M + 2) linear equations is 
obtained. By solving the resulting system, unknowns a; and (3; can be determined 
and so the approximate solution u(x) will be obtained. 
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The following algorithm summarizes our proposed method: 
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Algorithm 1. The construction of Shannon method for a class of IDEs 


Step 1. Input: 

Po. V1, f(x), kK, 1), Yon(x), Yj.n), a, ao. 
Step 2. Choose NV, M; 
Step 3. Compute: 


_yyk-h i 
yo [Sea RFA, OH = ap kh, 
ee N, k=h,. 0, k=h. 


Step 4. Compute ©; (x;), Vj .(%;), f(x); fori = 1,..., 2N +1) QM 4+ 2)—-1; 


Step 5. Compute a; and (;,, from (17) and (18); 
Step 6. Set: u(x) ~ Dye ay 0% 00,e(%) + Dey Dee Bik Pie). 


4 Error Analysis 


In this section, we will provided a convergence analysis of the numerical algorithm 


for a class of integro-differential equation (1). 


Theorem 4.1 Assume that ii(x) be the approximate solution of Eq. (1). If u(x) € 
L2(R), then the obtained approximation solution of the proposed method converges 


to the exact solution, where a, and (3;,~ are given in Theorem 2.1. 


Proof Note that 


ee) N-1l1 ow 
u(x) = be < U, Yo,k > Yo,Kn(X) + = >, <u, We > VEX) 
k=—0o j=0 k=—oo 


N-1 oo 


= Dw > <u ee > eG). 
j=—o k=—00 


Due to [9], the following relation holds 


N-1 oo 


ID | Do Dd <u dia > Vie) —u@) | Ile > 0, asN > 00, 


j=—oo k=—00 


(19) 
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or 


lo) N-1 ow 
i SD <4 G00 > ORO + DS DD <adja > VR) - vo] ll, > 0, 


k=—00 j=0 k=—oo 


asN>o, 


according to definitions of a; and 3), in Theorem 2.1 and Eqs. (7) and (8), forn = 1 
above relation can be written as 


oo oo N-1 ow oo 
i (1) ij 1 
jim Dy Ok > Nex Po.n(x) + >) > Bik > A We) | =a), 
k=—o0o h=—oo j=0 k=—oo h=—oo 


which proves the theorem. 


Theorem 4.2 Let ry (x) be the first-order derivative of the approximate solution 
of Eq.(1), then there exist constants C; and C2 independent of N and M, such that 


u(x) = HPD] SIC. @(—M = 1) + uM + 1) 
= Co | 2 [wa-¥-'(—M = 3)) + w2-*1EM + DIL 


where Cy = Max{|>°, >), AGL C2 = Max{|>, >, fi} and M, N refer to 
the given values of j and k. 


Proof See [10]. 


Detailed analysis of the proof of this theorem can be found in [9, 10], so we refrain 
from going into details. 


5 Numerical Results 


In this section, several test problems are considered to demonstrate the accuracy of 
the proposed method. 


Example 5.1 Consider the following equation 


u (x) — 2u(x) = f@)+ i k(x, t)u(t)dt, 


xt x8 
eel ee eee ne (20) 
k(x, t) =x? +1, 
u(O) = 0, 


with the exact solution u(x) = x. 
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Example 5.2 Consider the following equation 


u (x) — 3u(x) = f(x) + fp kK, Du@dt, 


f@) =—-l+x —2xe* -e’, (21) 
k(x, th=x+t, 
u(0O) = 1, 


with the exact solution u(x) = e*. 

The computational results of Examples 5.1 and 5.2 have been reported in Tables 1 
and 2, to show the accurate solution of mentioned algorithm. The exact and approx- 
imate solution of these examples for different values of M and N are compared in 
Figs. 1 and 2. 


Example 5.3 Consider the following equation with the exact solution 
u(x) = 1 — sinh(x). 


u(x) = f(x) + fp ke, Qu(dt, 

2 
f@)=l-x-5, (22) 
k(x, t) =x —-t. 


Table 1 Numerical results of 
Example 5.1 using Shannon 


x Absolute errors 


eres M=1,N=3 M=2,N=4 
approximation 
0 1.11 x 10716 0 
0.2 3.50 x 1072 3.43 x 107? 
0.4 9.33 x 1073 2.57 x 1072 
0.6 1.26 x 107! 3.65 x 1073 
0.8 2.92 x 107! 2.05 x 1072 
1 4.08 x 107! 4.65 x 10~* 
- ae arn of 7 Absolute errors 
xampie nd using annon M= 1N=3 M=2,N=4 
approximation 
0 2.20 x 10716 1.11 x 107!6 
0.2 6.50 x 1072 9.62 x 1072 
0.4 2.09 x 107! 6.13 x 107? 
0.6 4.16 x 107! 4.73 x 1073 
0.8 6.45 x 107! 1.48 x 1073 
1 8.40 x 107! 1.80 x 107! 
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1.0 


0.0 
0.0 0.2 0.4 0.6 0.8 1.0 


Fig. 1 Exact and approximate solution of Example 5.1 for different values of M and N using 


presented method 


0.0 0.2 0.4 0.6 0.8 


1.0 


1.0 Lest 
0.0 0.2 0.4 0.6 0.8 1.0 


Fig. 2 Exact and approximate solution of Example 5.2 for different values of M and N using 


presented method 


Table 3. Numerical results of Examples 5.3 and 5.4 using Shannon approximation 


x M=1,N=1 M=2,N=3 

Example 5.3 Example 5.4 Example 5.3 Example 5.4 
0 6.98 x 10-4 1.25 x 1074 2.32 x 10710 3.51 x 1071! 
0.2 3.62 x 10-9 4.79 x 10-6 2.46 x 10713 4.20 x 1074 
0.4 1.73 x 107° 1.10 x 10-6 5.43 x 10713 7.71 x 107!4 
0.6 2.29 x 10-9 8.40 x 1077 8.40 x 107!3 1.12 x 107}3 
0.8 6.79 x 1079 5.67 x 10-6 1.16 x 107 !2 1.44 x 107}3 
1 1.89 x 1073 2.56 x 10-4 1.19 x 10719 1.74 x 1071! 


Examples 5.3 and 5.4, which are obtained by taking I"; = 0, are integral equations. 
The numerical results of these examples are reported in Table3. Also, Figs.3 and 4 
show the exact and approximate solution of Examples 5.3 and 5.4 for M = 2 and 


N = 3, respectively. 


286 


Fig. 3. Exact and 
approximate solution of 
Example 5.3 for M = 2 and 
N = 3 using presented 
method 


Fig. 4 Exact and 
approximate solution of 
Example 5.4 for M = 2 and 
N = 3 using presented 
method 


Table 4 Numerical results of 
Example 5.4 using Shannon 
approximation 


M. Attary 


0.0 0.2 0.4 0.6 0.8 1.0 
x Absolute errors 
N=4 N=5 

0 2.64 x 10-6 2.61 x 1079 
0.2 1.19 x 1078 1.16 x 107! 
0.4 8.70 x 107? 2.92 x 107! 
0.6 7.13 x 107° 2.33 x 107! 
0.8 6.00 x 10~? 3.07 x 10-10 
1 1.30 x 107!6 1.68 x 107}5 


Example 5.4 Consider the following equation 


u(x) = f(x) + fp kx, Hu(tdt, 


fx) =1, (23) 
k(x,t)=—-—x+t, 


with the exact solution u(x) = cos(x). 


An Extension of the Shannon Wavelets ... 287 


Example 5.5 Consider the following equation 


u(x) = f(x) + fy kK, Nu())Mar, 


21 — 11e! 1 
_ (-10(1+42)) (24) 
F@) 100. ees 


k(x, t) = e 10th | 


1 
with the exact solution u(x) = es This problem is a nonlinear Hammerstein 
x 


integral equation which arising from chemical phenomenon. By choosing Shannon 
scaling functions, Example 5.5 has been solved. The reported results in Table 4 
show that the Shannon approximation has produced highly numerical results. Good 
numerical results can be achieved by additional numerical experiments (e.g. with 


N > 2). This problem has been solved by u(x) = > On Pn.~(X). 


6 Conclusions 


In this present work, we applied an accurate and efficient method for solving a 
class of IDEs. We consider a special class of IE, which is a quantum chemistry, by 
the Shannon scaling functions. Our obtained results are in a good agreement with 
the exact solutions and are given to demonstrate the applicability of our proposed 
method. 
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Inverse Source Problem for Multi-term 
Fractional Mixed Type Equation 


E.T. Karimov, S. Kerbal and N. Al-Salti 


Abstract In this work, we investigate an inverse source problem for multi-term 
fractional mixed type equation in a rectangular domain. We seek solutions in a 
form of series expansions using orthogonal basis obtained by using the method of a 
separation of variables. The obtained solutions involve multi-variable Mittag-Leffler 
functions, and hence, certain properties of the multi-variable Mittag-Leffler function 
needed for our calculations were established and proved. Imposing certain conditions 
to the given data, the convergence of the infinite series solutions was proved as well. 


Keywords Caputo operator - Mixed type equation - Mittag-Leffler function 
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1 Introduction and Preliminaries 


Fractional differential equations (FDEs) become one of the interesting targets in 
mathematics due to their essential role in modelling of many problems of physics, 
chemistry, mechanics, geology, medicine, and other applied fields. Most of the frac- 
tional models of these problems derived from the classical equations by replacing 
the integer order time derivative with non-integer order derivatives. For instance, in 
[1, 2], fractional models in Maxwell fluid and generalized Oldroyd B-fluid have been 
investigated, respectively. Many other interesting applications of FDEs can be found 
in [3]. 
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Skipping huge amount of works, devoted to studying both theoretical and practical 
aspects of various FDEs, we would like to mention some work related to multi-term 
time-fractional differential equations. Luchko and Gorenflo [4] studied multi-term 
time-fractional differential equation by operational method explicitly representing 
its solution in terms of multi-variate Mittag-Leffler function. Later on, maximum 
principles for such equations involving Riemann—Liouville and Caputo fractional 
derivatives have been studied by many authors. For instance, maximum principle 
for multi-term time-fractional diffusion equation with Riemann-Liouville derivative 
was investigated by Al-Refai and Luchko [5]. Recently, strong maximum principle 
for multi-term time-fractional diffusion equations and its application to an inverse 
problem studied by Liu [6]. 

Many other boundary-value problems for various multi-term FDEs were investi- 
gated by Daftardar-Gejji and Bhalekar [7], using the method of separation of vari- 
ables, and Ming et al. [8], generalizing the existing results for classical Navier-Stokes, 
Oltroyd-B, Maxwell, and second-grade fluids. 

Inverse source problems for multi-term time-fractional partial differential equa- 
tions with singularity studied in [9, 10], where authors expanded solutions of the 
investigated problems in a form of Fourier—Bessel series and represented them in an 
explicit form in terms of multi-variate Mittag-Leffler function. 

We also note the work by Karimov and Feng [11], where inverse source prob- 
lem for mixed type equation with Caputo fractional derivative was studied for weak 
solvability. Recently, in [12], a non-local inverse source problem was investigated 
for time-fractional mixed type equation in rectangular domain. Solutions were rep- 
resented in a series form using bi-orthogonal basis and involve Mittag-Leffler-type 
functions of two variables. 

In the present work, we aim to investigate inverse source problem for multi-term 
time-fractional mixed type equation in a rectangular domain. Using the method of 
separation of variables, we represent solutions of the problem in a form of infinite 
series, involving particular case of multi-variate Mittag-Leffler function. We proved 
new estimation for this function, which allows us to impose less conditions in order 
to provide uniform convergence of certain infinite series. 

The rest of the paper is organized as follows. Further, in this section, we give 
definition of the Caputo fractional derivative and represent several properties of 
aforementioned Mittag-Leffler function of two variable. In the next section, we for- 
mulate the problem and give formal representation of solutions by expanding them 
into sine-Fourier series. Next, we provide detailed proofs for uniform convergence 
of the obtained series solutions. In the last section, we present main results and 
conclusion. 


1.1 Caputo Fractional Derivatives 


If a ¢ NU {0}, the Caputo fractional derivatives ¢ D¢, y and ¢ D{, y of order a are 
defined by [13, p. 92] 
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y™ (t) dt _ 
(cD%, y) (*) = r = eh Ie Gone (n = [Re(a)] +1, x > a), 


(=l)" ; y (t) dt 
Tr (n _ a) (t = Fs eae 


(cDS, y) @) = (n = [Re(a)] +1, x <b), 


(1) 


respectively, while for a =n € N U {0}, we have 

(cD? y) (&~) =y (x), (cDe,y) @) =y@), 

(cDi,y) x) = y™ (x), (cDi,y) @) =D" y™ (@). 
1.2. Two-Variable Mittag-Leffler Function 


A particular case of multi-variate Mittag-Leffler function (see [4], formula (39)) in 
two variables can be presented as 


xiyrt 
i YY i)! T(p-+an — Bi) - 


n=0 i=0 
Lemma 1.1 For a > (@ > 0, the following properties are true: 
(D & | Ee@-peo+1 (emit? ".mat®)| =1? 1B e_p.ay0 — mot”) ; 
t 
(ID) fe" Ese). (mtg2??, maz") = 1° Eg p.cy,041 (mit? ?, mat”) 5 
(IIT) mit? Evo_6,0),a—B-+p age", mot”) + mot” E(o—6,0),04p (mit-F, mt”) = 


a— 3 a 1 
E(e—B,0),p (mt , mt”) => T(p)* 
Here, m,, m2 are nonzero constants. 
We have also established new properties of the above given Mittag-Leffler function 
in two variables, which will be used later in our calculations. These properties are 


formulated in the following two lemmas along with their proofs. 
Lemma 1.2 For 1 < 8 <a <2and0 < p < 1 the following statements are true: 


(1) cD (tE@—B,0),2 (mi(-1)8, m(—t)*)) a 
(—t)! E—g,0),2—p (m\(-1)°-", m3(—t)°) ey 
(I) cD (E(o—B,a),1 (mi (—t)* 8, mo(-t)*)) = 
(-1)? ES 3,a),1—p (m(-1)°-8, m 2(—1)*) = el , 
(HI) c Di ((—t)* E(o—p,0),0+41 (mi (—1)**, mo(—t)%) 
(— r)° PE a B,a),a+1— —p (mi (- tj e ,m7(— r)° ). 
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Proof Here, we prove the third property, and the proof of the first two can be done 
similarly. Using the definition (1) and representation (2), one can get 


D‘y ((—1)° Ea—s,a),a+1 (mi(—1)°%, m2(-1)*)) = 


0 
1 _,ad 1 mz(—Z)*) my(—z)°9 
p a 
aaa |e are [ 2 eee 


(m2(—z)°)?—-2mym2(—z)?a— B (m4 (—z)*~)? 7 
Peart) * Tasi-@ *TGati—ap *~)/@= 


zee =1) "dz+ 5 ey" "'"@ —f) Pde 


TOTES p) ik ae 


1 
+ 
Tia+1—p) 


FQa— ee 5 Qe ers dari) ‘| 


my(—t)* m(—t)*- _ 
T(a+l—p+a)’ T(a+l—-p+a-f) “"] 
(=1)°? E(a—3,0),041—p (mi (—1)°~?, ma(—1)°) . 


Note that here we have used the well-known Beta-function 


T'(a)T(b) 


i! 
a—1 b-1 = 
iE (oh tde= TOO) 
0 


Lemma 1.3 [If p>0, 0<a—6$ <2, \<|largiaxt+y)| <a such that r(a— 
B)/2 < X < min(a, 7(a — B)), and 
Tietn(a—B)+k2) >Tetn(a—)), n,kEN, n=k, (3) 


then 


Cc 
Ewe Pr a # Xx, => 4 
|E(a—,0),p (x, ¥)| eae (4) 


Here, c is any constant. 


Proof According to (2), we have 
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E(o—8,0),p(%, y)| = 
1 y x ye 2xy x? 
T@ * \rera + pots) =F (regis + F@ra=— + kan) a 
3 2 22 


3 


y 3xy 3x"y E 
T'(p+3a) + T'(p+3a—) + T'(p+3a—2() as T'(p+3a—32) +... 


Here, we will replace P(p + a) with T(o+a— @) and (p+ 2a) with T(p+ 
2(a — 2)). Generally, we replace [(o+ n(a — 8) +k) with [(p+n(a— £)), 
where n, k = 1, 2,..., such that n > k. Imposing the condition (3), we obtain 


E(a—B,0),p(X; y)| = 


1 x+y Canih (x+y)" 
+ T(pta—f) os P'(pt+2(a—8)) er P(ptn(a—f)) ar ae 


ety") ; c 
by Fetn(a—B) = |Eo-pp@ + y)| S Tletyl 


In the last step, we have used an estimation of the two parametric Mittag-Leffler 


CO F 
function Ey »(z) = >- Tate given in [14]. 
i=0 


2 Formulation of Problem and Formal Solution 


2.1 Formulation of Problem 


Consider fractional order mixed type equation 


1+ sgn(t) 


By ) 1 — sgn(t) 
5) + 


a 5 
(c Dou + Hic Do; u 5 (cDiiu + pac Dygu) —Uxx = f(x) 


(5) 
in a rectangular domain Q = {(x,t): O< x <1, —p <t <q}. Here, 0 < (; < 
a, <1, 1 <2 < az < 2, Wy, 2 ER. 


Problem. Find a pair of functions {u(x, t), f(x)}, satisfying 


en H)ecO), te ]€CO' UD), cDojju € C(Q*), cDGuEe C(Q), 
f(x) € CO, 1); 
e Equation (5) in Qt and Q-; 
e the boundary conditions 
ae, =p) =0@), Vee = hl, eDiue,—py=0@),0<x*<1,. 


u(x,q) = p(x), O<x <1. (8) 
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Here, Qt = QNK {t > 0},Q7 = QN {t < O}, W(x), H(x) and v(x) are given func- 
tions such that (0) = w(1) = y(0) = pd) = 0,0 <7<1. 


2.2 Formal Solution 


Using the method of separation of variables leads to the spectral problem in space- 
variable x: 
X"(x) — AX (x) = 0, X(0) = X01) = 0. (9) 


It is well known that the problem (9) is self-adjoint and its solutions, X,(x) = 
sinnax, n € N, form a complete orthogonal basis in L2(0, 1). Based on this, we 
look for a solution of problem (5)-(8) as follows: 


u(x,t) = >° TW sinkrx, t> 0, (10) 
k=1 
u(x, t) => Ew sinkrx, t <0, (11) 
k=1 
f(x) = a sinkrx, (12) 
k=1 


where 
(ea — la; t)sinkrxdx, t > 0, 
0 
1 
T, (t) = fut, t)sinkmxdx, t <0, (13) 
0 
1 
K= q Sf (x) sinkaxdx 
0 


are the Fourier coefficients of series (10)—(12), respectively. 
Substituting (10)-(12) into Eq. (5), we formally obtain 


CDE Tt) + mic DE Te ) + (kr)? Te O) = Ses (14) 
cD@ T(t) + pocD2T, @) + (kay? TO) = fe- (15) 


According to [4], solution of (14) satisfying the condition Tr (O) = A, has a form 
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t 7 
T(t) = fe f 2° | E(a,—B,,a),0y (— Hz"! —(ker)?z™) dz+ 
0 


ay ay—f a (16) 
Ax [1 = byt! A FE (o—81,01),01—-81+1 (—pit™ Bi ’ —(kn)*t ') ~~ 
(k1r)?t? E(e,—f,,01),01+1 (=p tr ’ —(kr)*t*') | a 
Solution of (15), which satisfies conditions 
T, 0) = By, Tt Q=C 
has a form 
0 a 
Ty (0) = fe f (— 2)" E(a,—B,,09),09 (—Ha(—z)?, — (kr)? (—z)) dz+ 
1 a a 
B, [1 = wD)?” Ee triode (ba), —ex)(—21)™) = 
ny (03 Bin bo curt (— pal) ™, — Gay Hn) | 
—Cxt [1 _ [y(t E (a9—6),03),02—6)+2 (—po(-1?-, —(kr)?(—t)”) _ 
(kar)? (—t)$ E (e)—By,09),0042 (—H2(—t)?-™, —(kr)?(—1))] . 
(17) 


Here, A,, By, and C, are unknown constants, which should be determined. 
Using the second and third statements in Lemma 1.1, we rewrite (16) and (17) as 
follows: : 
Tf (t) = fet E(a,—B),0),0,41 (— pat, —(kr)?t™) + 
a,;—G 24a (18) 
Ar E(e,-6,,0),1 (—it™ 9, —(kr)t™) , 
Ty, (t) = fie(—t)? E(a,—3),03),0041 (—H2(—1)-, — (kr)? (—1)) + 
By E (e—Bo,09),1 (—H2(—t)?-, — (kr)? (—1)) — (19) 
Cyt E (oy—By,0n),2 (—Ha(—1) ™, — (ker)? (-1)) . 


In order to find the unknown constants A;, By, and C;, we use the boundary condi- 
tions (7)-(8), which can be written in terms of T,"(t) as follows: 


T, (—p) = be, TQ) = Ye (20) 
cD; (t)|,__, = bx (21) 


1 


1 1 
Dk = f ow) sinkaxdx, We = fv sinkaxdx, ox = fo) sinkaxdx 
0 0 


0 


are Fourier coefficients of the Fourier series of the given functions y(x), w(x), and 
(x), respectively. 
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From (18)-(21), we obtain 


Pe = feqQ™ E(ay—By,01),0.41 (-wiqe, —(kr)?q™) + 


2 a 22 
Ax E(o—81,01),1 (—Mig™"',, —(kr)?q™) , 22) 


De = fr P°?E (ey—fy,02),0041 (—bap®?™, —(kr)? p™) + 
By E (y—B,,0),1 (— pap? ™, — (kay p™) + (23) 
Cx PE (c—fy,0y),2 (— Hap, —(kr)? p™) . 


In order to use condition (21), we will first evaluate the expression ¢ Dp T, (t) based 
on (19): 


CDT, (t) = fc Diy (1) E(ag—8y.09),09+1 (—H2(—t)-®, —(kr)?(—1))) + 
Byc Dj, ae (—pp(—1)-®, —(kr)?( ye 


Cre Dip (tE er thason),2 (—Ha(—1)-™, —(ker)? (1) 


(24) 
According to Lemma 1.2, we get 


cD)T; (t) = T(t) 7 E (oy 609) 0541-9 (—p2(-1)-®, —(kr)?(—t)) + 
By (-t) 7 [ Een Assan).t—1 (-po(-)2-, (kr)? ( a =| 
Cy (—t)! 7 E (0,8) ,09),.2— (— Ha (—1)™, — (kar)? (—2)) . 


Now, substituting this into (21), we get 


bi = fp E (en—6y,02),00-+1~ (— Hap? ™, —(kn)? p™) + 
Byp? [ Feo ts.on).—1 (—pop™™, — (kr)? pp) _ vas] 7 >) 
Cx p 7 E(ay—fy,00),2—7 (— Hap, — (kr)? p®) . 


To find the unknown constant f;, we need another condition. For this aim, we rewrite 
the transmitting condition u(x, +0) = u(x, —0), which follows from u(x,t) € 
C(Q), as TS (0) = T, (0). This leads to Ay; = By. One can easily check this fact 
by evaluating pa i (t) and Jim, T, (t) using (18) and (19). 


First, from (22) we find f;, as 


ve — AcE (a,—6,,0,),1 (— Hig, —(kr)’q™) 


fi = - : 
q™ E(a,—f,,01),0141 (—pigu— ’ —(km)?q™) 


(26) 


Further, considering that A, = By, from (23) and (25) we obtain system of algebraic 
equations with respect to unknown constants B, and C,: 
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a = 


P27 E(ay—89,09),09 41-7 (-P) ; 
Pk ~ 9"! E (ayy ,04),04 41 (-9--) [v By E ay-fr,01),1(--4--)| i 


Ea Se es _ visa] _ Cp Linea), 


Bop” 
(27) 


P82 Eag—fy,09),09+1G-P-) 
Ve ~~ gg" ha [vx By E(oy—6),01),1(-4--)| aT 


By E(ay—y,07),1 (+P) + Ck PE (ay—y,07),2(- Ps): 


If 


Ay, = pi | Bax .0y).2(-P-) [ Fer ti.on.t—1(-P-) =_ ad = 


: ; P°2 Ey —py,04), 1-4) 
EF (ay—h,02),2—7 (P+) E(ay—,02), 1 P+) 9"! Eva, fy ay),0y 41) x (28) 


Efe tee Ce erreur eee me OPS 
FE (an—fo,02),2—7(--P-+) E (en fy,02),02+1 Gp} # 0, 


then we can find B;, C;, as follows: 


By = A = 3 { POxE (o.—fy,02),2(- P+) + PP AE espe) 0-4) = 


prot ; 
Pas, javeale) [E (a= 6y,00),2¢-P--) E(o2—Br.a2),0241—7 P+ (29) 


EF (a)—8p,02),1 (P+) (Evee-fr.an)1-v(-P-) _ ria) |} 


P°? E(ay—,07),09+1(--P-) 
GS 1 2—B2,09),09 
KDE (a3 ~fp.09)2-P) Ve G1 E(ay By ay), 41-4) Pet 


= [Pp EF (as—fryon),on+1C-P--) E(e,—f;,a),16--) ~ g™ E (ey Bj ,0) 0416-9) X 
E(a2-B,03),2(-P-) | {pox E(a,—8),03),2(- P+) a p be EF (a—fy,07),2— («+ Ps) — 
a7 +1-7 7, 
me = q) | Be cs) 2 P.) Exon fics) oaiy on PF 


9" Eve, = 84 ,01),0, 410-4 


E (en—fh,0),1¢-P--) (Fisc=b.00- APO = ra) }} 


(30) 
Here in order to avoid bulky expressions, we have introduced the following short 
notations: 


6.9.) = (mat, ery’), Cp.) = (- pa" ™, —(er)(—1)) . 


3 Convergence of Infinite Series 


Imposing certain conditions on the given functions, we will prove uniform conver- 
gence of the infinite series corresponding to the functions u(x,t), f(x), Uxx(x,0), 
cDoy, u(x, t), and c Diy u(x, t). 
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First, we start with the series corresponding to ux, since it requires stronger 
conditions due to the appearance of the term (kn). Precisely, we need to prove the 


convergence of the series 2 (kr)? |T;" (t)| and = (kr)?|Tz (0). 


Using estimation (4), we eet from (18) 


IT," [| fel + |Axl]. 


Ola, aa 


and from (29) and (26), we deduce 


1 
|Ax| < aim (© ilbkl + €2ldel + ee leu). 


it 
[fe] S calyul + [—GIAkl S km? (calopxl] + ¢5|Axl) - 


ten 7 


Here, 2; = fe") sinkrxdx. 


Theiiors.. one can easily state that 
IT Ol < | calavel + — (25 +1) (culdel + cole + 2p loel 
= i C412 Pk TA \ Gry? C1PK| + C2\Yx = eat Pk 
(31) 


In order to get this estimation, we impose the following conditions on the given 
functions: 


g(x) € ClO, 11 C'O, D, yO) = v1) =0, v(x) € LOD, YW), ) € CLO, 1. 


Now, let us estimate T, (t). Again, using the estimation (4), from (19) we get 


1 
IT, Ol s ee (Col fel + €7| Be] + €8|Cxl) 


and from (30), we obtain 


1 Ci 
ICx| < colWel + crolye| + Adl (Ao lu + (en nll ++ (en lel) 


or 


Cll 


1 
ICkl < [colovel + ciolagel + 7 Adl (Ao lal+s (kn salvel + Gi steel) | 


1 
(kr)? 
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I 
where 97), = { w(x) sinkaxdx. Based on this estimation, we finally get 
0 


IT, I< Tay [c4celopx| + (esc6 + €7) [Axl + cgcolavel + esciol2yx|+ 


ae in - (32) 
Tay (auld a oak = Esker) | * 


Hence, based on (31) and (32) and using the Weierstrass M-test, one can eas- 
ily prove the uniform convergence of the infinite series corresponding to functions 
u(x,t), Uxx(x,t), and f(x). In order to prove the uniform convergence of infinite 
series corresponding to cDy ux, t) and elas t), we need the following esti- 
mates: 


? 1 
leDor te | = &m:? (ci3| fel + c14|Ael) (33) 

7 1 
edie, |< &? (cis| fel + C16] Be| + c17|Cxl) - (34) 


Uniqueness of solution to problem (5)—(8) easily follows from the completeness 
property of the system {sinn7x},en in L2(0, 1). 


4 Main Result and Conclusion 


We formulate our main result in the following theorem: 


Theorem 4.1 [fall fractional orders of (1) satisfy the conditions of Lemma 1.3 and 
the condition (28) along with the following conditions: 


(x), Hx) € CLO, 11N CO, D, oO) = y() = 0, YO) = 4) = 0, 
g" (x), v(x) € LO, 1), o@) € ClO, 1] 


is satisfied, then there exists a unique solution of the problem (5)-(8) represented by 
(10)-(12), where the coefficients i (t), T, (t), and fy are given by (18), (19), and 
(26), respectively. 


Remark 4.1 It is also possible to avoid restrictions to the fractional orders of (1) 
given in the conditions of Lemma 1.3. In this case, instead of estimation (4), we will 
use another estimation, given in [15] (see Lemma 3.2), precisely, 


(63 
E —B,c x, < : 
(a B,a),p y) 1+ (x| 


However, in this case, we have to impose more conditions on the given functions. 
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The result for the later case can be formulated as follows: 


Theorem 4.2 /f condition (28) and the following conditions 


G(x) € CLO, 1], yx), YO) € C710, IN CFO, 1), GO) = YA) = 0, YO) = vA) =0, 


g"(0) = v"(1) = 0, ¥"(0) =v") = 0, g(@), Y"@) € LO, 1) 


hold, then there exists a unique solution of the problem (5)-(8) represented by (10)— 
(12), where the coefficients i (t), T, (t), and fy are given by (18), (19), and (26), 
respectively. 


Conclusion. In this work, we have considered an inverse source problem for mixed 
type equation involving two different orders of Caputo fractional derivatives in a 
rectangular domain. In order to reduce conditions on the given functions, we proved 
a new estimation for a particular case of the multi-variate Mittag-Leffler function. 
We also proved some other properties of that Mittag-Leffler function, which is given 
in Lemma 1.2. 

In order to illustrate how important is the new estimation (4), we have presented 
another result, which was obtained using another estimation. We also have to note that 
new estimation requires additional restrictions to the fractional order of the equation 
(5) as given in Lemma 1.3. 

We also note that in both cases, condition to the geometry of the considered 
domain in a form of (28) is essential. 


Acknowledgements Authors acknowledge financial support from The Research Council (TRC), 
Oman. This work is funded by TRC under the research agreement no. ORG/SQU/CBS/13/030. 


References 


1. M. Jamil, A. Rauf, A.A. Zafar, N.A. Khan, New exact analytical solutions for Stokes’ first 
problem in Maxwell fluid with fractional derivative approach. Comput. Math. Appl. 62, 1013- 
1023 (2011) 

2. D. Tong, X. Zhang, X. Zhang, Unsteady helical flows of generalized Oldroyd-B fluid. J. Non- 
Newton. Fluid. Mech. 156, 75-83 (2009) 

3. R. Hilfer, Applications of Fractional Calculus in Physics (World Scientific Press, Singapore, 
2000) 

4. Y. Luchko, R. Gorenflo, An operational method for solving fractional differential equations 
with the Caputo derivatives. Acta Mathematica Vietnamica 24, 207-233 (1999) 

5. M. Al-Refai, Y. Luchko, Maximumprinciple for the multi-term time-fractional diffusion equa- 
tions with the Riemann-Liouville fractional derivatives. Appl. Math. Comput. 257, 40-51 
(2015) 

6. Y. Liu, Strong maximum principle for multi-term time-fractional diffusion equations and its 
application to an inverse source problem. Comput. Math. Appl. 73, 96-108 (2017) 

7. V. Daftardar-Gejji, S. Bhalekar, Boundary value problems for multi-term fractional differential 
equations. J. Math. Anal. Appl. 345, 754-765 (2008) 


Inverse Source Problem for Multi-term Fractional Mixed Type Equation 301 


8. 


14. 
15. 


Ch. Ming, F. Liu, L. Zheng, I. Turner, V. Anh, Analytical solutions of multi-term time frac- 
tional differential equations and application to unsteady flows of generalized viscoelastic fluid. 
Comput. Math. Appl. 72, 2084-2097 (2016) 


. P. Agarwal, E. Karimov, M. Mamchuev, M. Ruzhansky, On boundary-value problems for a 


partial differential equation with Caputo and Bessel operators. in Novel Methods in Harmonic 
Analysis, eds. by I. Pesenson, Le Gia, et al., vol. 2 (Applied and Numerical Harmonic Analysis). 
(Birkhauser, Basel, 2017), pp. 707-719. arXiv:math/01624 


. E. Karimov, M. Mamchuev, M. Ruzhansky, Non-local initial problem for second order time- 


fractional and space-singular equation, accepted to Communications in Pure and Applied 
Analysis (2017). arXiv:1701.01904 


. E.T. Karimov, P. Feng, Inverse source problems for time-fractional mixed parabolic-hyperbolic- 


type equations. J. Inverse Ill-Posed Probl. 23, 339-353 (2015) 


. N. Al-Salti, E.T. Karimov, S. Kerbal, An inverse source non-local problem for a mixed type 


equation with a Caputo fractional differential operator. East Asian J. Appl. Math. 7(2), 417-438 
(2017) 


. A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential 


Equations (Elsevier, Amsterdam, 2006) 

I. Podlubny, Fractional Differential Equations (Academic Press, San Diego, 1999) 

Zh Li, Y. Liu, M. Yamamoto, Initial-boundary problems for multi-term time-fractional diffusion 
equations with positive constant coefficients. Appl. Math. Comput. 257, 381-397 (2015) 


